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IHEPEJIMOBA

Matematuunuii aHani3 Bezne cBoro ictopito 3 XVII cTomiTTs 1 ChOro/IHI € OJHIEIO 3
HAWBaXUIMBIIIMX TUCHUIUTIH Y MATOTOBII HE JIUIIE MAaTEMaTHKIB, alie 1 THX (paxiBIIiB, IKHX
MaTeMaTHKa IIKaBUTh 3 MOTJISILY 3aCTOCYBaHb.

Jlanuii HaBYaJbHMM TMOCIOHMK HAIMCaHO BIAMOBIIHO JO TporpaMu Kypcy
MaTEMaTUYHOTO  aHaji3y, SAKUW UWUTAEThCA CTyJIeHTaM (GakyJabTeTy MPHUKIAJIHOI
MaTeMaTHKU J[HIMPOBCHKOTO HalIOHAJIBHOTO YHiBepcuTery iMeHi Onecs ['onuapa. Bin
TaKOX MOXE OyTH KOPUCHHM CTYJEHTaM, IO 3700yBalOTh OCBITY 3a CHEIIaTbHOCTIMH
Marematuka, Cratuctuka, CepenHs OocBiTa: MaTeMaTHKa, MPUPOJHUUMMHU Ta TEXHIYHUMU
CHELIaJIbHOCTSIMU, a TAKOK BUKJIaJjauaM, 1110 YATAIOTh BIIMOBLAHUN KypC.

BCTYII

Hanamo cnoyaTky [eski 3arajlbHONPUUHATI CKOPOYEHI 3alMCH, SKUMU OyIeMo
KOPUCTYBATHUCh Y MOAAIBIIOMY.

CkopoueHuit
P HazBa IloBHui 3ammc
3aIIic
i “IIs KOKHOTO”, “7u1s1 BCiX”, “1u1st Oy/1b-
v KBaHTOP 3arajbHOCTI ’
SIKOTO
“icHye”, “3HalgeThCs”
3 KBAHTOD iCHYBaHHS " o .,
€ MPUHAWMHI OJIUH
3! CUMBOJI €IUHOCTI “icHye enuHUR”
—-A CHUMBOJI 3aI€PEYECHHS “ne A”
AVB CHUMBOJI W3 TOHKIIT “A abo B”
AANB CHMBOJI KOH FOHKIIIT “Ai1B”
A=>B CUMBOJI IMILTIKAIT “13 A BumuBae B, “akmo A, To B”
“ A piBHOCWIBbHE B”, “A exBiBaJeHTHE
4B CHUMBOJI B”, “A Toni 1 nuie Toxi, konu B>, s
€KBIBAJICHTHOCTI TOTO, 1100 A HEe0OXI1IHO 1 IOCTATHBO,
106 B ”
— “rakuit mo”’
= — “IOPIBHIOE 32 O3HAYECHHSIM




Pozain 1. YUCJIOBI MHO’KUHHA

1.1. Muoxkunu. OCHOBHI NOHATTS
1.1.1. lHonsairTst MHOkMHU. [IpUKIaaN MHOKIH

[ToHATTS MHOMCUHU € TICPBHHHHM IOHATTAM MAaTEMaTHKH, TOOTO TaKWM, IO HE
H1JJITae BU3HAYCHHIO Yyepe3 1HII MOHSTTS.

[Ipuknanu MHOKHH:

— MHOXHHA CTYJICHTIB aKaJeMI4HO1 TPYIIH;
— MHOXHHA CTUIBIIB B ayAUTOPII;
—  MHOXHUHA IETJIUMH y OyIiBIIi.

O0’exTH, 110 YTBOPIOIOTH MHOKHUHY, HA3UBAIOTh ii er1emenmamu. MHOXKIHA ILITKOM
BH3HAYA€THCSI HAOOPOM CBOIX €JIEMEHTIB.

BukopuctoByroTh Taki 3anucu: X € X ab6o X 3 x (x e enemenTom X, x Hanexuth X, X
MICTHTBD X).

3anepeueHHs hakTy X € X 4acTo 3aUCYIOTh: X & X.

OO0’eKTH TIOEAHYIOTh Y MHOXXHHH 3TITHO TIEBHUM BJIACTHBOCTSIM. OTXE, MHOXKHHY
BB@)KAIOTh OIHMCAHOIO, SIKIIO TPO KOKHHUK 00’€KT, IO PO3MISIAE€ThCS, MOKHA CKas3aTH,
HaJIE)KUTH a00 He HAIEKUTH BIH {1 MHOKHHI.

3ajaT MHOKMHY MOKHA TAaKUMH CITIOCOOaMU:

— TepeniunTH BCi 11 enemenTH, Hanpuknan, A = {a, b, c, d};
— OMHCATH 3a JOMOMOTOI0 BIACTHBOCTI, Hampukian, A = {x € X: P(x)}, me 3amuc
P(x) o3Hayae, o €IEMEHT X Ma€ BIACTUBICTH P.

MHoOXH1Ha, $Ka HE MICTUTh KOJHOTO €JIEMEHTa HA3UBAETHCS HOPOHCHBLOIWO 1
no3HavaeThes: @. [cHyBaHHS MOPOKHBOT MHOKHHHM MTOCTYITFOETHCS.

Mu Oynemo MaTu crpaBy 37eOUIBLIIONO0 3 YWCIOBUMU MHOXHHamu. Haemgemo
MPHUKITAIN TAKUX MHOXKHH:

— N — MHOXXMHA HATypaJILHUX YHCEIT,
— 7 — MHO>XMHA IIUIUX YHCEJT,

— Q — MHOXWHa pallioOHAJLHUX YUCET;
— R — MHOXMHA TIACHHUX YUCET;



— [a,b] = {x € Ria < x < b} —3aMkHeHui1 iHTEpBaT (BIIPI30K);

— (a,b) = {x € R:a < x < b} — BIAKpUTHUII IHTEPBAJ;

— (a,b] = {x € R:a < x < b} — HaniB3aMKHEHU (HaIiBBIAKPUTHI) IHTEPBAT;
— [a,b) = {x € R:a < x < b} — HaniB3aMKHEHM (HATiBBIIKpUTHUI) IHTEPBA,
— A={x€R:x?-5x+6=0}={23};

- A={x€eRx?*+x+1=0}=0.

1.1.2. lopiBHSIHHSA MHOKHMH. Onepauii 3 MHOKMHAMH

Osznauenns 1.1.1. Muoowcuny A naszusaromv RiOMHOMCUHOIW MHOMCUHU B (i
3anucyioms A C B), axwo xoocen enemenm mHoxcunu A nanesxcums MHodcuti B.

BBa)KaIOTB, 110 IMOPOKHA MHOKHMHA € HiI[MHO)KI/IHOIO 6YI[B-$IKOI MHOX>XHWHU.

Osnavenns 1.1.2. Muooxcunu A i B nasusaiomo pienumu (i 3anucyioms A = B),
akuo A € B i B € A soonouac.

Oznavenns 1.1.3. O6’conannam mnoocun A i B nazuearomo mroocuny A U B, saxa
micmums yCi elemMenmu, Wo Haiedcams xoua 6 0O0Hil 3 MHOdMcuH A, B, i ne micmumo
IHWUX eleMenmis.

Osznauenns 1.1.4. Ilepemunom muoxcun A i B nasusaromo mmoocuny A N B, ska
CKIIAOAEMbCSL 3 eIeMEeHMIB, U0 HALeHCAmb KONCHIU 3 MHodxcun A, B, i ne micmumo iHwiux
eleMenmie.

Osnavenns 1.1.5. Pisnuyero muoowcun A i B nazusaromev mmoowcuny A\ B, sxa
CKA0AEMbCL 3 YCIX MUX eleMeHmMI8 MHOICUHU A, KI He Hanedcams MHOMCUHI B.

Osnavenns 1.1.6. Jxwo A C B , mo donoeénennam mnoxcunu A 0o muodxcunu B
Hazuearomo mHodcuny CgA = B\ A.

Osnavennss 1.1.7. Mnoowcuny AXB:={(x,y):x EAN Yy € B} nasusaiomo
oexapmosum 000ymKom mHoxcun A i B.

1.1.3. MHoOKkMHA JIACHUX YHCe

Muoxunna R Ha3MBaeTbCs MHOKHHOIO MIHCHUX YHCEN, a 11 €JIeMEHTH MIHCHUMHU
YUCJIAMH, SKIO BHUKOHYETHCS HACTYIMHUN KOMIUJIEKC YMOB, SIKI Ha3WMBAIOTHhCS aKClOMaMu
MIHACHUX YHCEI.



1. Axciomu 0oooaeanns.

1.1. Icnye nedTpanpHuii enemeHT 0 (HyJb) BIIHOCHO JOAaBaHHsS, TOOTO Takui
eneMmeHT 0 € R, 1o

VxeR x+0=x.
1.2. JInst KO>KHOTO JIIACHOTO YKCIIa ICHYE TPOTUIICKHUHA €JIEMEHT, TOOTO
VxeER 3I(—x)ER:x+(—x)=0.
1.3. JlomaBaHHs acoliaTUBHE, TOOTO
Vx,y,ZER x+W+2z)=x+y)+z
1.4. JlonaBaHHs KOMyTaTUBHE, TOOTO
Vx,yER x+y=y+x.
2. AKciomu MHOICEHHA.

2.1. IcHye HeWTpasbHHIA eeMeHT | (OIWHHWISI) BIAHOCHO MHOXXCHHS, TOOTO TaKHM
eneMmeHT 1 € R, 1o

VxeR x-1=x.

2.2. IcHye o0epHEHUI eIeMEHT BiTHOCHO MHOKEHHS

VxeER (x# 0)IxteR x-x1=1.
2.3. MHOX€eHHS acolliaTUBHE, TOOTO

Vx,y,z€ Rx-(y-z)=(x-y): z

2.4. MHOXeHHs KoMyTaTuBHE, TOOTOV X,y ER x-y =y - x.
(1,2) 36'a30K mHoCEHHA | O00asaHHS.
MHOeHHsI TUCTPUOYTHUBHE BITHOCHO JI0/IaBaHHS:

Vx,y,ZER (x+y)-z=x-z+y- z
3. AKciomu nopsaokKy.

Mix enemeHTamu R iCHy€e BiJIHOILIEHHS <, TOOTO JiJis AOBIJIBHUX €JIEMEHTIB X,y € R
BHU3HAUEHO, Y1 BUKOHYETHCS CIIBBIAHOMWIEHHS X < Y, uH Hi. [Ipu npomy:

31.VxeR x < x.



32Vx,yER (x< YA (< x)=> (x=y).
33Vx,y,ZzER (< y)AN (¥ < 2)= (x < 2).
34Vx,yeER (x<y)V (y <x).
(1, 3) 36' 230K 000asanus i noOpsOKy.

Vx,y,ZER (x<y)= (x+z< y+2).
(2, 3) 36'a30K MHOMCEHHA | NOPAOKY.

VxyeR (0<x)A(0<y)=> (0<x- y).
4. Akcioma nosnomu (nHenepepeHocmi).
Sxmo X 1 Y — HenoposxHi MiAMHOXUHA MHOXHHH R, Taki, 110
VxXEX ANVYyeEY (x< y),
TO
dceR VxeEXiVyeY (x<c<y).

3a3HaYNUMO, IO MHOXMHY R 49acTo OTOTOXHIOIOTH 3 UYUCA06010 HpPAMOIO, A 11
€JIEMEHTH (I1HACHI YUCIIa) — 3 MOUKAMU YUCT080T RPAMOL.

O3Hauvenns 1.1.8.

1) (b = a) = (a < b),

2) (a<b):=(a<b)A(a=+Db),
3) (a>b):=(b<a);

4) (a — popatHe) = (a > 0);

5) (a — ueBix'emue) = (a = 0);
6) (a — Big'emue) := (a < 0);
7) (a — HepopaTHe) = (a < 0)

HaBengemo HacaiIKH 13 aKC10M MHOKUHHU JIMCHUX YUCET:

1) (emmnicte Hynsa) 3! 0 € R;

2) (eaunicTs mpoTHiekHOTO eneMenTa) Va € R 3! (—a) € R;
3) Va,beR IA!'x € Ria+ x = b;

4) (emmuicth onuuuii) 3! 1 € R;

5) (emunicTh 06epHeHOrO eneMenTa) Va € R\ {0} 3'a~! € R;



6) Vae R\ {0}, vbeR Alx€R: a-x =b;
7) VaeR a-0=0;

) Va,beR: a-b=0 = (a=0)Vv (b=0);
9) VaeR (—-1):-a=—a;

10)
11)
12)

13)
14)
15)
16)
17)
18)
19)
20)
21)
22)
23)
24)
25)

VaeR (-1): (—a) = a;

Va€eER (—a) - (—a) =a-a;

Va,b € R crpaBmKyeTbCs OJHE 1 WIS OJTHE 31 CITIBBIIHOIICHB:
a<b;a=b;a>b;

Va,b,ce Ri(a<b)A(b<c)= (a<c);

Va,b,ceR:(a<b)A(b<c)=(a<c);

Va,b,ceR:(a<b)=(a+c<b+c);

VaeERa< 0= —a>0;

Va,b,c,d e Ri(a<b)A(c<d)=(a+c<b+4d),

Va,b,c,d e Ri(a<b)A(c<d)=(a+c<b+d),;

O<a)A(0<b)=>(0<a-Db)

(a<0)A(b<0)=((0<a-b)

(@a<0AO<b)=>(a-b<0)

(a<b)A(0<c)=(a-c<b-0),

(a<b)A(c<0)=(b:-c<a-c),

0<1,

0<a=0<al

1.2. BepxHi Ta HUKHI MexKi

1.2.1. IIoHATTHA 00OMEKEHOCTI YMCJTOBUX MHOXKHH

Osnavenns 1.2.1. Muoowcuna X C R nazueaemuvcs 00medrcenoro 38epxy, Ko

beR: VxeX x<bh.

[Ipu 11bOMyY TOBOPATH, MO YUCIO b 0OMexkye MHOXKMHY X 3Bepxy, abo b — BepxHs

MeXa MHOXKUHU X.

Hpuxnanx 1.2.1. Po3rimssaeMO MHOXUHY

X—{l 1 1 1 }
- )] 2; 3,..., n,... .

OueBugHO, 110 0 — BepxHs Mexa X.



Bynb-sxa oOMexeHa 3BepXy MHOKMHA Ma€ 0€37114 BEpXHIX MEX.

Osnauenns 1.2.2. Enemenm x* € X Hazusacmvcsi MAKCUMAIbHUM €1EMEHMOM
muoxcunu X, saxuo x < x*, Vx € X.

[To3nauenus: x* = max X.

OueBuaHO, 10 X* Oye OAHIEIO 3 BEPXHIX MEK MHOXKUHU X .

O3nauenns 1.2.3. Mnoowcuna X C R nHazusaemvcs HeoOMeIiceHo10 36epxy, AKuo0
vVbeR 3IAx € X: x> b.

Ipukaanl.2.2. Muoxuna N HeoOMexeHa 3BepXy.

Oznavenns 1.2.4. Muoowcuna X C R nHasusacmuvcsi 00MedrceHoro 3Hu3y, aKuo
daeR: VxeX x=a.

[Ipu 11bOMY TOBOPSATH, IO YUCIO A OOMEXKYE MHOXKUHY X 3HHU3Y, a00 @ — HUKHS MEXKa
MHOXXHWHH X.

Hpuxnan 1.2.3. Po3risHeMO MHOXUHY

1 11 (-
X = _1I_)__)_I . ) )
2 34 n
OueBuaHO, 0 a = —1 — HIKHA Mexa X.

Bynp-sika oOMexeHa 3HU3Y MHOKHHA Ma€ 0e3J114 HIKHIX MEK.

Osnauenus 1.2.5. Enemenm x** € X Hazusaemvcsi MIHIMATbHUM €1€EMEHMOM
muoxcunu X, saxuo x = x**, Vx € X.

[Toznauenns: x™* = min X.

OueBuaHO, 10 X Oy/Ie OJHIEIO 3 HUKHIX MEX MHOXUHU X .

O3nauenns 1.2.6. Mnoowcuna X C R nasusaemovcs HeoOMeHceHOI 3HUZY, AKULO
VaeR 3IxeX: x<a.

IMpukaan 1.2.4. MHOXHMHA BT’ €MHUX ITUTHX YUCET HEOOMEXKEHA 3HU3Y.

O3nauenns 1.2.7. Mnoowcuna X € R Haszusaemvcsi o00OMmedrHceHoro, sKUl0 B0OHA
obMediceHa i 36epxy, i 3HU3y, Moomo



da,beR: VxeX a<x<)h,
abo

JK >0: Vx€eX |x|<K.

n . *  sese
Hpuknax 1.2.5. Muoxuna X = {m,n € N} 0oOMeKeHa, OCKIJIBKH BCl 11 €JIeMEHTH

HaJeKaTh mpoMixkky [0,1].
1.2.2. I[IoHATTH TOYHHUX MEXK.

Osnavennsi 1.2.8. Tounow 6epxHbol0 Medxcel0 HeNopoIICHLOI 00MeNCeHOI 36epXy
muoxcunu X C R nHasusaemuvcs naumenwa 3 it 6epXHIX Medic.

[To3Hauenns: sup X.

BuHuKkae mUTaHHA: 4M 3aBXKIU Taka HallMEHIA BEpXHs Mexa icHyBatume? ToOTo,
Yy KOPEKTHE Halle O3HayeHHsA? AJKe, MIHIMAJIbHHUI €JIEMEHT B HECKIHUEHHIN MHOXHHI
MOXe€ 1 He ICHyBaTH. BiiMoBiAbs HA 11€ MUTAHHSI MU JaMO JAEIIO Mi3HIIIIE.

3anumeMo po3ropHyTe O3HaY€HHS sup X.

O3navenns 1.2.9. Unucinio M HAa3UBAETHCS MOYHOIO 8EPXHBOIO MEMHCEH) HENOPOHCHLOL
oomedicenoi 36epxy muodcunu X C R, AKujo 8UKOHYIOMbCS HACMYNHI YMOBU:

DVxeX x< M,
2)VM' <M 3Ix; €X: x; > M/,

abo

2)We>0 Ix,€X: x, > M —¢.

SIKIo B MHOKHMHI X € MakCUMaJIbHUM €JIEMEHT, TO, OUYECBHUJIHO,
max X = sup X.

AHaJIOrYHO BBEAEMO MOHATTS TOYHOI HUKHBEOT MEXKI.

Os3nauenns 1.2.10. Tounow HUMCHBOI0O MeXHCEI HENOPOI’CHLOI 0OMedHCeHOIi 3HU3Y
mHooxcunu X C R Hasusaemvces naubinbuia 3 i1 HUMCHIX MedicC.

ITo3nauenus: inf X.

3anuiemMo po3ropuyte o3HadeHHs inf X.
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Osnavenns 1.2.11. Ywuciio m Ha3UBAETBCS MOUHOIO HUMNCHBOIO MEMNHCEI)
HEeNnopoICHbOI 00Medceroi 3Hu3y MHuoddcunu X C R, akuo suxonyomscs HACMynHi YMOGU:

DVxeX x=m;
2) vm' >m 3x, € X: x, <m/,

abo
2)WVWe>0 Ix, €X: x, <m+e.
SIkmo B MHOHUHI X € MIHIMAJIbHUH €JIEMEHT, TO, OUYEBUIHO,

min X = inf X.
Hpuxaan 1.2.6. Po3rnssaeMo MHOXKHUHY X = {%,n € N} = {1,%, g,i, }

OueBuaHO, o min X He icHye, infX = 0, maxX = sup X = 1.
1.2.3. BJacTUBOCTI TOYHHUX MEK.

Teopema 1.2.1 (emunocti). Yucnosa muodcuna ne modxce mamu Oinvuie HIHC OOHY
MOYHY 8EPXHIO (HUICHIO) MeHC .

JloBeleHHs IPOBEAEMO ISl BUIIAJKy TOUHOT BEPXHbOI MEXKI.
[Mpunyctumo cynpotuBHe. Hexait MHOXHHA X Mae 2 cynpemymu M i M’,
M # M'. Hexaii mis sBuzHaueHocti M' < M.

Ockinbkn M = sup X, TOo, 3a yYMOBOIO 2) PO3rOPHYTOrO O3HAYEHHS, ISl 4HUCia
M' <M Jx; € X:x; > M'. Ane Toni M' He € TouHOI0 BepxHBOIO Mexero X. Orpumana
CYNEpPEYHICTh 03HAYa€ XUOHICTh MPUITYILIEHHS PO ICHYBAHHS IBOX TOYHUX BEPXHIX MEXK.

m
Bnpasa 1.2.1. Jloectu Teopemy 1.2.1 nns inf X.

[ToBepHEMOCH TeTEp 0 MUTAHHS, SIKE BUHUKIJIO PaHIIIe: Y1 KOPEKTHI HaIlll O3HAYCHHS
TOYHUX MeX? 3a3Ha4MMO, 10 B yMOBaX TEOPEMHU HE MPUITyCKaeThes icHyBaHHs sup (inf).
Teopema cTBepaKye, 110 KO sup (inf) icHye, TO BiH €1UHUI.

Teopema 1.2.2 (icnyBaHHf1). byov-axa HenopodcHs obmedicena 36epXy (3HU3Y)
YUCTI084 MHONCUHA MAE MOYHY 8EPXHIO (HUNCHIO) MEHC).

JloBegeHHs POBEIEMO JIJIsi BUMIAJKY TOYHOI BEPXHBHOI MEXKI.
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Hexait A — HemopoxHs OOMeEXeHa 3BepXy MHOXHHA. PO3rissHEMO HEMOPOXKHIO
MHOXXUHY B, eneMeHTaMu sIKoi € Bci uncina b, ski 00MexyroTh MHOKUHY A 3BepXy.

Tomi
a<b, Va € A, Vb € B.
3a akcioMOIO HETIepepBHOCTI,
dceR:a<c<b Va€eA VbeB. (1.1.1)
IToxaxkemo, 1o sup A = c.

[Tepmra ymoBa po3TOpHYTOTO O3HAUYEHHS SUP A BUKOHYETHCSI B CHITY JIIBOI HEPIBHOCTI
(1.1.1):

a<c Vac€EA.
[Toxaskemo, 1110 BUKOHYETHCS 1 Ipyra yMoBa.

Hexaii ¢’ < c¢. Toni ¢’ € B, OCKUIbKH I KOXKHOTO €JIEMCHTA 3 B BUKOHYEThCS MpaBa
3 HepiBHOCTeH (1.1.1). ToMmy ¢’ He € BEpXHBOIO MEXKECIO MHOXKUHU A, TOOTO

da € A: a > ¢’
TOOTO JIpyra yMOBa pO3ropHYTOr0 O3HAUEHHS TaKOK BUKOHY€EThHCS.
Otxe, ¢ = sup A. n
3agauya 1.2.2. JloBectu Teopemy 1.2.2 ans inf X.

Hocuth yacto OyBae 3py4HO JOTOBHUTH MHOXKUHY R enemMeHTamu, siKi MO3HAYAI0ThCS
+00 1 —00 Ta HA3UBAIOTHCA KIUTFOCH- 1 «MIHYC»-HECKIHYEHHICTIO BiJITTOBITHO.

Osunauenns 1.2.12. Pozzopuymoio muoscunoro diiicnux uucen R nazusaemocs
R = R U {—00} U {400},
moémo enemenmamu Muoxcunu R € 6ci OiticHi yucna i we 08a enemenmu +0o0 i —oo,
BaxxaeMo mipu npomy, 1o

—00 < a < +00, Va € R.
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[Hoxgi OyBae 3py4YHO [OMOBHUTM MHOXHMHY R Juiie OZHUM €JIEMEHTOM 00
(HeckiHUeHHICTIO 0e3 3Haka). B 1boMy BHMaaKy 0o BKe HE MOB’S3aHA CIiBBIAHOUICHHIM
MOPAZIKY 3 eneMeHTamu R.

O3nauennn 1.2.13. Heckinuennocmi +00, —00, 00 HA3UBAIOMb MAKOINC HECKIHYEHHO
6i00aieHuUMU MOYKAMU YUCA080F NPAMOI, HA GIOMIHY 8i0 6CIX il [HWUX MOYOK, SKI
Ha3ueaomvcs CKinueHHumu moukamu R.

Sxmo mMHOXHMHA X HeoOMEKeHa 3BepXy, TO B HEl HE ICHYe CylmpeMyMma B CEHCI
BBEJICHOTO HAMU O3Ha4YeHHs. B 1boMy Bumnajky OyzemMo BBaXKaTH, 32 O3HAYCHHSM, 1110

sup X = +oo.
Amnanoriuno, inf X = —oo, sxmo MHOXXHHA X HEOOMEKEeHA 3HU3Y.

Toni, 3aBasku 1k yroai 1 Teopemi 1.2.2, Oyab-sika HEMOPOXKHS YHCIOBA MHOXXHHA
Mae sup (inf) ckiHueHHUH, KO BOHA OOMEKEHA 3BEPXY (3HU3Y); 1 HECKIHUCHHUH, SKIIO
BOHA HEOOMEKEHA 3BEPXY (3HUZY).

1.3. lIpuHuunu ApxiMeaa tTa MATeMATHYHOI iIHAYKIII
1.3.1. Ilpunuun Apximena
Teopema 1.3.1.

VaeR dne€N: n > a.

JoBenennst. [IpunycTrumMo, mo TBEPIKEHHS TEOPEMU HE BUKOHYEThCS. lle o3Hauae,
o

daeR: Vne€N n<a.
ToOTo uncno a oOMexye 3Bepxy MHOXHHY N 1, 32 Teopemoro 1.2.2,
b € R: b =supN.

Tomi, 3a o3HaueHHsM sup, misg gucia b’ =b—1<b In € N: n > b — 1, 3Bigku
n+ 1> b. Ockuibku n + 1 € N, To ocTaHHs HEPIBHICTh CyNepeyuTh ToMY, 1110 b = sup N.

[{st cynepeuHiCTh JOBOJUTH TEOPEMY. [
1.3.2. [IpyHUMI MATEMATUYHOI IHAYKIILii.

Teopema 1.3.2. Hexaii muoowcuna A C N 3a00601bH5€ maki ymosu:

13



1) A3 1;
2) Adn= A>5n+1.

Tooi A = N.
Hosenenns. Ockinbku A 3 1, T0, 3a ymMoBo10 2), 2 =1+ 1 € A, nmani

3=2+1€A,.. Takum ynnom, A D N. 3 inmoro 6oxy, A € N 3a ymoBo10 Teopemu.
Otxe, A = N. ]

1.3.3. MeToa MaTeMaTUYHOI iIHAYKIIil

CaMe Ha NpPUHLUII MaTEeMaTHYHO! 1HAYKLII Oa3yeThCs, TaK 3BaHUN, MemOoO
mamemamuynoi indykuyii. BiH 3aCTOCOBY€THCS, KOJM BUHHUKAE MOTpeOa JTOBECTU IEAKE
TBEPKCHHS ISl BCIX HATYypallbHUX uncen (a00 JJ1sl BCiX HATypaJIbHUX YHUCEN, TOUMHAIOYN
3 JeSIKOTO HaTypaibHOTO N).

JloBeneHHs 3a JOMOMOT 00 METO/1a MAaTEMaTUYHOT 1HYKIIi1 IPOBOJIUTHCS B 3 eTamu:

1. basuc inaykmii. Ha 1mpoMy erami nepeBipsSe€MO ICTUHHICTh TBEPDKEHHS IS

HAMMEHINIOr0 3HAYEHHS HaTypabHOI 3MiHHOI (n = 1 a6o n = N);
2. IpunymenHs iHAyKmii. M OpUITyCKAaEMO, IO TBEPIKEHHS IpaBWIbHE IpU

neskomy n = k € N;
3. InnykTuBHMI nepexia. BpaxoByrouw mpuryiieHHs, 3po0JjeHe Ha JIpyromMy erari

JOBEJIEHHS, IEPEBIPSIEMO ICTUHHICT TBEpKEeHHs ipu . = k + 1.

Hamnpukinii, cnivparoyuch Ha MPUHIMI MAaTEMATUYHOI 1HIYKIlIi, pPOOMMO BHUCHOBOK,
110 TBEPKSHHS MPaBUJIbHE JIJIS BCIX HATypalbHHUX uncen (abo it n = N).

Hpuxnanx 1.3.1. Josectu:

nn+1)2n+1)
6 )

12422 4.4 n? = vn € N.

Po3B’sa3anus.

1. Basuc igaykii:

1-2-3
e
2. llpunyimieHHsl 1HAYKIi: TPUIYCTUMO, IO PiBHICTh BUKOHYETHCS IS JIESIKOTO

12 =

n = k € N, To0To npaBUILHO, 110

14



k(k +1)(2k + 1)

12422+ +k* = c

3. IHAYKTUBHMI MEepexii: TOBEAEMO, 110 PIBHICTh BUKOHYEThCS ipu n = k + 1:
(k+1)(k+2)2k +3)

6
JIns 1bOTO PO3TJISHEMO CyMy, sSIKa CTOITh B JIIBIA YacTHHI Il€i PIBHOCTI, Ta

CKOPUCTAEMOCH MIPUITYIICHHAM 1HTYKIIIT:

1242244+ (k+1)*=

k(k + 1) (2k + 1)

(12+22+ -+ kH+(k+ 1) = c

+(k+1)% =

k+1 k+1
=T(k(2k+1)+6(k+1))=T(2k2+7k+6)=

k+1

Cnuparourch Ha TPUHIMI MAaTEMAaTUYHOI 1HIYKIIIi, poOOMMO BHCHOBOK, IO PIBHICTH
BUKOHYETHCS JUISI BCIX HATYPAIBHUX YHUCEIL.
Mpukaan 1.3.2. JloBectu HepiBHICTH bepHymi:
A+x)"=21+nx, Vx = —1, vn € N.
Po3B’si3aHHs.

1. basuc inaykmii (n = 1):

1+x=1+=x.
2. llpunyiieHHs 1HAYKINI: TPUIYCTUMO, 110 HEPIBHICTh BUKOHYETHCS [JISl JCSIKOTO
n = k € N, To6T0 BipHO, 1110

(1+x)*>1+kx, Vx> —1. (1.3.1)

3. InayKkTHBHMIA IEPEXid: TOBEAEMO, 110 HEPIBHICTh BUKOHYEThCA pu N = k + 1:

A+ >1+(k+ Dx, Vx> —1. (1.3.2)
Bouesunp (1.3.2) € TpuBiasibHO TTPaBUIIBLHOIO TIpH X = —1.

Posrnsaemo Tenmep x > —1. Jlomuoxkumo HepiBHicTh (1.3.1) mHa 14+ x > 0.
Otpumaemo:

1+ >A+kx)A+x)=1+(k+Dx+kx?>1+ (k+ 1)x,

15



TOOTO HEepiBHICTH (1.3.2) mpaBUIIbHA.
HepiBHicTs bepHyi BUKOHY€THCS, 32 IPUHLIUIIOM MaTeMaTUYHOI 1HAYKIIII.

Hpukaan 1.3.3. Josecty, mo uuciao 62772 + 301 + 371 pinurees wamino Ha 11
npu OyIb-IKOMY HaTypaJbHOMY 7.

Po3B’sa3anus.

1. basuc inaykmii (n = 1):

6°+32+3%°=11:11.
2. llpunymeHHs IHAYKIII: TPUITYCTUMO, 110 IS Aeskoro n = k € N gucrno
(6%F72 4 3k+1 4 3k71) 1 11,
3. ImpyktuBHuii nepexig (n = k + 1): noBexemo, L0 YHUCIIO

(62(k+1)—2 + 3(k+1)+1 4+ 3(k+1)—1) t 11,
JliticHo,
62(k+1)—2 + 3(k+1)+1 + 3(k+1)—1 = 62k + 3k+2 + 3k —
=62_62k—2+3_3k+1+3_3k—1=
=33-6%7%2 43 (6272 4 3k+1 4 3k,

O4eBuHO, 10 MEePIIU JOIaHOK AIIUThHCS Ha 11. 3a mpunynieHHsaM 1HIyKIi, Tpyrui
TakoK OuIuThes Ha 11. TakuM yuHOM,

(62(k+1)—2 + 3(k+1)+1 4+ 3(k+1)—1) t 11,

3a NPUHLMIIOM MaTeMaTHuHoi iHAykuii, umcimo 6272 + 371 4+ 3"1  pimprecs
Haiio Ha 11 npu Oyab-IKOMY HaTypajIbHOMY N.
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Pozain 2. TPAHUIA ITOCIIJOBHOCTI

2.1. OCHOBHI NOHATTH

2.1.1. TIoHATTH OKOJIYy TOUKH

CnoyaTKy BBEIEMO MOHSTTS OKOJY TOUKH PO3IMIMPEHOT YHCIOBOT IPSIMOI.
[TouHemo 13 CKIHUEHHUX TOYOK: —0 < a < +00.

Osnavenns 2.1.1. Okonom O(a) mouku a € R nazusacmocs 0yOv-axuil inmepeai,
AKULL MICMUMb Y10 MOUKY.

Mpuxaax 2.1.1. Iatepsan (1,7; 2,2) € 0K0I0M TOYKH 2.

k1o OK1JI CI/IMCTpI/I“IHI/IfI BiI[HOCHO TOYKH a, TO HOro Ha3uBalOTh cumempuinum
OKOJIOM mou4Ku Q.

3a3BHyall TakKWM OKUI 3aJal0Th 3a JOINOMOIOK JOJaTHOTrO 4Ywuciaa & > 0, akui
HA3UBAIOTh Paodiycom 0KoJ1y.

O3nauenns 2.1.2. € — okonom mouku a € R naszusaioms inmepaarn
O.(a)=(a—¢c,a+e)={x€eR||x—al <&}
Hpuxnan 2.1.2.
00,4(—4,2) = (—4,6; —3,8).
PosrasineMo Tenep HeCKiHYEHHO BiJIJalIeH] TOYKH.

Osnauenns 2.1.3. Okonom O(©) HecKiHYEHHO 8I00ANEHHOI MOUKU HA3UBAEMbCS
MHOICUHA MOYOK YUCTOBOI NPAMOI, AKI 1edHcamv 306HI 0)0b-AK020 3AMKHEHO20 NPOMINCKY.

Hpuxnan 2.1.3.
0(0) = (=0;3) U (5; +) = R\[3; 5].

Oznavennss 2.1.4. Cumempuunum o0KOI0M OO0 HAZUBAEMBCS MHONCUHA MOYOK
YUCNI0801 NPAMOI, AKI J1excamsv 306HI 0Y0b-K020 NPOMINCKY, CUMEMPUUHO20 BIOHOCHO
mouxu 0.

Hpuxnan 2.1.4.
(—00; =3) U (3; +0) = R\[-3;3].
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3a3Bruai TaKMil OKLI 3aJal0Th 3a JOIIOMOI'0I0 JoAaTHOro yuciaa E > 0.
O3nauenns 2.1.5. E-0K010m 0 HA3UBAEMbC MHONCUHA

R\[-E;E] = (—o0; —E) U (E; +) = {x € R||x] > E}.
O3unauvenns 2.1.6. Oxonom +o nasusacmocs inmepéan udy (c; +0),c € R.

SIKIIO 3a7aBaTH OKLJI +00 3a IOMOMOTO0 JOAATHOIrO Yucia E, To oTpuMaeMo IpoMiHb
Op(+o) = (E; +) = {x € R | x > E}, sxuii Ha3uBaoth E-0Ko10Mm + 0.

AHaIoriyHo, OKi1 —0 — 11e IpoMib (—0; d), d € R, E-okin —oo — 116 MHOYKHHA
Op(—©) =(—0;—E)={x e R|x < —E}.
2.1.2. IToyaTKoBi BiAOMOCTI PO TOIOJIOTiI0 YHUCJI0BOI PAMOI

Osnavenns 2.1.7. Touka x, Hazueacmuvcsa SPAHUYHOIO MOUKOI MHONMCUHU X, AKWO
0y0b-sKUll il OKIl MICMUMb NPUHAUMHI OOHY MOYKY MHOdCUHU X, BIOMIHHY 8I0 camoi
mouku Xq. Touka x, Hasueacmvcs i301608AH010 MOYKOIO MHOMCUHU X, AKWO ICHYE MaKuul
i1 oKL, AKUL He MICIMUMb HCOOHOT MOUKU MHONCUHU X, OKPIM CAMOI MOUKU X.

3 O3HAa4YEeHHs BUILUIMBAE, IO OyAb-SKHI OKUI TPAHUYHOI TOUKM MICTUTBH O€3J114 TOUOK
naHoi MHOKMHU. Cama TpaHMYHa TOYKAa MOXKE K HaJie)KaTH, Tak 1 HE HaJeXaTu JaHii
MHOKHHI.

Mpuxaax 2.1.5. 3naiizemo Bci rpanmuHi Touku MHOXuHH X = [—1;2) U {3}.
OueBHUIHO, 110 MHOKWHA TPAaHUYHKUX TOYOK X — I1e mpomikok [—1; 2].

Oznavenns 2.1.8. Muoowcuna, axa micmumeo 6ci c60i 2paHuuHi MOYKU, HAZUBAEMbCA
3AMKHEHOI0.

Osnavenns 2.1.9. Touxa x, Haszusacmvcsi 6HYMPIWHBLOIW MOYKOW MHOMCUHU X,
AKWO 80HA HaneHcumsb MHONCUHI X pazom i3 0esaKkum c80iM OKOJIOM.

Oznavenns 2.1.10. Mnoowcuna, 6ci mouxu sKOi € BHYMPIWHIMU, HAZUBAEMbCS
GIOKpUmMO10.

Mpuxaax 2.1.5. [0; 12] — 3amkHena mHOkuHa, (0; 12) — BiAKpHUTa MHOYKHHA.
2.1.3. IToHATTHA YMCJI0BOI MOCTIAOBHOCTI Ta 1i rpaHu i
Axmo xoxxHoMmy n € N moctaBuTH y BIANOBIIHICTh YUCIO X, € R, TO oTpuMaemo

YHUCJIOBY MHOXKHHY, €JIEMEHTH SIKOT 3aHYMEPOBAHI: X1, X3, v ) Xy, -+
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Y upoMy BHMNAIKy TOBOPSTh, IO 3aJaHa MOCAIO06HIcmb uucen, ado uucnoea
nOCNi006HICMD.

[Mozuauensst: {x,}, {x,}n=1

EnemMeHTH TakOi MHOKWHH HA3UBAIOTLCS UJICHAMU HOCAI008HOCHI, X, — 3A2AIbHUM,
a00 N-M ynenom.

OCKUIbKH 3HAYCHHS X, 3aJCKHTHh BiT N, TO X, € ¢yHKIic Big N. ToMmy yucioBa
MOCIIJIOBHICTD € (DYHKIIIEIO HATYPATBHOTO apTyMEHTY.

Os3nauenns 2.1.11. Yucno (cumeon) a € R nazusacmocs epanuyero nocaiooeHocmi
{x,}, axwo saxuiti 6u ne 6ys okin 0(a), nouunarwouu 3 Odesxoco Homepa N, yci unenu
NOCNLIO0BHOCMI ONUHAMBCSA 8 YbOMY OKOJII.

ToOTo, 3a Mexamu OyAb-SKOIO OKOJy TOYKH A 3HAXOJUThCA JIMIIE CKIHYCHHA
KUIBKICTh YIEHIB {X,, }.

[loznauenns: lim,,_,,, x,, = a.

Sxmo okin O(a) cumeTpuyHHi, TO o3HadeHHs 2.1.11 MokHa mepenucaTu B 1HIIHIA
crocio.

lim,,,o X, : = a € R, k1o
Ve>0 3dIN=N(e)eEN: Vn=N |x, —a| < e.
lim,,_,, X, : = 00, SKIIIO
VE>0 3dIN=N(E)eN: vn=>N |x,|>E.

Bnpasa 2.1.1. 3anucatu o3navyenss lim,,_, x, = —o Ta lim,_ X, = +° MOBOIO
«& — N».

Osnavenns 2.1.12. [locnioosnicms Hazusacmocs 30IHCHON0, SKUO BOHA MAE
CKIHYEHHY epanuyio. B iHuiomy 6unaoxy 6oHa HA3UBAEMbCS PO3OIHCHOIO.

Bupasa 2.1.2. 3anucaTy, mo o3Hauae lim,_, x, # a, a € R.
: 1
Hpuxaan 2.1.6. Josenemo, 1o lim,,_, ~= 0.

3anuiieMo CrovaTrKky, KOpUCTYIOUHCh O3HAYEHHSIM, 1110 TOTPIOHO TOBECTH:

1
Ve>0 3dIN=N()eEN vn=N |£|<£.
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BizemMemo goBinbHe & >0 Ta 3Haiimemo it Heoro HOomep N = N(¢) €N,
. 1 .
MOYMHAIOYH 3 SIKOTO Oy/le BUKOHYBATHCH HEPIBHICTh |;| < &. JIist {pOro po3riasHEMO JIiBY

YaCTHHY OCTaHHBOI HEPIBHOCTI 1 CKOPHUCTAEMOCh YMOBOWO N1 = N i1 HOMEpIB n.
Otpumaemo:

|1| 1 1
=<
nl n N
Sxuro 6yne BUKOHYBATHUCh HEPIBHICTD
. < 2.1.1
<& (2.1.1)
TO
1 1 1 1
|—| =—S—<e=>|—| <e&.
nl n N n

Po3B's3ytoun HepiBHICTh (2.1.1) BimHOCHO N, MU OTPUMAEMO yYMOBY, SKIi MMOBUHEH
3a10BOJIBHATH HOMED N':
1 v 1
—<EeESN>—.
N €
3p0o3yMiio, 10 MHOXHWHA TAaKWX HOMEPIB HECKiHYeHHA. MU MOXKEeMO BKazaTH

o o 1 .
HaMMCHIINHU HOMCEP N > ; I[J'IH ObOro HaAaBEACMO CIIOYATKYy ACAKI O3HAYCHHAA.

Oznavennsn 2.1.13. Iinorw uacmunoio uucna x € R nasusacmovcs Haubinvue yine
YUCTO, WO He NepesUUye X.

[MTo3HaueHus: [x].
iy yacTHHY YHCIIa 11Ie HA3UBAIOTh «AHThEY, BiJ PpaHIly3bKOro «entierey (1inmii).
Mpuxaan 2.1.7. [-2,3] = -3, [2,3]=2.

Oznauennsn 2.1.14. Pi3nHuyro midc yuciom ma 1o2o yiiow YacmuHow HA3UBAIONb
0poboeoro wacmunoro wucia x € R i nosnauaroms uepes {x}.

Tobto, {x} = x — [x]. OueBHIHO 3 O3HAYCHHS BUILIMBAE, II[0

0<{x}<1, x = [x] + {x}.
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JIpoOoBY YacTHHY HA3MBAIOTh IIIE «MAHTHCOIO» BiJ JJATHHCHKOTO «mantissa» (momaya,
no0aBKa).

Mpukaan 2.1.8. {—2,3} = 0,7; {2,3} =0,3.
[ToBepaeMochr Temep ao mpukiaaxy 2.1.6 1 Bkaxkemo HalMmeHmuid HOMep N, sKuit

. . 1 P
3aJ0BOJIBHAE HCPIBHOCT1 N > ; BI/IKOpI/ICTOBYIOLII/I IIOHATTA HO1JI01 4YaCTHHHW 4YHuCJia, MU

OTPUMYEMO, 1110 11e Oyae yuciao N = E] + 1.

n+1

Hpuxnan 2.1.9. Josenemo, 1o lim,,_, — =

3a O3HA4YCHHAIM, MH ITOBUHHI IIOKa3aTu, 1m0

Ve>0 3dIN=N(E)eEN Vvn=N

Bynemo npoBoanuTH TOBENEHHS 3a CXEMOI0, HaBeJeHO B mpukianal 2.1.6. Bisbmemo
NoBUIbHE € > 0 1 PO3IJIIHEMO JIIBY YACTUHY OCTaHHBOI HEPIBHOCTI:

|n+1 | ‘n+1—n—3| 2 <2<2< N>2 N [2]+1
—_ = = —_ - —_ . = |— .
n+3 n+3 n+3 n~ € g’ ™t e

Bnpasa 2.1.3. JlosecTu:

. sinn
a) lim,,_, — = 0;

. 0™ _ ..
6) limye, (1+55) = 1;
B)lim,,,q" =0, |q| <1;
r)lim, ., q" = o, |q| > 1.

Mpuxaax 2.1.10. IMokaxkemo, 1o mocaigosHicTs {(—1)™} He Mae rpaHuiii.

3a3HaUUMO CIOYATKY, IO €JIEMEHTU 1€l MOCIIIOBHOCTI MPUINMAIOTh JIMIIE JBa
3HAYCHHS:

Xok = 1, Xok—1 = —1, k € N.

Ile o3Hauae, MO MakKCUMaJbHA BiJCTaHb MIXK JOBUIBHUMH WICHAMH MOCIIIOBHOCTI
nopiBHIOE 2. 3 bOT0 (haKTy BUILIUBAE, 10 JKOJAHE YUCIO A HE MOXKE OyTH TPAHUIICIO IIi€]
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MOCITIJOBHOCTI, OCKUIbKHY, Hampukiaa, okin (A—1, A+ 1) He Oyae MICTUTH BCi WieHH
HOCJiIOBHOCTI, MOYMHAIOYH 3 IEIKOT'0 HOMEPA.

Bnpasa 2.1.4. JloBecTH, 1110 MOCIITOBHICTb {n(_l)n} HE Ma€ TPaHuIll.

2.2. BaracTuBOCTI rpaHuMIi MOCJTiIOBHOCTI
2.2.1. 3araJjbHi BJaCTUBOCTI IPAHUIlI OCJIiIOBHOCTI

Osunauennst 2.2.1. Ilocnioosnicmo {x,,} nazusacmocs cmanoro, abo cmauyioHapHoro,
akuwo da € R: x,, = a, Vvn € N,

Osnavennst 2.2.2. [locnioosnicmo {x,} Hazueacmvcs (inanvho cmanor, sAKwo
daeR INeEN:Vn=N x, =a.

Osunauenns 2.2.3. ITocrioosnicme {x,,} nasusacmovcs 00MeHceHOI0, AKULO
adM >0: vneN |x,| <M.

Teopema 2.2.1. @inanvno cmana nociiooricms € 30iH#CHOIO.

Bnpaga 2.2.1. JloBectn Teopemy 2.2.1.

Teopema 2.2.2 (mpo eauHicTs rpanmui). Axuwo nociioogHicms 30idcHa, il epanuys
€0UHA.

JloBeneHnst MPOBEEMO METOJIOM B CymnpoTuBHOro. IlpumycTtumo, 1110
MOCJIIOBHICTh Ma€ 2 TPaHuIll:

lim x,, = A, lim x,, =B, A+#B.

n—oo n—oo

: |A-B| . : . :
BizemeMo 0 < € < — - Tom1, 32 0O3HaYECHHSAM I'PaHULI ITOCI1IOBHOCTI, I IbOTO &

OyzIemMo MaTH:

A—-B
limx,=A= 3N, EeN: Yn=> N, |xn—A|<u

n—oo 2

A—B
limx, =B= 3N, eN: vn>N, Ixn—B|<|—|.

n—-oo 2

)

Hexaiit N = max{N;, N,}. Toxni Yn = N OyayTh BUKOHYBAaTUCh OOM/IBI HEPIBHOCTI:

|A — B| |A — B|
B e— < —.

|xn_A|< 2 ) |xn_B| 2
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To6To wieHn mocmigoBHOCTI {X,,} 3 HOMepamu n = N OJAHOYACHO OMHUHATHCS B JIBOX
OKOJIax, SIKi HE TePETUHAIOTHCS.

L5 cyrepedHicTh JOBOJAWTH TEOPEMY u
Teopema 2.2.3. 36isicna nocnioognicms 0008'513k060 obMmedcena.
Hosenenns. Hexaii {x, } — 30i>kHa 4uCII0Ba IOCTiAOBHICTH, TOOTO

lim x, = A < oo.

n—oo

BizpmeMo B o3HaueHHi rpanuii € = 1. Toxi
AN =N(e)eN Vn=N lx, —A|] < 1.

CKOpHUCTaBIINUCH BIJIOMOIO HEPIBHICTIO

llal = [bl| < la = b| < |a| + |b], (2.2.1)
OTPUMAEMO:
1] = 1Al < I — Al <1 = |Ixn] - Al < 1 &
S -1<|x,] -4l <1 = |x,| <|Al+1, vn>N.
Bizememo M = max{|x,|, |x,|, ..., |xy_1], |A| + 1}. Toxi, oueBHaHO, BUKOHYIOTHCS
HEPIBHOCTI

lx,| <M, Vn <N,
lx,| <|A|+1< M, Vn=>N.

O0’eHAaBIIY 111 HEPIBHOCTI, OTPUMAEMO, 1110
|x,| <M, vn €N,

3BiIKM POOMMO BHCHOBOK, 1110 {X,,} oOMexeHa. n
3a3Ha4MMoO, 1[0 0OEpHEHE TBEPIKCHHS HE € IPABUILHIM.
Mpuxaax 2.2.1. Iocnigosuicts {(—1)™} oOMekeHa, ane HEe Ma€e TPAHHIIL.
Teopema 2.2.4. fHxuwo

lim x, = A < oo,

n—oo

mo
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lim |x,| = |Al.
n—>0o

JloBexeHHsl.

limx,=A=Ve>0 INeN: vn=>N |x, —A|<ec.

n—oo

BpaxoByroun HepiBHICTE (2.2.1), MaeMo:
||xn|—|A||S|xn—A|<e = ||xn|—|A||<e, vn > N.
Lle o3Hauae, 1m0
lim,,_,.|x,| = |A]. |
2.2.2. BjacTuBOCTI rpaHMLb, IOB’A3aHi 3 HEPIBHOCTAMU
Teopema 2.2.5. Hexati
lim x,, = A < oo, A<B (A>B).

n—-0oo

Tooi
AINeN vn>=N «x,<B (x,>B).

JoBenenns nposenemo st Bunaaky A < B. B o3HaueHHI rpaHulli MOCIiI0BHOCTI
BisbMeMO € = B — A > 0. Toni,

limx,=A= ANeN: vn=>N |x,-A|<B-A&

n-co
< —B+A<x,—-A<B-A=x,—-A<B-A&x,<B, Vyn=N. |
Bnpasa 2.2.2. JloBectu Teopemy 2.2.5 nins Bunanky A > B.
Teopema 2.2.6 (mpo rpaHuYHUI epexia B HepPiBHOCTSAX). Hexaul
lim, ,,x, =A <00, lim, ooy, =B <00 max, <y,, ¥Yn€N.
Tooi
A =lim, o x, <limy,_ .y, = B.
Hosenenns. 3adikcyemo € > 0. Toni lim,,_,, x, = A > A — € 1, 3a Teopemoro 2.2.5,
AN; EN vn=N;, x,>A-c¢

AHAJIOTUYHO:
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limy,=B<B+¢=3IN,eN Vn=>=N, y,<B+e.
n—-oo

Hexait N = max{N,, N,}. Toxi Vn = N OynyTh BAUKOHYBaTHCh OOM/IBI HEPIBHOCTI:
A—e<x, <y, <B+e >A—¢ <B+e¢ =>A-B<2¢

OcTtanHsl HEpiBHICTh OyJe BUKOHYBATHCh Npu OyIp-skomy & > 0,3BiIKH poOUMO
BUCHOBOK, M0 A — B <0< A <B. ]

3ayBaxkenns 2.2.1. Skuo x, <y,, Vn =N, To npu rpaHUYHOMY Mepexoal Oyzae
BUKOHYBAaTHUCh JUIIEe HecTpora HepiBHICTh A < B. CTpory HEpiBHICTb TapaHTyBaTH HeE
MOJKHA.

Hpuxkaan 2.2.2. x, =—l, yn=l = x, <Y, Vn=N.
n n n yn

Ane lim,,_, o x, = lim,_,4 ¥y, = 0.

Teopema 2.2.7 (NpUHUMI JABOCTOPOHHBOIO OOMekeHHN). Hexaiui 3adani mpu
nocnioosnocmi wucen {x,}, {yn}, {zn}, npuvomy x, <y, < z,, vn € N. Axwo

lim x,, = lim z, = 4,

n—-0oo n—->oo

mo lim,,_,», ¥, = A.

HoBenennsi. BisbMemMo € > 0 Ta 3adikcyeMo Horo. CKOpPHCTAaEMOCH O3HAYCHHSIM
TpaHMUIIl TOCTITOBHOCTI:

limx,=A= 3IN;€N: vn=>N, |x,—A|<e & —-¢e<x,—A<g,

n—-0oo

limz,=4A= 3IN,EN: Vvn=>N, |z,-A|l<eeS —e<z,—A<es

n—oo

Hexait N = max{N,, N,}. Toxi Vn = N OynyTh BUKOHYBaTHCh OOM/IBI HEPIBHOCTI:
A—e< xSy <z, <A+e=A—-ec<y, <A+e & |y, —A| <gVn=>N.
3BiAKH, 32 O3HaYEHHAM, lim,,_, o, y,, = A. |

3ayBaxkenns 2.2.2. Teopemu 2.2.6 1 2.2.7 MaTh Miclle 1 B TUX BHUIIaJIKaX, KOJHU
HEpIBHOCTI B YMOBax TE€OPEM BUKOHYIOThCS HE JUIs BCiX N € N, a mounHaro4u 3 JesIKoro
HoMepa N.
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2.3. HeckiHYeHHO MAJIi TAa HECKIHYCHHO BeJIUKI BeJINYNHUA
2.3.1. [1oHATTHA HECKIHYEHHO MAJIOI BeJIUYHUHH.

Osnauenns 2.3.1. Ilocnioosnicme {a,} Hasueacmvcsi HeCKIHUEHHO MAN010, AKUO
lim,,_,, a, = 0.

Teopema 2.3.1. lim,,,x, =A< 00 & x, =4+ a,, de @, — HeCKiHUeHHO Malaq.
HoBenennsi. 1) Hexait lim,,_,o, x, = A < 0. Toxi, 3a 03HaYCHHSM,
Ve>0 ANeEN: vn>N |x, —A| <e.
[To3nauumo a, = x, — A, 10010 X;, = A + 0. Togi || <&, V=N =
lim, ,,a, =0.
Hexaii tenep x,, = A + a,, e a;, — HECKIHUEHHO MaJla, TOOTO
Ve>0 ANEN: Vn= N |a,| = |x, —A| < ¢ = lim, L, x, = A. ]
2.3.2. BiaiacTUBOCTi HeCKiHYEHHO MAJIMX BeJIUYUH
Teopema 2.3.2. byob-sKa HECKIHUEHHO MAA € OOMEHCEHOIO BETUUUHOIO.
I{st Teopema € Haciikom Teopemu 2.2.3.

Teopema 2.3.3. Cyma, pi3uuys ma 000YymMOK 080X HECKIHUEHHO MAlux
NOCNI008HOCMElL € HECKIHUEHHO MaaUMU NOCII008HOCMAMU.

Hosenenns. Hexaii {a,} i {B,,} — Heckinuenno maii. Bisememo £ > 0 Ta 3adikcyemo

HOro. 3a 03HAUYCHHSIM,

€
lima,=0= AN, EN: Vn=> N, |a,| <=

n—-oo 2’

&
limpB,=0= IN, eN: Vvn=> N, |B,| <=

n—-oo 2

Hexaii N = max{N,,N,}. Toxi Yn = N OyayTh BHKOHYBaTHCh OOMIBI HEpiBHOCTI. 3
ypaxyBaHHSAM HEpIBHOCTI (2.2.1) MU OTpUMaeMO:

& &
@ & Bl < eyl + Bal <5 +5=2¥n 2N = lim (@ +8,) =0,
n—->oo

2
|t B | <§-§= %,Vn >N = lim,.(a,5,) = 0. u
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Bnpasa 2.3.1. 1) 3a momomMororw MeToAa MaTEeMaTHYHOI I1HIYKIli JOBECTH, IIO
anreOpaiuHa cyma Ta J00yTOK Oy/ab-sKOi CKiHUYeHHOI (!) KIJTbKOCTI HECKIHYCHHO MaJIMX €
BEJIMYMHU HECKIHUCHHO MaJTi.

2) HaBectn mpukiaam, sKi TOKa3ylOTh, IO I BJIACTHBICThP HE BHKOHYETHCS JUIS
HECKIHYEHHOT KIJIbKOCTI HECKIHUEHHO MaJIMX BEJIMYWH.

3ayBaxkenHsi 2.3.1. YacTka JBOX HECKIHYEHHO MajluX HE 3aBXJHU € HECKIHYEHHO
MAaJIOK BEJIUYHHOIO.

. : 1 1
Hpuxian 2.3.1. Po3risiHEMO HECKIHYEHHO MaJll BEIMYMHU O, = =, B, = =.
n n
. Uy . Bn 1 .
Toni 5, — T HE € HECKIHYCHHO MaNOI0, 8 = = - — HECKIHICHHO Marla.
n n
: : 2 1
Hpuxnax 2.3.2. Po3rissHEMO HECKIHUEHHO MaJll BETUYUHU Oy = = Bn = -

4 . 1 .
Tomi = =2 i Pn _1_ He e HeCKIHUCHHO MAIHMIL.
Bn An 2

BucHoBok: y 3aecanbHoMy 6unadKy 4acmka 080X HECKIHYEHHO MAlux €

. 0
HEeBU3HAYEHICMIO 6140)2 6 .

Teopema 2.3.4. /[ooymox obmedcenoi eenuduny Ha HECKIHYEHHO MANy € GelUYUHA
HeCKiHYeHHO mana. 30Kkpema, 000YmMoK HeCKIHUEeHHO MAloi HA CMAy € HeCKIHYeHHO MAalolo
BENUUUHOIO.

Hosenennsi. Hexaii {x,,} — HeckiHueHHO Maa, a {y, } — oOMexeHa.
Tomi, 3a 03HAYCHHIM OOMEKECHO1 BEITUYNHHU,
M > 0: Vn €N |y,| < M.

3 03HaYEHHS HECKIHYCHHO MAaJIoi,
£

Ve>0 ANEN: vn>N lx”|<M

Tomi

|y | < M - 5 =& Vn=>N = lim,(x,y,) = 0. u
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: 1 :
Mpukaan 2.3.3. @, = sinn — oOMexxeHa BelIUYnHA, [5,, = — — HECKIHYCHHO MaJja. 3a
n

. sinn
Teopemoro 2.3.4, lim,,_, — = 0.

2.3.3. HecKiHY€HHO BeJUKI BeJJUYNHH TA IXHi BJACTHBOCTI

Osnauenns 2.3.2. [locnioosnicms {,,} Hasueacmvcs HECKIHUEHHO 6EUKOIO, KO
lim B, = oo (+).
n—oo

Teopema 2.3.5. Beauuuna, obepneHa 00 HECKIHYEHHO MAloi, € BEIUHUHOIO
HeCKIHYeHHO BeNIUKOIO.

HoBenennsi. Hexali a, — HeckinueHHo Mana. [lokaxkemo, mo f3, — HECKIHUEHHO
BEJIMKA.

3a 03HaYEeHHSIM HECKIHUEHHO MaJoi,

1
lima,=0=VE>03INEN: Vn=>N |a,| <= =

n—->oo E

=Bl > E=

||

= lim S, = oo.

n—>0o

TeopeMa JOBCICHA.

Teopema 2.3.6. Benuuuna, obepHena 00 HeCKIHUEHHO BelUKOi, € BeIUUUHOIO
HEeCKIHYEHHO MAlo0.
Bnpagsa 2.3.2. JloBectu Teopemy 2.3.6.
an

Teopema 2.3.7. Axwo @, — obOmedcena, [, — HeCKiHUeHHO 6eauKd, mo o
n

HECKIHY€HHO MAd.
TBepmxeHHs TeopeMu € HacliakoM TeopeM 2.3.412.3.6.
Teopema 2.3.8. /JoOymok 060x HeCKiHUEHHO 8ENUKUX € 8eTUYUHA HECKIHYEHHO 8elUKA.
Bnpaga 2.3.3. JloBectu Teopemy 2.3.8.

Teopema 2.3.9. xwo {a,} i {Bn} — reckinuenno eenuxi oonozo snaxy, mo ix cyma
medic € 6eUYUHOIO HECKIHYEHHO 8EIUKOIO.

JoBenennsi. Hexau
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lim o, = lim B, = +00.
n—-oo n—-oo

Tomi, 3a o3HaueHdsm, VE > 0

E

HN]_EN: VnZNl an>E,

E
N, €N: V2 N, f >

Hexait N = max{N;,N,}. Toxi ¥n = N OyayTh BHKOHYBAaTHCh OOH/BI HEPIBHOCTI,
TOMY

E E
an+ﬁ">E+E=E’ vn>N = rlli_)n(}o(an—i—ﬁn):-}-oo_

JloBeneHHS U BUIIAIKY

lim a, = lim §,, = —o0
n—oo

n—oo

MIPOBOJIUTHCS AHATIOTIYHO. m
Bnpaga 2.3.4. JloBectu Teopemy 2.3.9 y BUMaKy, KOJIH

lim a,, = lim B, = —co.

n—-0oo n—-0oo

BayBaxkennst 2.3.2. fAxwo {a,} i {B,} — Heckinuenno eenuxi piznux 3uaxie, mo
HEMOIICIUBO HIY020 CIMBEPOICYBAMU NPO iX CYMY.

: . 1
Mpuxaan 2.3.4. PosrisHeMo HECKIHUEHHO BENWKI BEJIMUUHU Ay =N, f, = —Nn + 3

: 1
Toni a, + B, = 5 € CTAJIOK0 BEIMYUHOIO.

Ipukaag 2.3.5. Po3rasHeMO HECKIHUEHHO BENHKI BEIWYMHH o, = 2N, [, = —N.
Toni a, + B, = n € HECKIHUEHHO BEJIMKOIO BEITUYHUHOIO.

Mpuxaang 2.3.6. Po3risHeMo HECKIHYEHHO BEHKI BEIUYMHU @, = n + (—1)",
Bn = —n. Tomi a, + B, = (—1)" He Mae rpaHwuiii.

3ayBaxenHs 2.3.2. B npoMy BUIIQJKy TOBOPSATH, 11O MAE Micye HeGU3HAUEHICHb
6uUQy ©0 — 00, PO3YMIIOUH MPU LIOMY, 110 B 3araJILHOMY BHUIIaJIKy HEMOXKJIMBO CKa3aTH, 1110
co0010 fBJISIE CyMa HECKIHUEHHO BEJIMKUX PI3HOTO 3HAKY.
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: : 0 : .
Kpim TOro, ockuibku ; — HEBH3HAYEHICTh, TO 0O 0 i makoyxc 0yoymbo

HesusHaueHocmamu. JliicHo, Ko a,, 1 [, — HECKIHYEHHO MaJli, TO

an_<9)=an.l=(o-oo),

Bn  \0 Br
0 1

%=(6>=BT"=(;)-
an

2.4. ApudmeTrryHi aii HAX YMCJTOBHUMH MOCJiTOBHOCTAMHU
2.4.1. Onepanii HAJ YNCJTOBUMHU MOCTITOBHOCTAMU

Osnauvennst 2.4.1. Cymor uucnosux nocnioosnocmeii {x,} i {y,} nasusaromo
yucno8y nocnioosnicme {z, } maxy, wo z,, = x, + y,, Vn € N.

Osunavennst 2.4.2. Pisnuyero uucnosux nocniooswocmen {x,} i {y,} mnaszusaromo
yucnogy nocnioosnicme {z, } maxy, wo z, = X, — y,, Vn € N.

Osnavennst 2.4.3. /lobymxkom uucnosux nocnioosnocmeti {x,} i {y,} nasusaromo
yucno8y nociioosnicme {z, } maxy, wo z, = x,y,, Vn € N.

Osznauenns 2.4.4. Yacmrorw uucnosux nociioosnocmeit {x,} i {y,,}, v, # 0Vvn € N,
HA3UBAIOMb YUCTI08Y NOCNI008HICcMb {Z,,} maky, wo Z, = Xp/Yn, YN € N.

2.4.2. BuaacruBocTi rpaHunb, MNOB'SI3aHI 3 apUPMETUYHUMHM TisIMH HaAJ
YHCJIOBUMH MOCTiIOBHOCTIMHU

Teopema 2.4.1. Hexaii {x,,} i {y,} - uucnosi nocniooenocmi. Axwo
lim, o x, = A <00, limy,_ oYy, =B < o,
MO BUKOHYIOMbCA PIEHOCML:
a) lim,, o (xy, £ ) = lim, o x,, £ lim,, o ¥, = A £ B;
6) lim,,_, o (X, ) = lim,, o X, - limy, o ¥, = AB;

(xn> limx, 4
In

=== _=—y,.#0,vneN, B=#0.

li =
B) lim limy, B
n—-oo

n—->oo
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JoBenennsa. Ockinpku lim, . x, = A <o, 1O, 3a Teopemoro 2.3.1, icHye
HECKIHYEHHO MaJa &, Taka, mo x, = 4 + a,,Vn € N.

AHaJor14HO,

limy, =B <o = 3,: lim B, =0, Yn =B + [, Vn € N,
n—-oo

n—oo

a) Posrmsaemo anrebpaiuny cymy mocmigoBaocrein {x,} i {y,}:
Xntya=A+a)tB+B)=AEB)+(anth)=(A%B)+7p
ne Yo = a, * [, € HeCKIHUeHHO MaJjiolo, 3a TeopeMoro 2.3.3.
3 oTpuMaHoOi PIBHOCTI, KOPUCTYIOUUCH Teopemoro 2.3.1, poOMMO BUCHOBOK, 11O
lim (o + ) = A+ B.
0) Xn¥n = (A + an)(B + Bn) = AB + anB + frA + anfy = AB +yy,
ne Yn = anB + LA + a, [, € HeCKIHUeHHO Maliolo, 3a Teopemamu 2.3.3 12.3.4.

3 oTpuMaHoOi PIBHOCTI, KOPUCTYIOUUCH Teopemoro 2.3.1, poOuMMO BUCHOBOK, 1110
lim (x,y,) = AB.
n—-oo

B) Ockinbku lim,,_, o, ¥, = B < o, T0, 3a Teopemoro 2.2.4, lim,,_, . |y,| = |B|. 3a
O3HAYCHHSIM, JJIs

|B| |B]
e=—->03INEN: Vn=N ||yn|—|B||<T(=>
TR -
2 yn 2 yn 2
1 2 vn >N (2.4.1)
—_—<—, n=N. A
lya|  |BI

Posrnsaemo tenep pi3HUIIO

xn A A+a, A AB+Ba,—AB-AB, 1

y» B B+B, B (B + B,)B ~ (B+ByB

*(Bay, — ABp) = Vn.

Benuunna z,, = obmesxeHa. JlificHO, BpaxoByIOUYH HEpiBHICTD (2.4.1),

1
(B+Bn)B
OTPUMAEMO:
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1 2 1 2
ol =\ 5l ~ G E <m EE hEN
Toni
1
Vﬂ=k§:ﬁmﬂSM,VnEN
ne M = max{lzll, ) |z,\,_1|,B2—2 }

Benmnuuna B an — AP, — HecKiHYeHHO MaJa, 3a Teopemamu 2.3.3 1 2.3.4. Toxi

BCJIMYMHA ¥, = *(Ba,, — AfB;,) TeX € HECKIHYEHHO MAaJIOI0, 3a TeopeMoro 2.3.4.

(B+,8 )B

. Xn A
Kopucrytouncs Teopemoro 2.3.1, pobrumMo BUCHOBOK, 110 lim,,_, o, ) =5 ]
n

Hpuxnan 2.4.1. O0uucnutu

_ —5n2+1
1111_r>r010 2n3 +4

Po3p’si3anns. O4eBHUIHO, U0 BEJIMYMHU, SIKI CTOSITh Y YUCEIbHUKY 1 3HAMEHHUKY, €
HECKIHYEHHO BEJIMKUMH, TOMY MA€EMO HEBH3HAYEHICTb BHIY z IIs HeBHU3HAUEHICTh
PO3KPHUBAETHCS UISIXOM JAUICHHS YMCEbHUKA Ta 3HAMEHHUKA HAa HECKIHYEHHO BEJIUKY, sIKa
NpsMy€ 10 HECKIHYEHHOCTI HaWmBuiame. B maHoMy MNpuKIaal TakoK HECKIHYEHHO
BEJIMKOI0 € HaiOuIbImmMii creminb 3MiHHOI n, To6To n3. IlominMMO 4YHCENBbHHK Ta
3HAMEHHMK Ha N3

6n3 n® 1 5 1
o 6en®—-5n%2+1 oo 3 3tz 6—pt-3
lim = (—) = lim 3 = lim
n—-oo 27’13 + 4 0 n—-oo n 4 n—-oo 2 4 4
n3 + n3 n3
OCKIJIBKY BEJIMYUHU % n—13 % € HECKIHYEHHO MAJIUMH, TO, BAKOPHCTOBYIOUH TEOPEMY
2.4.1, orpumaemo:
5 1
63 t3 6-0+0
lim T - 2710
n—oo 2 + ﬁ +

Hpuxnan 2.4.2. O0uucnutu
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2n _ 5n+1

,lll_,rf}o 2n+l 4 gn+2°

. oo
Po3B’s13aHHs1. 3HOBY Ma€EMO HEBU3HAYEHICTD BULY — .
oo

Zn_5n+1 fove) Zn_5_5n
lim = (—) = lim .
nooo 2Nt1 4 gn+2 o noow 22N 4 25.5n

HeckiHYEeHHO BEJIMKOIO, KA IIPAMYE a0 HECKIHYEHHOCTI HaﬁHIBH,ZIHIe € BCIIMYMHA

2 2

5", TTominumo YKCeIbHUK Ta 3HAMEHHUK HA HeET:

n n n
lim = lim
n—oo 2n 5n n—oo 2 n )

. 2\" .
OCKUIbKH BETMYMHA (E) € HECKIHYEHHO MaJsioto (AuB. Bripary 2.1.3(B)), To,
BUKOPHUCTOBYIOUU TeopeMy 2.4.1, oTpuMaemo:

n
lim (é)n—S _0-> ——l.

n—>002_(2) +25_0+25_ 5
5

3ayBaxenHsi 2.4.1. SIKio moOpiBHATH TOBEAIHKY rpadikiB MOKA3HUKOBOT (PYHKITIT
a* (a > 1), crenenesoi xP (p > 0) i norapudmiunoi log, x (a > 1), To MokHa 3pOOHTH
TaKMil BHCHOBOK (KM TI3HINIE MH CTPOTO JOBEJAEMO): HANMOBUIBHIIIE 3pPOCTAE
norapupMiuHa QyHKIIiS, a HAWIIBU/IIIE — TOKA3HUKOBA.

Hpuxnan 2.4.3. O6uucautu

. n3 + 3"

. [0 ]
Po3B’si3annsa. MaeMo HEBU3HAYEHICTH BULY — .
y (0]

= lim ——— .
o1 + 3 - 3"

lim —

n®+3" oo n3 + 3"
noon + 3nt1 _( )

(00)
BpaxoBytoun 3ayBaxkeHHs 2.4.1, MU MOXEMO CTBEpI)KYBaTH, 1110 HECKIHYEHHO

Bemka 3" mpsAMye 10 HeCKIHYEHHOCTI IBUIMIE 3a HecKiHdeHHo Bemki n 1 n3. Tomy
MOJIJTUMO YMCEIIbHUK Ta 3HaMeHHHUK Ha 3. OTpumaeMo:
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3
g+l
lim = .

3
3a 3ayBaykeHHSIM 2.4.1, BenuuuHU 3% , :—n € HECKIHYCHHO MaJIUMHU, TOMY
3
n
o 37 t1 041 1
im = ==.
n—>w3ﬂn +3 0+3 3

Hpuxnan 2.4.4. O0uucauTu

lim n(\/n2+1—\/n2—1).

n—oo

Po3B’si3anHs. B 1boMy nmpukiaal MaeMo HEBHU3HAYEHICTh BUAY 0 — 00. JIOMHOXKUMO

Ta MoAinMMo Ha BHupa3 Vn2 + 1 + Vn? — 1, cnpsokeruii 1o vn2 + 1 —vn? — 1:

limn(\/n2+1—\/n2—1) = (00— 0) =

n—->0oo

. n(vn2 +1-+vn?2 —1)(Vn2 + 1+ vVn? — 1)

n—oo Vn2+1++vVn2 -1

nn*+1-n%2+1) 2n 00
= lim = lim = (—) =

nooyn2 4 14vVn2—1 no®YnZ +14+Vn2 -1 \®©
n 2 2
= lim n = lim = = 1.

noeyn?4l yn2-1 mee [ 1 [ 1 141

n n nZ nZ

Hpuxnan 2.4.5. O0uucnutu

_ 1 1 1
3%<m+ﬁ+'.'+n(n+1)>'

Po3p’si3anns. Lleil npukiag NpuHOMIIOBO BIAPI3HAETHCS Bl MOMEPEIHIX THUM, IO
MICTUTh CYMY HE(IKCOBAHOI KIJIBKOCTI JOJAHKIB: 3 POCTOM 7 KUIBKICTh JOJAHKIB TEX
3poctae. Tomy Teopemy 2.4.1 3actocyBatM 10 Takoi cymu He MoxkHa. CripoOyemo
CHOYATKy OOYMCIUTH CyMy, FPAHULIO SIKOI MOTpiOHO 3HAWTH. [ IILOrO MEpPEeTBOPUMO
IOJAHKH B TaKWH cI1ocio:
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I (1 P )—
12723 nn+ 1))~

_ 2—1+3—2+4—3 +(n+1)—n B
Tahe\1-2 23 7347 nm+ D) )

i 2 1+3 2+4 3++(n+1) n B
T ael\1-271-272-3 23732 3.4 nn+1) nn+1)
IO S SO S S S SN U O
_n‘l?o< 272737371 n n+1>_

1
=11m(1— )=1—0=1

n—oo n+1
Hpuxnan 2.4.6. Josectu, 1o
lim Y/n = 1.
n—oo

I[OBCHCHHH. Po3zrassaeMo HOCJIiI[OBHiCTI; 13 3araJIbHUM YJICHOM T 1 3aITUIIIEMO HOro
TaKUM YHMHOM:

n= (1+("n—1))n.
Jlami ckopuctaeMoch GOpMYIIO0 6iH0My HproToHa:
n=(1+(’{/ﬁ—1))n=1+n(’{/ﬁ 1)+ —— (’{/_—1) +ot (Wn-1)" >

¥<f>

>—n(nz_1)(’{/ﬁ—1)2 = (Yn-1)° <—2 =

. 2
=0<|Vn-1|< — (2.4.2)

OCKUIbKH




TO 3 HepiBHOCTI (2.4.2), BUKOPUCTOBYIOUM NPUHLHUI JBOCTOPOHHBOTO OOMEKEHHS
(Teopema 2.2.7), OTpUMYy€EMO, 1110

lim(Yn—-1)=0 = lim Yn=1.

n—-oo n—-oo
2.5. I'paHus MOHOTOHHOI MOCJIIIOBHOCTI
2.5.1. IToHATTA MOHOTOHHOI MOCJIiIOBHOCTI

Osunauvenns 2.5.1. Ilocrioosnicme {x,,} nazusacmovcs cmpo2o MOHOMOHHO
3pocmaroyor, Ko X, < Xp4+1, ¥Yn € N.

[To3uauenss: {x,} 1.

Osunauenns 2.5.2. ITocrioosnicme {x,,} nasusacmovcsi MOHOMOHHO HECRAOHOIO,
AKWO Xy < Xpy1, VN E N,

[Mo3uauenns: {x,} T.

O3unavenns 2.5.3. Ilocrioosnicmo {X,,} Hazueacmovcs MOHOMOHHO CRAOHOIO, KO
Xpn > Xpne1, VN E N,

[Mozuauenss: {x,} .

Osunauenns 2.5.4. Ilocrioosnicme {x,,} nasusacmovcsi MOHOMOHHO HE3POCMAIOUO1O,
AKWO Xy = Xpyq, YN E N,

[To3uauenns: {x,} {.

ITocnimoBHOCTI BCiX BUBHAYCHUX THIIIB 00’ €IHYIOThCS B KJIaC MOHOMOHHUX
nociiooenocmeil.

Hpuxnan 2.5.1.
a) IlocmimoBHICTH
1,2,..,n,..
MOHOTOHHO 3pOCTar0ua.
0) ITocaimoBHICTD
1,1,2,2,..,n,n, ..

HecmagHa.
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B) [locaimoBHICTh
1,-1,1,-1,...,(—D", ...
HE € MOHOTOHHOIO.
2.5.2. I'pannust MOHOTOHHOI MOCJTiTOBHOCTI.

Osuavennst 2.5.5. [locrioosnicmeb {X,} Hazusacmvcs 0OMEHCEHOI 3HU3Y, SKUO
MHOJNCUHA i1 3HAYEeHb 0OMediceHa 3HU3Y, MoOmMOo

AIM eR: VneN x, > M.
O3Hauvenns 2.5.6. ITocrioosnicme {x,,} nasusacmvcsi HEOOMEIHCEHOIO 3HU3Y, AKUO
VM eR IneN x, <M.

Osunauennst 2.5.7. Ilocrioosuicmo {x,} nasusacmocs o00medxncenoro 36epxy, Ko
MHOJICUHA i1 3HAYEHb 0OMedcena 36epxy, moomo

IMER: VneN x, < M.
O3zunauenns 2.5.8. ITocnioosnicme {x,,} Hazusacmocs HeoOMeIiCEHOI0 36EPXY, AKUO
VM eR dneN x, > M.

3a3HaunMo, 10 OyJib-sIKa HeCHagHa MOCIIJOBHICTh OOMEXKEeHa 3HU3Y CBOIM MEPIINM
YJICHOM:

XN <x%<.<x, < = x,=2x;, VneN.
3BepXy BOHa MOKe OyTH HEOOMEKEHa.
Hpuxnan 2.5.2.

a) [MocnimoBHICTh X, = 2™ HEOOMEKEHA 3BEPXY.
: : 1
0) [locnigoBHicTh y, = 1 — - oOMe’KeHa 3BEpPXY.

Bynp-sxa He3pocTaroua moCiIOBHICTh 0OMEKEHAa 3BepXy CBOIM MEPIITUM YJICHOM:
x12x22...2xn2'" = anxl, vn € N.

3HM3Yy BOHA MOXe OyTH HEOOMEKEHa.
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Hpuxaan 2.5.3.
: : 1
a) [TocmigoBHICTh X, = e oOMe)XeHa 3HU3Y.

0) ITocmioBHicTh Y, = —n? HeoOMekKeHa 3HU3Y.

Hapegemo teopeMy, sika aa€ 3B’SI30K MK OOMEKEHICTIO Ta 301KHICTIO MOHOTOHHOT
IIOCJI1TOBHOCTI.

Teopema 2.5.1 (Beilepmrpacca). byov-sika MOHOMOHHA NOCHIOOBHICMb MAE
epanuyio 6 R. Ilpuwomy, necnadua nocnioosmicms, aKa 0bMedlcena 36epxy, Mac CKiHueHHY
epanuyio, a HeobMedxCceHa 36epxy Mae epanuyto +oo. Hezpocmaroua nocuioosHicmo, Axa
obMedicena 3HU3Y, MA€ CKIHYeHHY ePaAHUYIo, A HeOOMeNHCeHa 3HU3Y MAE SPAHULYI0— D,

JloBeleHHs1 TIPOBEJEMO Il HECHaJHOI MOCHIAOBHOCTI (Y BHIIQJIKy HE3pOCTAI0UuOi
MIOCJIIIOBHOCTI JIOBEJICHHS aHAJIOT1YHE).

Po3srasaemMo JABa BHUITAJKH.

|. IocmigoBuicTh {Xx,} HecmamHa i oOMexeHa 3Bepxy. Tomi, OCKIIbKM MHOKHHA
3Ha4YCHBb TIOCIIIJIOBHOCTI HEMOPOXKHSA Ta OOMeEXeHa 3BepXy, TO, 3a Teopemor 1.2.2 mpo
ICHYBaHHS TOYHOI BEpXHBOI MEXI,

da € R: supx, =a < oo.
neN

IToxaxxemo, 110

lim x,, = a.

n—-oo

Hexait € > 0 3amane y BiIOBIHOCTI 3 pO3TOPHYTUM O3HAYEHHSIM SUP:
Dx,<a VneN;
2)e>0 AN €EN: xy >a—c¢.

Ockineku {x,} T, T0

Toni
a—e<x,fa ©—-<c<x,—asl<e &

S x, —al <eg, vn = N.
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3a 03HAYEHHSM TPaHUIIl TOCIIIIOBHOCTI, OTPUMYEMO, 1110 lim,,_, X, = a.

[l. PosrissHeMo Temep HecmagHy 1 HEOOMEXKEHY 3BepXy MOCHIIOBHICTh {x,}.
[ToxaxkeMo, 110 B 1IbOMY BHMOAAKY lim,,_, X, = +00, TOOTO
VE>0 IN=N(E)eEN: Yvn>N x, > E.
Ockinbku {x, } HEOOME)eHa 3BepXy, TO, 3a O3HAYCHHSIM,

VEER INEN xy > E.

Ockinbku {x,} T, T0 X, = Xy > E, Yn = N.
TakuM 9UHOM, MU OTPHUMAJIH, IO
VE>0 AN=N(E)eEN: Vvn=>N x,>F = lim,,.,x, = +o. m

Bopasa 2.5.1. JloBectu TteopeMmy BeliepmTpacca y BUIAOKy HE3pOCTAKOUOi
MIOCJI1IOBHOCTI.

2.6. YwucJo e.

) ) 1\"
PosrnsiHemMo mMOCHIAOBHICTE X, = (1 +;) ,n € N. IlokaxeMo, 110 BOHa Mae

CKIHUEHHY TPaHUIlI0, BUKOPUCTOBYIOUN TeopeMy BeliepmiTpacca.
Jlnst noBeZieHHs CKOpUCTaEMOCh HepiBHICTIO bepnyii (quB. npukian 1.3.2):
A+x)"=21+nx, Vx = —1, vn € N.

PosrnsiHeMo 10MOMIKHY MOCTIIOBHICTb:
n+1

Yn=(1+g) ,n € N.
I{st mociTIoBHICTH 0OMEKEHA 3HHU3Y:
el n+1 1
yn=<1+—> >14+——=2+->2, VneN.
n n n
IToxaxxemo, 1110 BOHA CIIaJHa:

1 4\" 1 \" n
yn_1:(1+n—1) _(tta=T) 1 n’ L
y 1\"*! 1 1 \(n-Dn+1)) n+1

n (1 + ﬁ) 1+ a 1+ n

m2-1)+1\" n 1 \" n
- - :(1+ ) >
nz—1 n+1 nz—1 n+1
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n n  @+n-Dn  n*+n’-n

nz—l)-n+1_(nz—l)(n+1)_n3+n2—n—1
= Yn1 > Vo) n>1, = vy, .

3a TeopeMoto BetiepmiTpacca, iCHye CKIHUEHHA TPAHUIIS MTOCTIAOBHOCTI Yy, OCKITBKH

z(1+ S1in>1 =

Y, € (2,4], To 3HaYECHHS IPAHUII HAJIEKHUTH IPOMIKKY [2, 4].
[ToBepHEMOCH TEmEp 10 MOCIIIOBHOCTI X,,. [lokakeMo, 1110 BoHAa OyTH MaTH TaKy X
camy TPaHUIIO, 5K 1 MOCTIAOBHICTD Y,

Y lim ¥,
lim x, = lim 7= = = lim y,, : = e.
n—oo n—oo . n—>0oo
15 Jim (1+7)
ToOTo
1 n
lim (1 + —) 1= e. (2.6.1)
n—oo n

Yuco e ippanioHaibhe, e = 2,718 ...

3a3HaunMMOo, IO B JTiBiM 9acThHI piBHOCTI (2.6.1) MU MaeMo HeBH3HAYCHICTh BHIY 1%.
B nonanbiioMy HEBM3HAYEHOCTI TAKOTO BUJY MU OYyJIeMO PO3KPUBATH 3a JOMOMOTOIO
piBHOCTI (2.6.1).

Hpuknanx 2.6.1. O0uucnutu

n

_ 3

lim(1—-—

n—-oo n

Po3B’si3anHsi. MaeMo HeBH3HaueHicTh BUAy 1%°. I 3HAXOMKEHHS TpaHUIN Ii€i
MOCJIJOBHOCTI CKOpUCTAEMOCH (2.6.1):

n
(4o
li 1 3n—l""—l' 1 ! =e3
L“;o( ‘;) =@M =lml 1+ —e
3
Hpuxnan 2.6.2. O0uucnutu
ComE+4"
11m< ) :
n-co \n + 2

Po3B’si3anHsi. MaemMo HeBHW3HaueHicTh BuAy 1%°. JIns 3HAXOMKEHHS TpaHUIN IIi€i
MOCJIIJOBHOCTI 3HOBY CKOpHUCTaEMOCH (2.6.1):
n

e + 4)" — (1) = lim (M) _

n-oo \n + 2 n—oo n+2
n+2 2n 2

—c. = 2n >
2 n+2 . _ . ol
) = lim,,_,,, en+z = lim,_,,, e**n = e2,

= lim,,_, (1 + 2

n+2
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2.7. TIlinmocainoBHOCTI
2.7.1. lHouATTd MiANOCTIIOBHOCTI
Osnavenns 2.7.1. Hexai ny <n, <--<n, <-- — 3pocmainoda HOCIi008HICMb

. . . + . . .
HamypanvHux uyucen. Tooi nocnidogHicmo {xn,\,‘}k_1 HA3Uu8acmvbcsi NIONOCIIO08HICMIO

nocnioosenocmi {x, }; ;.
Y miAnocmiIoBHOCTI poiib HOMeEpa, Skl HaOyBa€ BCIX HaTypalbHHX 3HA4YCHb
MOCTILTh, BIIITpae BXKeE HE 1, a K.

Hpuxnanx 2.7.1. Iocmigoswicts 1, 3, 5, 7, ... € MANOCIIIOBHICTIO TMOCiJOBHOCTI
HaTypalbHUAX YHCEJN, a MOCHiIOBHICTh 1, 5, 3, 7, ... HE € MAMOCTIAOBHICTIO X, = N,
n € N.

Kopucrtyrourich  03HaueHHSM, MOXKHA  OTpPHUMAaTH  HACTYMHI  BJIACTHUBOCTI
T ITOC1 TIOBHOCTEH.

Teopema 2.7.1. fxwo nocnidoguicms oomedsicena, mo 6y0v-saKa il nionociioo8Hicms
medic ooMmedHcena.

Bunpaga 2.7.1. [loBectu Teopemy 2.7.1.

Teopema 2.7.2. AHxwo lim,_,,X, =a <00, mo 6yov-aka nionocriooeHicms
HOCAI008HOCMI X, MAKONC MAE PAHUYIO, KA OOPIGHIOE Q.

JloBeIeHHs IPOBEIIEMO Y BUTIAIKY, KoM lim,,_,o, X, = a < oo.

3a 03HAYEHHSAM TPaHMIIl MAEMO:

Ve>0 INeN: vn=>N |x,—a|<e.

OCKIJIBKH Xy, — MIOCIIIOBHICTE, TO
Vg =N |x, —a| <e.
Bpaxoytoumn, 1o {n, } — crporo 3pocraroua HECKiHUEHHO BEJIMKA, OTPUMYEMO, IO
JKeN: Vk>2K ny 2N = |x, —a|<e
Tomi, 3a 03HaUCHHAM, limy,_, Xp, = Q. m
Bnpaga 2.7.2. JloBectu Teopemy 2.7.2 1 a = o,
I3 Teopemu 2.7.2 BumIMBae€, MO BIAKUIAAHHS CKIHYEHHOI KUIBKOCTI MEPIIUX YJICHIB
MOCJTIIOBHOCTI HE BIUTMBAE aH1 Ha 301KHICTh, aH1 Ha BEJIMUMHY TpaHuIll (y pasi 301:KHOCTI).
Kpim TOro, SKImo mociaigoBHICTh MICTUTH ABI IIAMOCTIJOBHOCTI, SKi MalOTh Pi3HI
TPaHMIl, TO TaKa ITOCIIJOBHICTh HE Ma€ TPAHMIII.
Mpuxaax 2.7.2. Iocnigosuicts (—1)™, n € N, He Ma€ rpaHuIli, OCKIIbKH

lim x,, =1, lim x,,_; = —1.
k—oo k—oo
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TakuMm 4MHOM, SKIIO MOCIIOBHICTh HE Ma€ TPaHMIIl, 11€ HE BUKIIOYAE MOMKIUBOCTI
1ICHYBaHHS TPaHMIN IS 11 TAMOCTIJOBHOCTEH.
2.7.2. YacrkoBi rpaHuui mociaizoBHocTi. BepxHsi i  HWKHS rpaHuumi
MOCJII0BHOCTI

O3nauenns 2.7.2. Yucno a abo cumeon 00 Ha3u8acmvcsi 4ACMKOBO0 ZPAHUUEN)
ROCNI00BHOCI, SAKUWO ICHYE NIONOCNIO0BHICMb, 2PAHUYS AKOI 00PI6HIOE A ab0 00,

O3navenns 2.7.3. Bepxnvoro zpanuyero nociniooéHocmi Ha3ueaemuvcs HAUOIIbUIA 3
yacmkosux epanuys 6 R.

[Toznauenns:lim,,_, o, X;,.

O3nauennsn 2.7.4. Huscnvoto zpanuyero nociio08HOCHI HA3UBAEMbC HAUMEHUA 3
Yacmkoeux 2panuyb 6 R.

[Toznauenns: lim,,_, o, x,.

SKI110 MOCHIAOBHICTh MA€ TPaHUIlIO, TO BCl il YaCTKOBI I'paHUIll JOPIBHIOIOTH OJHA
OJIH1i, BEpXHS 1 HYXKHS TPAHULS CIIBIA/Ial0Th Ta TOPIBHIOIOTH I'PAHULIl TOCIIITIOBHOCTI:

limx, =a<o = Ilmx, =limx, = limx, =a.
n—oo n—oo n—>_oo n—oo

Teopema 2.7.3. Byab-sKa MOCIiAOBHICTh TIACHUX YUCENT {X,} Ma€ BEpXHIO (HIKHIO)
IPAHMUIIO, KA JOPIBHIOE CKIHYCHHOMY YHCITy a00 +00 (—00).

JoBenennsi. It Oyab-sAKOi IMOCTITOBHOCTI 1CHYIOTH JIBI MOJKJIMBOCTi: BOHa abo
oOMekeHa, a00 HeoOMeXKeHa.

Po3ristHeMO cro4atky BHITAIOK, KOIU {X,} HeoOMexeHa. Toii BoHa HeoOMekeHa
NMpuUHaiMHI 3 OAHIET CcTOpoHU: abo 3Bepxy, abo 3Hu3y. I[lokaxkemo, 1O Oyab-siKa

MOCJIIIOBHICTh, SIKa HEOOMEXKeHa 3BepXy (3HM3Y), MICTUTDH MiJMNOCITIIOBHICTh {xnk}, TUISt

AKOT limy_, 0 Xy, = +00 (—00).

[epmmit  Bumagok. Hexaii {x,,} HeoOMexena 3Bepxy. Ilokaxkemo, 1m0 iCHye

M1MTOCITITIOBHICTh {xnk}, i AKOT limy_, o Xy, = +00.
Ockinbku {x, } HeOOMeKeHa 3BEPXY, TO, 32 O3HAUCHHSM,

VM eR dn € N: x, > M.
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Tomi mia M =1 3Iny € N: x,, > 1. BinkunemMo BCi WIEHM MNOCIiIOBHOCTI {x,,},
3aKIHYYHOYH Xp . B MOCHIIOBHOCTI, SIKa 3aIMIIATLCS, HOMEPH WICHIB OLIbIIi 32 My, 1 1A

MOCJIIIOBHICTh HEOOMEXKEHA. AHAJIOTIYHO:
M=2 3n, €N: n, >ny, Xn, > 2,

M =3 3dn; € N:ng > n,, Xn, > 3,

Takum YMHOM, OTPUMAEMO MIAMOCITIAOBHICTh {xnk}, YJIEHU SIKOi 3aJI0BOJIbHSIOTH
YMOBY Xp,, >k, Vk € N. 3Bincu maemo, 1o {xnk} — JI0JIaTHA HECKIHYEHHO BeJIMKa, TOOTO

limy_, 0 X, = +00,

Jpyruii umanok. IlocaimoBHicTh {X,,} HeoOMeXxeHa 3HH3Y. AHAIOTIYHO MOXKHA

JIOBECTH, IO ICHYE IMiATOCIIIIOBHICTh {xnk}, sIKa 3a/I0BOJIbHSIE YMOBY limy,_, Xp, = —.

Tperiii Bunagok. Hexaii {x,} Temep obmexena 3Bepxy. IlokaxkeMo, IO B LOMY

BUIIAJIKYy ICHY€ CKIHUEHHA BEPXHs TPAHUIIS II1€1 TTOCII1IOBHOCTI.

Hemae ceHcy po3risigaTi moCaiOBHICTh, Ka Ma€ JIMIIE OJIHY YaCTKOBY rpaHuIlto. B
[bOMY BHMAJKy IOCTIJIOBHICTh 30Ira€Tbcs 1 TBEPPKCHHS TeopemMu oueBuaHe. Hexaii
MOCTIIOBHICTh {X,} Mae mnpuHaiiMHi 2 YacTKOBI rpaHuili (MOoke MaTH 1 0e3mid).
[To3naunmo uepe3 B = {b} MHOXMHY BCIX YaCTKOBMX TI'PaHHIb IOCIIIOBHOCTI {Xx,}.
[Tokaxkemo, 1m0 B — oOMekeHa 3BepXy MHOXKHHA.

Ockinbku {x, } 0OMeKeHa 3BEPXY, TO, 32 O3HAYEHHSM,
AIMeR: YvneN x, <M.
Tomy
vix,} x, <M. (2.7.1)
3 iHmI0TO0 OOKY, 32 03HAYCHHSIM MHOXUHU B,
Vb €B El{xnk}: lim x, =b.

k—o0
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3actocyemo Teopemy 2.2.6 mpo TpaHMYHUN Tepexim B HepiBHOCTIX 10 (2.7.1).
Otpumaemo:

lim x, =b <M,

k—oo

ToOTO MHOXMHa B oOmexena 3Bepxy. OueBHAHO, 10 BOHA HEMOpOXHsA. Tomy, 3a
TeopeMoro 1.2.2, BOHa Ma€e CKiHUEHHY TOYHY BEpXHIO MeXy sup B = b* < oo. [Tokaxemo,
mo b* — oaHA 3 YAaCTKOBUX T'PaHMIIb MOCIIAOBHOCTI {X,}. JloBemeHHS mpoBeaeMO Bif
cynpotuBHoOro. [Ipumyctumo, mo b* € B, ToOTO b* He € 4aCTKOBOIO TPAaHUIIEIO.

3a3Ha4YnMMO, IO AKIIO b* —4acTKOBa IpaHMIT MOCTIIOBHOCTI {X,}, TO B Oyab-sKOMy
OKOJIi TOYKH b* MIiCTHTBCS O€3JI14 WIEHIB X, (2 TOMY 1 WIEHIB Xp,).

SIko b™ He € YacTKOBOIO TPAHUIIECIO, TO ICHYE TaKHil OKUI TOYKH b*, IKUW MICTUTh
JIMIIE CKIHYEHHY KUTBbKICTh YWICHIB MOCIIIOBHOCTI {X;, }.

3 iHmoro 60ky, b* = sup B, ToMy, 3a O3HAuY€HHSM TOYHOI BEPXHBOI MEXI,

db € B: b < b* 1 b HanexuTh BKa3aHOMY OKOJy. Alie b — 4acTKoBa IpaHuUllsd, TOMY OY/Ib-
SIKMIA OKLJI TOYKH b MiCTUTH G€3/1iY WIEHIB MOCIiA0BHOCTI {X,, }. CylepeuHicTs.

YerBepTuii BUMamoK. {Xx,} oOMekeHa 3HH3Y. AHAIOTIYHO MOKHA JOBECTH, IO B

[IbOMY BUIIAJKY ICHY€ CKIHUEHHA HIDKHS TPAHUII I1€T TTOCIIITOBHOCTI. |

BunpaBa 2.7.3. IlpoBectu pnoBeneHHs Teopemu 2.7.3 y HOpyromy i 4YeTBEpPTOMY
BUIAJIKaX.

3a3HauMMO, M0 3 JOBEICHHSA Teopemu 2.7.3 BHUIUIMBA€E, MO-MEPIIE, SKIIO
MOCJIIIOBHICTh OOMEXKEHA 3BEpXY (3HM3Y), TO ii BepXHs (HUXKHS) rpaHuls cKiHueHHa. [lo-
apyre, 3 Oyab-sikoi HEoOMeXeHO1 3BepXy (3HH3Y) UMCIOBOI MOCHIJOBHOCTI MOXHA
BUIIUTATH ITiAIOCITIIOBHICTD, sIKa MPAMY€E 10 —+0o (—o0).

VYV BUmagKy HEOOMEXEHOI MOCHimOBHOCTI {X,} IHOII BHUSBISETHCS HEMOKINBHM
BUJIUVICHHS 301>KHOI ITOCHITOBHOCTI. HaBmakm, 1 oOMeEKeHOI MOCIIIOBHOCTI Ma€ MICIE
TaKe TBEPDKEHHS, SIKEe € HACTIAKOM Teopemu 2.7.3.

Teopema 2.7.4 (Bboabunano-Beliepmrpacca). Koowcna obmedcena nociiooHicms
Micmums 30i2CHY NIONOCAI00BHICMb.

Hpuxnan 2.7.3. 3naiiTu mn_m Xp 11imy,_, o X5, AKIIO
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_GDr 1+t
n 2

Po3p’si3anHHs. BoueBuap mnepmuii 10JaHOK € HECKIHYEHHO Majol0 BEJIHMYUHOIO.
Ockinbku Bupa3 (—1)™ naOyBae pi3HUX 3HAYCHb B 3aJICKHOCTI BiJl HTAPHOCTI HOMEPA N, TO

Xn

3HAYCHHS JIPYroro J0JIaHKY TEX 3aJIe’KaTh BiJI MapHOCTI n. ToMy Ma€ CEHC pO3TJISTHYTH JIBi
IT1IITOCJI1 JOBHOCTI

1 1
ka_ﬁ-l_l' sz_l——zk—_l, k € N.

3HaiiieMo iXHi TpaHuIIL:

: (1
]ll_)ngo Xop = ]ll_)n(}o (ﬂ + 1) =1,

l = lim (———) = 0.
i v = Jim (=5 —) =0

Boueuapr Oyap-sika iHIIA 30DKHA MIAMOCTIIOBHICTP MAaTHME OJHY 13 3HaWJICHHUX
rpa"Hulp. Tomy

Im x, =1, lim x, = 0.

n—co n—oo

2.8. HeoOxizna Ta JgocTaTH yMoBa  30DKHOCTI  YHMCJIOBOI
NMOCJiIOBHOCTI

2.8.1. IToHATTS HEOOXiIHOI Ta JOCTATHLOI YMOB

Oznavenns 2.8.1. Axwo eucnosnenns A = B icmunne, mo A Ha3zusaemvcs
0ocmamubo10 ymoeoio 051 B, a B — neooxionorw ymosoio ons A.

Hpuxnan 2.8.1. A: «Tapac Bmie untatu», B: «Tapac 3Hae abeTky».

BoueBuar A = B. Tomy A — noctatas ymoBa ajist B, a B — HeoOxiaHa ymoBa aiis A.

Mpukaax 2.8.2. A: «Harypanpri umcna a i b wHemaphi», B: «JloOyrok ab
HaTypaJbHUX YHUCEI — HETTAPHE YHCIION.

Boueuar A = B, B = A. To6T0o A — HeoOxijgHa Ta JoCcTaTHS ymoBa s B, a B —
HeoOXiaHa i moctaTHs ymoBa it A (mo3HadeHHs A < B).
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2.8.2. Kpurepiii Komui.

Osnavennst 2.8.2. [locnioosuicme {x,} Hasueacmvcs ¢hynoamenmanvhoio, aoo
nocnioosnicmio Kouti, sikujo
Ve>0 AN =N(e) eEN: Vmn=N |x, —x,| <e. (2.8.1)
Vmosa (2.8.1) nazsusaemocs ymosoro Kowi.

Teopema 2.8.1 (kputepiii Komi). /[n2 mozo wo6 nocrioosnicms oiticnux uucen o6yna
3002CHOI0, HEOOXIOHO MA OOCMAMHBO, W00 8OHA OYIA PYHOAMEHMATLHOIO.

HNoBenennsi. HeoOxignictb. Ilpumyctumo, mo lim,_ . x, =a <o, T00TO
HOCTHiIOBHICTE {X,} 30ixkHa. ITokaxkemo, 110 BOHAa (yHIAMEHTAIbHA. 3a O3HAYECHHSIM
IpaHMUIIl MOCTIAOBHOCTI MAEMO:

£
Ve>0 IN=N(e)€EN: vn=N Ixn—a|<z.

o . g . £
Hexaii m,n > N. Toai |x,, — a| < 5 1 |, —al < E.POSFJ’IHHCMO

£ &
|xn—xm|=|xn—a+a—xm|SIxn—a|+|xm—a|<§+§=e.

I1e o3Hauae, 110 MOCTIIOBHICT {X,,} QyHIaMeHTaIbHA.

JoctarHicTb. [IpunyctuMo Temep, M0 MOCHIAOBHICTE {X,} (yHIaMeHTanbHa, i
JIOBEJIEMO, 1[0 BOHA 301KHA.

3a o3HaueHHIM 2.8.2,
Ve>0 IN=N(e)eEN: vmn=N |x, —x,/<e &
S <Xy Xy <ES xXp—Ee<x,<Xx,+tE Vmmn=N.

3adikcyemo m = N. Tonmi oTpumaemMo, 00 BCl WIEHH X, 3 HOMEpaMuU N =
N wmicTsatbes B iHTepBai (X, — &, X, + €). HeBaXxkKo po3mmpuTit MEXi 1HTEpBay Tak,
1106 oxonutw i mepui N — 1 4imeHu x4, X5, ..., Xy_q. Lle 03Hayae, 1o mocmigoBHICTh {X,, }
oOmexena. ToO6To MM pgoBenw, MO (QyHIAMEHTalbHA IOCIIIOBHICTE OOMEXKEHa.
Tomi, 3a Teopemoro  2.7.4, MOXHa BHAUIUTH 301KHY MiAMOCTIIOBHICTh {xnk}. Hexan
limy, e Xy, = a < co. Ilokaxemo, mo lim,_, X, = a. Bisbmemo nosiibHe &> 0. 3

ymoBu Komri:

£
IN; EN: vmn =Ny |x, — x| <§.
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3 iHmoro 60Ky, limy,_,4 X,, = a. Toxi, 3a 0O3HaUEHHSM,
€
iN, e N: VvVn, =N, |xnk —a| < >

Hexaii N = max{N;,N,}. Toxmi mms Vn,n, = N OyayTh BHKOHYBaTHCh OOHBI
HEPIBHOCTI1, TOMY
£

£
1%, — al = |x, — xp, + %, —a| S|xn—xnk|+|xnk—a|<§+2

= &

Ie i o3Havae, mo lim,,_, o, X, = a. |

3ayBaxennsi 2.8.1. Ilpunyctumo, mo B ymoBi (2.8.1) m >n. Togi m =n+p,

p € N, 1ymona Ko moxe OyTu 3amrcaHa TAaKuM YHHOM:

Ve>0 AN=N()€EN, 3peN: Vn=N |xpp, — x| <e.
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Po3ain 3.
I'PAHUIS TA HEIIEPEPBHICTD (I)YHKIIIi

3.1. ®ynkuist. OCHOBHI NOHATTH.
3.1.1. 3aranbHe noHATTH QyHKIIl
Hexait X 1Y — noBiIbHI MHOKUHH.

Osnavenns 3.1.1. Axwo xooxcnomy enemenmy x € X nocmaeneHo y 6i0noGiOHIiCMb
O0O0UH [ Juuie 00uH enemeHm y i3 MHodxcuHu Y, mo 6yoemo 2060pumu, wjo Ha MHON*CUHI X
3adano ynkuiro (6i0ooparcenns, 8i0n0GIOHICMb) 31 3HAUESHHAMU 8 MHOMCUHL Y .

Sxio mo3HauuTH 110 GYyHKII0 OyKBOIO f, TO MokHa 3anucatu f: X — Y. Uepes f(x)
MMO3HAYAIOTh 3HAYCHHS (YHKIT f Ha eleMeHTi X, TOOTO TOW eneMeHT y € Y, skwid
MOCTABJICHO Y BIAMOBIAHICTh €JIEMEHTY X € X, 1 muiyTh Yy = f(x).

Enement x € X Ha3uBaOTh apecymeHmom, ab0 He3aNeHCHOI 3MIHHOIO, & CICMCHT
y €Y:y = f(x) — 3nauennam QyHKIIi B TOUIl X, a00 3anexicHor0 3MinHOI0. JI0 TOTO K
MHOXMHA X Ha3uBa€TbCs obnacmio eushauenna Qynxuii f, a MHoxunHa Yy CY,

Y = {y:y =f(x), x € X} - obnacmio 3nauenv dyuxuii f. Jins no3HaueHHs QyHKILIT,
okpim 3amnucy f: X — Y, BUKOPUCTOBYIOTh TakOXK Y = f(x), x +— f(x).

——————

Puc. 3.1.1. Pyuknia f: X =Y

3.1.2. O6pa3u i npoodpasu

Sxmo npu BimoOpaxkenHi f:X — Y enementy x € X BigmoBimae enemMeHT y € Y, To
TOBOPSIThH, 110 €JIEMEHT Y € o0pa3zom eneMeHTa x (1 mumyTh ¥y = f(X)), a €IeMEHT X y
1I50MY BHIAJKy HAa3HBAIOTh npoodpazom enementa y (i mumyts x = f~1(y)).

SIkmo E < X, o muoxuna f(E) :={y € Y:y = f(x), x € E} Ha3uBaetscs 06pazom
muoxcunu E. 3oxpema, Yy = f(X).
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Sxmo D c Y, to muoxuna f~1(D) := {x € X: f(x) € D} HazuBaerscs npoodpazom
MHOMcuHu D.

Mpuseran 3.1.1.

Hexaii f:R - R, f(x) = x%, Vx € R, Toai f(R) = [0; +0);
F([~2:2]) = [0;4], F([1;9]) = [-3; —1] U [1;3].

3.1.3. Komnosmuist dy ki

Hexait pyHnkuist g BU3HaueHa Ha MHOXKHHI Y, a QyHKIIA f — Ha MHOXKUHI X, IPUIOMY
f(X) cY. Toni cknaona ¢pyukuis (cynepnosuuis, xkomnosuuyis uux QyHKIIH) go f
BH3HAYA€ThCS HA X B TaKUid cocio:

(9o &) = g(f(), x€X.

Prc. 3.1.2. Komnosuuia QyHkujit

Hpuxnan 3.1.2.

1. Hexait f:R > R, f(x) =x2, Vx €R, g:R, - R, g(x) =+x, Vx € R,.
Tomi (f o f)(x) = x*, x € R; (fog)(x) =x,x €Ry;
(e M) =|x|,x ER; (gog)(x) = Vx,x ER,.
. x, Xx € [0;+00), 0, x €]0;+),
2. Hexaii f(x) = {O, X e E—oo; Og;g(x) = {xz' x € (—0; 0).
Tomi (f e g)(x) = g(x),Vx € R; (gef)x)=0,x ER;
(fe ) =fx),x R, (geg)(x) =0,x € R

DyHKIIS HA3UBAETHCS YUC106010, SIKIIIO i1 3HAYEHHSIMU € 1MCHI Yuca.

Osnavennst 3.1.2. Yucnosa ¢yuxyiaf:X — R nasuseacmocs oomescenoro (36epxy,
3nu3y), axuo mrodicuna ii snauensv f(X) € oomedcenoro (36epxy, 3Husy).
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O3navennss 3.1.3. supf:=supf(X) (inff:=inff(X)) wnasusaemovcs mounoro
6epxHboI0 (HUMNCHBOIO) MedCer0 YUC080T PYHKYIL.

Bnpaga 3.1.1. BuznaunTt TOYHY BEpXHIO 1 TOUHY HUKHIO MeXi GyHKIIT f(X), SKII0

1) f(x) = x?%,x € [-2;5);
2) f(x) =——,x € R.

1+x2’

3.1.4. EnemenTapHi pyHKIil Ta iX KjIacu@pikaiis
OcHosHUMU eleMeHmMapHUMU QYHKYIAMU HA3UBAIOTHCA (DYHKIIIT:

— crama (y = C,c — const);
— moka3Hukosa (a*,a > 0);
— norapudmivna (log, x,a > 0,a # 1);
—  TPUTOHOMETPHUYHI (Sin x, cos x, tgx, ctgx);
— o0epHeHi TpUroHOMeTpHYHi (arcsin x , arccos x , arctg x, arcctg x).
@yHKI1i, OTpUMaHl 3 OCHOBHHUX €JIEMEHTapHUX (PYHKIINA 32 JOMOMOIOK CKIHUEHHOI
KUIBKOCT1 apu(METUYHUX [Id Ta CKIHYEHHOI KUIBKOCTI KOMIIO3ULIN, HA3UBAOTHCS
e1eMeHmapHuMmMu.

EnemenTapni QpyHKINT MOAUIAIOTECS HA alNreOpaidHi Ta TPaHCIICHACHTHI.

Anzedpaiunorw HazuBaeThCsd (QYHKIS, B SKIM Haa apryMeHTOM 31HCHIOETHCS
CKIHYE€HHA KUIbKICTh apU(METUYHUX JIIH.

AnreOpaiuni GyHKIIIT MOAUISIOTHCS HA:

— 1Tl parioHanabH1 (MHOTOYJICHH);

—  JIpoOOBO-pallioHaIbHI (BIJHOIICHHS TBOX MHOTOUJIEHIB);

—  ippamioHaJIbHI (AKIIO Cepel oneparliii HaJ apryMeHTOM € 100yBaHHS KOPEHsI).
i1 1 ApoOOBO-palioHaNIbHI (PYHKIT CKJIAJAI0Th MHOXKUHY pauionanbhux QyHKIIN.

bynp-sika HeanreOpaiuHa (QyHKIISE Ha3uUBA€TbCS  mpancyenoenmnuoro. Jo
TpPaHCIEHACHTHUX (YHKIIM BITHOCATHCS TPUTOHOMETPUYHI, 0O€pHEHI TPUTOHOMETPHUYHI,
MOKa3HUKOBI, JorapupmiuHi GyHKIIII.
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3.1.5. Ongno3Hayni Ta 6arato3HauHi pyHKuii

SKI110 KO)KHOMY €JIEMEHTY X € X 3a JIeSIKMM 3aKOHOM IIOCTaBJICHO Y BIJIMIOBIIHICTh HE
OJIMH, a JeKUIbka a0o HaBiTh 0e€37i4 eJeMeHTIB Yy €Y, To QyHKIII0O Ha3UBaIOTh
0azamo3naunon.

Hanpuknan, y = ++/x — 1BO3HauHa byHKIIis (4acTO 3aMICTh 111€1 IBO3HAYHOT (DYHKITIT
pPO3TIIAAAI0Th OKPEeMO JIBI OJHO3HAYHI (YHKII, y = Vx i y = —/x, — IBi TigKH
JBO3HAYHOT (PYHKITIT).

MatemaTuuHuil aHaji3 BUBYAE ONHO3HAYHI (QyHKIII. Ane Mu OyaemMo po3risaaTt i
OaraTo3HauHl (pyHKIII{, OCKIIBKA METOJIaMHd MaTEMaTHYHOTO aHalli3y MO>KHA, HAIPUKIIA],
3HAXOAUTH JIOBKUHU AYT KPUBHX, SIK1 € rpadikaMu 0araTo3HayHuX QyHKUINA, o ¢iryp,
O0OMEKEHUX TAaKUMHU KPHUBUMH.

bararozHauyHuM (QyHKLISIM NpUTaMaHHE 3aBAaHHS 1X B HEABHIN (IapaMeTpU4HIM
dbopmi), y cuctemax KOOpJAMHAT, BIIMIHHUX B1Jl IEKapTOBOI (30KpeMa, B MOJIAPHIN cucTemi
KOOpJIMHAT).

3.1.6. IToasipHa cucTeMa KOOPAUHAT

JIs BU3HAUEHHS TMOJOKEHHS TOYKM Ha TUIOIIMHI Pa3oM 3 JIEKAPTOBOIO CHUCTEMOIO
4aCTO BUKOPUCTOBYETHCS MOJISIPHA CUCTEMA KOOPAUHAT.

Hexait na nmomuHi 3agano To4ky O (Ha3BeMo i1 nosrwcom) Ta MPOMiHb 3 TTOYATKOM B
toulli O (Ha3BeMO HOTO nOIAPHOIO gicclo), a TAKOXK BKa3aHa OJIUHUIIS MacIITady.

Bynemo Bu3HauaTH MOJIOKEHHS JOBUIBHOT TOYKM M TUIOUIMHM IO BIAHOIICHHIO J0
noJiroca 1 noJjsipHoi oci. Bigpizok OM Ha3zBeMo nosisaprum padiycom To4ku M, a KyT @
Mixk BekTopoM OM i MonApHOI Bicclo — noaapuum Kymom touxku M. Tlonspuuii xyT
BHUMIPIOETHCS Y HAMPSMKY «IIPOTH TOAMHHUKOBOI CTPITKW» (LIeH HAMPSMOK MU BBaXKaEMO
nonatium). Kpim toro, nomoBuMoch KyT @ Opatu B Mexax 0 < ¢ < 2w (1HKOJIM BapTo
Oopatu @ B Mexax —1m < ¢ < ). Toxi, BoueBUAb, KOXKHINA ToUll M TUIOIIUHM BIANOBIIAE
envuHa mapa uucea (p, @) (BUHATKOM € MmoJiioc, i sikoro p = 0, a ¢ — J0BUIbHHUK). 3
iHmoro Ooky, KoxHii mapi ymcen (p, @) (p=0, 0< @ <2m abo —m <@ < m)
BIJINOBIJIa€ €JJMHA TOYKA IJIOMIMHU, JIJIS SAKOI p € TOJIIPHUM PaJlyCcoM, a ¢ — TOJSIPHUM
kyToM. [lomsipHuii pagiyc 1 mossipHUil KyT Touku M Oynemo Ha3uBaTu ii noaaprHumu
Koopounamamu. I1onspH1 KOOPAUHATH JOMOBHUMOCH MHUCATH B AY>KKaxX MICHs JITEPH, sIKa
M03HAYa€ TOUYKY, BKa3yl04H CIIOYaTKy p, a oTiM @ M (p, ).
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Bnpasa 3.1.2. IToOyayBatu M (2, %n), A(l, - g)

VY cTaHOBHMO 3B 30K MIK ACKAapTOBUMH 1 IMOJEIPHUMHU KOOpAWHATAMU SaﬂaHOI TOYKH
M.

vA Hexaii 3anano nekaptoBy cuctemy koopauHaT OXY i

MOJISIPHY CUCTEMY KOOPJHMHAT 3 TOJIOCOM B IOYATKY
koopauHat O 1 moasipHOIO Biccio OP, sika cmiBmajaae 3
M Biccro aocmc 0X. [Toznaunmo vepes (x,y) neKapToBi

p . . ey
v KOOpAWHATU NOBIIBHOI TOuku M, a depe3 (p, ) — ii

-

o MTOJISIPH1 KOOPAUHATH.

Tomi

{x = p COS @,

y = psin @. (3.1.1)

®opmymu (3.1.1) € dopmynamu nepexoay BiA MHOJSPHOI CHCTEMH KOOPAUHAT 0
JIEKapTOBOI.

1106 3HaWTH MOJIAPHI KOOPJIMHATH, KOJIH B1JIOMI JEKAPTOBI, MIJHECEMO JI0 KBaJpaTy

piBasHHs (3.1.1), a moTim goxamo ix. OtpuMaemo: x2 + y? = p?, 3pigku p = /x2 + y2.
Hami 3 (3.1.1) orpumaemo tg @ = 3;1 3a ocTaHHBOIO (POPMYJIOI0 BU3HAYAETHCS TAHTECHC
MOJISIPHOTO KyTa ¢ , MPU LIbOMY MU OTPUMAEMO JBa 3HauYeHHA ¢ (ockuibku 0 < @ < 21
ab0 —1 < @ < ), AKi HaJeKaTh Pi3HUM uBepTsIM. OCKUIBKH Y = p Sin ¢, TO 3 IUX JBOX
3Ha4YeHb MOTPIOHO BUOpATH Te, JJI SKOTO CHHYC Ma€ TOW camuil 3HakK, mo 1 y. OTxe, 3
ypaxyBaHHSM HaBEJACHUX 3ayBaX€Hb, MAEMO (POPMYJIH MEPEXOTy BiJl JEKAPTOBOI CUCTEMU
KOOpJMHAT A0 MOJIIPHOI:
— [y2 2
p=+x°+Yy°
. y (3.1.2)
ge ==
Mpuxaan 3.1.3. Hexait Touky M(1,—1) 3agaHo B AekapToOBiii cucTeMi KOOpIWHAT,

. co . s
TOi B MOJISPHiH crcTeMi BoHa MaTHMe KoopauHath: M (V2, — Z)'

JIns BBEOEHHWX HaMHM TMOJSApHUX KoopauHaT p =0, —m < @ <m. Ane Take
0OMEKEHHS HE3py4YHE TIPH MOOY0B1 KPUBUX. Y MOAAIBIIOMY OyJIeMO BBaXaTH, IO P 1 ¢
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MOXXYTh HaOyBaTu OyIb-SKMX IIHCHHX 3Hau€Hb. Y TakoMy pa3i moOyIoBy TOYKHM 3a il
MOJIIPHUMH KOOPJIAWHATAMH TJOMOBUMOCH MPOBOJIUTH TAKUM YHHOM.

[ToBepHEMO TIOJISIPHY BiCh Ha KYT (0, 3MIACHIOIOYH, SKIIO MOTPIOHO, MEKIIbKA MMOBHUX
00epTiB, Ta BifkIIafieMo Bijl Tooca Biapizok OM noBxkunu |p| y Hanpamky Bextopa OM,
akimo p > 0, 1 y IpOTUIEKHOMY HampsaMmKy, ko p < 0. 3a takoi moOyaoBH Oyab-sKii
napi miricaux uucen (p, ) BignoBigaTuMme eauHa Touka M. Came Tomy IIi 4YMcia i
BBYKAIOTHCS KOOPAMHATAMHU TOUYKH.

Bnpasa 3.1.3. [loGynyBaTtu Touku A(—1, 9771); B(2,— 1%”).

3aznaunmo, 1o Gopmynu (3.1.1) 3anuimaioTbCcsl MPaBUIBHUMU 1 B I[bOMY BHIIAJIKY.
®opmynu (3.1.2) HaOynyTh BUTITISIY:

R

y
tgp =7

[Ipuyomy ¢ BUOMpPAETHCS TAKUM YHHOM, 1100 Sin ¢ MaB TOM caMui 3HaK, 110 1 Y.

Bnpaga 3.1.4. [ToOyayBaTi KpuB1 y MOJSPHINA CUCTEMI KOOPJAUHAT
1) p=2;
2) ¢ =

3

3) p=2(1+cosp) (p=a(l+cosep) — kapaioiga, KpuBa, sSKa OIMHCYETHCS
(p1IKCOBaHOIO TOYKOIO KOJIa pajilyca a, IO KOTUTHCS 330BHI IO HEPYXOMOMY KOJII
TaKOI'0 CaMOro pajiyca);

4) p = 3sin 4¢ (YOTUPHUIIEITIOCTKOBA TPOSIH/IA);

5) p = 10sin 3¢ (TpumnearOCTKOBA TPOSIH/IA);

6) p? = 36 cos 2¢ (nemuickara Bepayni);

7) p = @ (cmipans Apximena).

3.1.7. lapameTpuyHe 3aBIaHHS PYHKIIH

Hexaii 3agano 1Ba piBHSIHHS:

{x AT (3.1.3)

y =y(),

KoxxHoMy 3HaueHHIO ¢ BIMOBIAAE €JMHE 3HAUYCHHS X 1 Y. SIKIIO pO3TIILAaTH X 1y sIK
KOOPJIIMHATA TOYKM Ha KOOpPAWHATHIN TwionuHi OXY, TO KOXXHOMY 3HaueHHI0 t Oyze
BIIMOBIAaTH TIeBHA Touka ruronuHud. Komu t 3miHioerbes Big T; 1m0 T,, 19 TOYKa Ha
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IUIOUIMHI omucye TeBHY KpuBy. PiBHanHa (3.1.3) HazuBaeTbCs napamempuunum
Ppiénannam KpuBoi, t HA3UBAETHCA Hapamempom, a TakWi crnocid 3aBJaHHS KPHUBOI —

napamempuuHum.
Ipukaan 3.1.4.

1) PosrnsimeMo kono x2 + y? = R%. JlekapToBi KOOpJAMHATH, MOB’si3aHi 3

X = pCoSQ, X = R cos ¢,

HOJISPHUMU PiBHAHHSAMU: { Toni p? = R?, abo p = R, oTxe, {

y=psing. Yy =Rsing.
x = Rcost,
y = Rsint
2) [Muknoina — 1e KpuBa, sSKa OMUCYE TPAEKTOPIIO TOYKH KOJIa paiiyca a, IIo
x = a(t —sint),

y = a(1l —cost).

[To6ymyemo 1o KpuBy. [ OTO CKIJIAEMO TAOHINIO ICKUIBKOX 3HaYeHb 3MIHHHX t

i(x,y):

SIK110 MO3HAYUTH @ Yepes t, OTPUMAEMO: { — apaMeTpUYH1 PIBHSHHA KOJa.

KOTHUThCS 0e3 KOB3aHHS 1Mo npsmiid (oci 0x): {

T 3
t 0 — T —n 2T
2 2
T 3
X 0 a (E — 1) Ta a (7 + 1) 27a
y 0 a 2a a 0

Ha miacraBi janux Tabauili BUKOHAEMO TTOOYI0BY:

7 A

2a

a

ma 2na X

3.1.8. HesiBHe 3aBaaHHs QyHKIil
[Tpunyctumo, 1110 3Ha4YCHHS IBOX 3MIHHUX X 1Y TOB’s3aH1 OJTHE 3 OJHUM PIBHSHHSM,
AK€ B 3arajlbHOMY BUIIAJIKy MA€ BUTJISI:

F(x,y) =0. (3.1.4)
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Tyr F(x,y) — ¢yHKiis OBOX 3MIHHHX, siKa 3aJaHa B Jeskii oOmacti. Skmo s
KOKHOT'O 3HAYEHHS X B JIESIKOMY MPOMIXKKY ICHY€E O/IHE a00 JeKiJIbKa 3HaUYeHb Y, K1 pa3oM
3 X 3a00BOJBHAIOTH piBHAHHS (3.1.4), TO IIUM BHU3HAYAETHCSA OJHO3HAYHA abo
6araTo3HauHa GyHkIis y = f(x).

3a3HayMMo, 1110 He KoxkHe piBHAHHSA F (x,y) = 0 3amae ¢yukuito. Hanpukian, »xoaHa
napa jiiicaux gucen (X,y) He 3a70BOJbHAE PiBHAHHA X2 + y? = —1, TOOTO 1l PiBHAHHSA
HE 3aJ1a€ HesIBHY QYHKIIIFO.

Ipukaan 3.1.5.

1) x? + y? = 1 — HesBHO 3a1aHa QyHKLiA y = +V1 — x2, |x| < 1;

2) x2/3 +y?/3 = q2/3, a >0, — acrpoina (rimommkmnoina). Ile kpuBa, sKa
OIHUCY€E TPAEKTOPIIO TOUKH KOJA, 110 KOTUTHCS 0€3 KOB3aHHS 10 KOJIy BUETBEPO OLIBILIOTO
paniyca, TOTUKalO4YHCh 1O HbOTO 3CEPEIUHHU.

y
[i mapameTpuyni piBHAHHS:
x =acos’t,
{ y = asindt,
0<t<2m

3a3HauyMMO, 110 HE 3aBXAU MOXJIMBO MPUBECTH HESIBHY (PYHKIIIO 1O IBHOTO BUTY.
3.2. llousaTTa rpanuui pyHKii

3.2.1. O3HavyeHHs rpaHuli PyHKIII B TOYILI

Osnauennsn 3.2.1. Ilpoxonomum oxonom mouku a € R nazueaemuca ii oKin, 3 AK020
BUNYYUEHO CAM) YI0 MOUKY.

Sxmo O(a) — no3Ha4eHHsS] OKOJIy TOYKU A, TO TMPOKOJOTHI OKUI I1€1 TOYKH OyIeMO
nmo3Hayatu cumBosioM 0°(a).

Mpuxaan 3.2.1. (—1,2) \ {0} = (—1,0) U (0,2) — npokosotuii okia Touxu 0.

Osnauenns 3.2.2. Ilpokonomum &€-0KOAOM MOUKU X, HAZUBAEMbCA E-OKLN MOUKU
X, 3 AKO20 BUOAIEHO MOYKY X'

072 (x9) = (xg — & x9) U (X %0 + &) = {x:0 < |x — x| < €}

Mpukaan 3.2.2. (—1,1) \ {0} = (—1,0) U (0,1) — mpokosotuii 1-okix Touxu 0.

Hexaii 3anano nesky MHoxunnay X C R.

Hexait renep X € R, X # @, f: X = R, xy — rpaHAYHA TOYKAa MHOXHHH X .
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[cHYIOTB 1Ba €KBIBaJICHTHI O3HAYEHHS IpaHuUIll PYHKIIIT B TOYII].

O3navenns 3.2.3 (3a Komri, abo moBoto okomiB). Hexati f : X = R, xq — epanuuna
mouka muodcunu X. Yucno A nasueaemocsa epanuyero pyuryii f 6 mouyi x,, akuo

VO(A) 30(xy):Vx € 0°(xy) N X f(x) € O(A).
JIst CHMETPUYHKX OKOJIIB 1€ O3HAYCHHS HaOyBa€ TaKOTO BHUIJISLY

Osnavenns 3.2.4. Hexaui f : X - R, xo — epanuuna mouka muoxcunu X. Yucno A
Hazusaemuvcs epanuyero Qyukyii f 6 mouyi xq, AKWO

Ve>03=6(e)>0:VxeX(0<|x—xp] <6 =|f(x) —A| <¢)
Lle o3HAYCHHS HA3UBAIOTh O3HAUEHHAM (MOBOI0 € — &),

O3nauvenns: 3.2.5 (3a ['eitHe, a00 «MoBorO mociigoBHOCTE#»). Hexau f: X — R,
Xo — epanuuna mouxka muoxcunu X. YQucno A nasueaemocs epanuyero ynxyii f 6 mouyi

Xo, AKWO 0751 00BLIbHOI NOCAIO0BHOCMI X,, Wo 3a0oeoavhsc eumoeu: Yn € N x, € X,
Xp F Xg [ Xy = Xg, N — 00, gukonyemocs cnisgionouwtenns f (x,) - A, n — oo,

3ayBaskenHs 3.2.1. O3nauenns 3.2.3, 3.2.4 1 3.2.5 € cKBiBaJICHTHHMH.
Bnpaga 3.2.1. JloBecTu ekBiBaJICHTHICTh 03Ha4YeHb 3.2.3, 3.2.4 1 3.2.5.

3aysamennss 3.2.2. 3aspuuail jana joseneHHs Toro, mo lim,,, f(x) = A4,

BUKOPHCTOBYIOTh O3HadueHHs 3a Komri, a mgms moBeaeHHs Toro, mo A lim,,_ . f(X),
KOPHCTYIOTBCSI O3HAUECHHAM 3a | eiiHe.

2_
Hpukaang 3.2.3. Jlosectw, mio lim,._,4 % = 2.
3x% —4x +1
Ve>036=6(e)>0:VxeR (0 |x—1|<6= ~—1 -2l <e).
2_
HiticHo, 1u1st oOpanoro € > 0 OIliHUMO % — 2|:
3x%2 —4x+1 3x2 —4x+1—2x+2 3x% —6x+ 3
-2 = = =3lx—1| <36 <¢
x—1 x—1 x—1

&

TOOTO IOCTATHBO B3ATH & = e
. .1
Mpuxnaan 3.2.4. Jlosectu, mo A lim,._,, sin =
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: : : 1. 1 . . :
PosrisHeMo JBi MOCHIZOBHOCTI Xp =— 1 X =gz OOwBI IMOCITITIOBHOCTI

mn +271n

.1 .1 )
npsMyroTh A0 0, K0 1 — 00, NpoTe sin = = 0,vn €N, 1 sin =7 = 1,vn € N, 3Bigku
n n

. .1
BUILTMBAE, 10 A lim,,_,, sin =

3ayBaxkenHs 3.2.3. 3a3HauuMoO, 110 TpaHMIl (YHKIT B TOYIl 3aJCKHUTh JHIIEC BiJ
NMOBEIHKK (DYHKIIT B OKOJII Ii€] TOYKH Ta HE 3aJCKUTh BiJ 3HAYEHHS (PYHKII B TOYII
(byHKITIS MOXeE, HABITh, HE OYTH BU3HAYCHOIO B IIiHl TOYII1).

3.2.2. 3araabHi BaacTuBOCTI rpanuui GyHKuIil

IcHyroTh TyOOanmbHI 1 JIOKalbHI BJIACTHBOCTI (yHKINI. ['J1006anpHI BIACTUBOCTI
B1IOOpaXKalOTh MNOBEAIHKY (YHKIIi Ha BCl 0O0JacTl BHU3HAYEHHS, a JIOKAJbHI
XapaKTepU3yOTh TOBEAIHKY (YHKIIIT JIUIIE B OKOJII IEBHOI TOUKH.

IcHyBaHHS rpaHuil (PYHKIII B TOYLl — L€ JOKaJIbHA BIACTUBICTb, KA XapaKTEPHU3YE
JUIIE TTIOBEIIHKY B OKOJI1 JaHOI TOUKH, a HE B yCiii 00J1acTi BUSHAUYCHHSI.

BuxopuctroByroun o3HaueHHs rpaHulll GyHKIII B TOYIl MOBOIO MOCIIJIOBHOCTEH Ta
BJIACTUBOCTI I'PAaHULIb MMOCIIOBHOCTEN, MOKHA OTPUMATH BJIIACTUBOCTI FPAHMII (PYHKIII.

ko meBHa BIACTUBICTh (DYHKINT BHUKOHYETHCS B JICIKOMY ITPOKOJIOTOMY OKOJII
TOYKH Xy, TO KaXyTh, IO ISl BJIACTUBICTh BUKOHYETHCS @QIHANBHO TIPU X — X,.
Hanpuknan, dyskiis f(x) Ha3UBa€ThCs cMaaol0 Ha MHOXUHI X, SKIIO Ui BCiX X € X
f(x) =c, ¢ — dikcoane nificHe uucio. OyHkiis f (x) HA3UBAETbCI PIHANBHO CMAN0I0
IIPU X = X, SKII0 BOHA € CTAJIOK0 B JEIKOMY IMPOKOJIOTOMY OKOJII TOUKH X .

Teopema 3.2.1 (3aranbHi BIACTUBOCTI TpaHUIll QYHKIIIT).

1. Axwo Alimy f(x), mo pynkyia f(x) € Qinanvno obmesxncenoro npu

X = Xg.

2. Axwo icnye epanuys Gynxyii f(x) 6 mouyi x,, mo 6ona eouna.

3ayBaxenHsi 3.2.4. 3azHauuMo, 10 OOEpHEHE TBEPKCHHS 10 TBEpPKEHHS |
teopemu 3.2.1 B 3aranbHOMYy BHINAJIKy HE € TMpaBwibHUM. Hampuxman, ¢QyHKIsS

o1 : . .
flx) = sin- € 00OMEKEHOI0 B OKOJII TOYKH X, = 0, MpoTe BOHA HE MA€ TPaHMIN B LK

TOYILII.
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3.2.3. I'panuns ¢pyHkuii i HepiBHOCTI

Teopema 3.2.2. Axwo f: X - R, g: X =» R, xy — epanuuna mouka muosxwcuru X,
icnyromv  epanuyi: limy f(x) = A, limy,, g(x) =B, i A<B, mo s3naiidembcs
NPOKOIOMULL OKIL MOYKU Xy, 6 sikomy f(x) < g(x).

3oxpema, axuyo limy,, f(x) =A, A<B(A>B), mo icnye npoxoromuii oxin
mouku Xy, 6 sikomy f(x) < B (f(x) > B).

Hacainoxk 3.2.1 (JIema npo 36epexkenns 3HaKy). Axuwo ¢yukyia f(x) mae 6 mouyi x
nenyvogy epanuyio: limy_, f(x) = A # 0, mo icuye npoxoromuii oxin mouxu Xo, 6

KoMy yHKyis Hadysae auue 000amuux sHaveHv, akujo A > 0 (8i0 emHux 3nayens, AKUO
A<0).

Teopema 3.2.3.

1. Axwo f(x) = g(x), Vx €X, i limy,, f(x) =4, limy,, g(x) =B, mo
A=B.

2. Axwo f(x) > g(x), Vx €X, i limy,, f(x) =4, limy,, g(x) =B, mo
A=B.

Teopema 3.2.4 (IIpuHuun 1BOCTOPOHHBOTO OOMEXKEHHS).

Axwo f(x) < @(x) < g(x) ona ecix x i3 desxozo npokonomozo oxony 0°(xy) mouxu
xo i limyy f(x) =limy,, g(x) = A, mo limy_x @(x) = A.

3.2.4. I'pannugd i apudpmeTuyHi onepauii Hag GpyHKIiAMHI

Teopema 3.2.5. Hexaii lim,_,, f(x) = A, limy_, g(x) = B. Tooi:

1) lim,_,, (f(x) £ g(x)) = A+ B;

2) 1imx—>x0 f(x)-g(x) =A-B;

3) Axwo B # 0, mo lim,._, ,, % = g.

3.2.5. Kpurepiii Komi rpanuui ¢gyHkuii

Teopema 3.2.6 (Kpurepiit Komri). Hexau f: X = R, xo— epanuuna mouxa mMuoxcunu
X. na icuysanns epanuyi lim,_,, f(x) = A neobxiono i docmammuvo 6UKOHAHHS YMOBIL:

Ve>030°(xy):Vx',x" €0°(xg) NX = |f(x) — f(x")] < e.
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3.2.6. HeckiHuyeHHO MaJli Ta HECKiHYEHHO BeJTUKI (PyHKIIT

Osnauenns 3.2.6. Oyukuis f(x) Ha3UBAETbCS HECKIHUEHHO MAN0I0 TIPU X — X,
akmo lim,_,, f(x) = 0.

Osnauenns 3.2.7. Oyukiis f(X) Ha3UBAETHCA HECKIHYEHHO 6€UKOI0 TIPU X — X,
ko VE >036 >0:VxeX (0< |x — x|l < 8) = |f(x)| > E. Tlpu mpomy Oymemo
nucaru lim,_,, f(x) = oo.

BuxopucTtoByoun o3HaueHHs rpaHulll 3a ['eifHe 1 BMaCTUBOCTI HECKIHYEHHO MaJUX 1
HECKIHYEHHO BEJIMKHUX IMOCIIJOBHOCTEH, MOKHA OTPUMATH TaKi BIACTUBOCTI HECKIHUEHHO
MaJIuX 1 HECKIHYCHHO BEJTUKUX (PYHKIIIH.

Teopema 3.2.7. Hexait f: X - R, g: X = R, xy— rpann4na Touka MHOXUHHU X.

1. Axwo f(x) € HecKiHueHHO Manow npu X — Xg, MO B0HA € QQIHATLHO
0OMENCEHOI0 NPU X = X.

2. Axwo f(x) i g(x) € neckinuenno manumu npu x — xo, mo (f £ g)(x) i
(f - 9)(x) € HeckiHuenHO Manumu npu x = X.

3. Axwo f(x) € mneckinuenno manowo npu x = xg, a g(x) — @inarvho
o0bMmediceHoto npu X — X, Qyukyiero, mo (f - g)(x) € HecKiHueHHO MANoI0 NPpU X — X .

4, Axwo f(x) € meckinuenno manow npu x = xo i f(x) #0 6 Oesaxomy
NPOKOJIOMOMY OKOJIE MOYKU X, MO % € HeCKIHYeHHO 8eIUKOI0 npu X = Xy. | Hasnaku:
akuo F(x) € neckinuenno eenuxorwo npu X — Xy, mMo % € HeCKIHYEeHHO MaJlolo npu
X = Xg.

3ayBakennsi 3.2.5. [Iynkr 1 Tteopemu 3.2.7 € Oe3mocepeHiM HACTIIKOM TEOPEMH
3.2.1, a myHKT 2 — Teopemu 3.2.5.

Bnpasa 3.2.2. O6uucnuty rpaHulli:

2
. x“—-1

1 llm _—

) X220 52y 1’

2
x%-1
) X221 ox2 x—1°

327+x-327—x
x+ Vxt '

3) lim,_,,
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3.2.7. OnHocTopoHHi rpanunui ¢pyHKuii B TOULi

Osnavenns 3.2.8. Hexau f: X - R, xy € epanuynoro mouxoiw 01 MHOMCUHU
X N (xg; +00) (X N (—0; x0)). Yucro A nasuseacmvcs npaeoio (1ieorw) zpanuyero
@yuxyii f 6 mouyi x, AKkuwo

Ve>03=6(e)>0:VxeX (xg<x<xy+6)=|f(x)—A|<e
(Ve>038=6(e) >0:VxeEX (xg— 06 <x<xp) = |f(x) —A| <e).

[osnauenns: f(xo + 0) = lim,_,, 1o f(x) = A.

3aranpHU TEPMIH AJIs1 TPABOI 1 JIIBOI TPAHUII — 0OHOCHOPOHHI 2PAHUYI.

Bnpaga 3.2.3. Jlatu 03Hau€HHS OJTHOCTOPOHHIX I'PaHUIlb MOBOIO TTOCIIJOBHOCTEH.

Hpuxaan 3.2.5.

1) lim,_ o signx = 1, lim,_,_q sign x = —1;
1 T 1 T
2) lim arctg— = —; lim arctg— = —-=;
) x—1-0 91 5= 7 x—140 9=, Y
. 1 . . 1 _
3) limyoo i = 1 im0 7577 =

Teopema 3.2.8. Hexaii f: X - R, x, € epanuunoro moukorw 0ns muodxcurn X N
(X0; +0) 1 X N (—; x). st mozo wob icnyeana epanuys lim,_,, f(x) = A neobxiono
ma docmamuwo sukornants ymosu. Af (xg +0) = f(xy — 0) = A.

JloBenennsi. HeoOxignicts. Hexait limx_,x0 f(x) = A. lle o3Hauae, 1110
Ve>036=6(e)>0:VxeX(0<|x—xyl <8)=|f(x) —A] <e.

Ockimbkn 0 < |x — x| <6 © xo<x<x9+6 1 xg—6 <x<Xxp TO MAEMO:
|f(x) — A] < &, ax Tinbku x5 < x < x5 + § a00 Xy — § < x < x. O1Ke,
f(xo £ 0) = A.

Jocrartnicte. Hexaii f(x, £ 0) = A. 1le o3nauae, mo Ve > 0
36, =6,(e) >0:VxeEX (xg<x<xy+6)=>|f(x)—A|<e¢
i
A6, = 6,(e) >0:VxEX (xg— 0, <x<xp) = |f(x) —A| <e.

[Tozraunmo & = min{d;,0,}. Tomi g xo < x <xy+6 1 xo — 38 < x < xo (TOOTO HIIA
0 <|x—xy| <) Buxomyerbcss HepiBHiCTh |[f(x) —A| <e. A me o3Hagae, 10

lim,_,, f(x)=A. m
3.2.8. I'pannui ¢pyHKUii HA HeCKIHYEHHOCTI

Hexait 3amano ¢ynkmito f : X = R, me obmacte Bu3HaueHHS X HE € OOMEKCHOIO
3Bepxy. Uncino A Ha3uBaeThes rpaHuieto GpyHkii f mpu x — +00, K0
Ve >03IA>0: Vx ER(x >A)= |f(x)— Al <e.
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VY rtakomy Bumaaky Oymemo mmcatu lim,_ .. f(x) = A. AHaJIOTMYHO BBOJMTHCS
rpanui lim,_,_o f(x) = A (toni X Mae OyTH HEOOMEKEHOIO 3HH3Y):
Ve >03A>0: Vx ER(x <-A)= |f(x)— Al < e
Hapemri (32 ymoBHm, mo X — HeoOMeKeHa aHi 3BepXy, aHi 3HH3Y), 3alluC
lim,_. f(x) = A o3nauyae, mo
Ve >03A>0:Vx eR(lx]| > A) = |f(x)— A] < e
Ha Taxi Tunu rpaHuilb Jerko nomupuT TeopeMu 3.2.1-3.2.8. Okoau HECKIHYEHHOCTI
Oyno BBeaeHO B 1. 2.2.1.
Bnpaga 3.2.3. O0unCIUTH IpaHULIi:
x2-1
2x2—x-1'
2) lim,,_,(Vx?+x—x);
3) lim, (VX% +x —x);
4) lim,,_o(V1+x +x2 —vV1—x+x2).

1) lim,, o

3.2.9. I'pannui MOHOTOHHUX (PYHKUII

Osnauenns 3.2.9. Qyukyia f : X - R nasusacmocsi necnaounoio (He3pocmaiouoio)
na muoscuni E € X, axwo Vx,,x, EE : x; < xy = f(x1) < f(x3) (f(xq) = f(x2)).
S0 3aMiCTh HECTPOTO1 HEPIBHOCTI MOKHA HAIUCATU CTPOTY HEPIBHICTD, (DYHKIIIIO
HA3UBAIOTh 3POCMar4olo (Cnaonoio).
OyHKIIT Ha3BaHUX THUIIB OO €AHYIOTbCS 3arajJlbHUM TEPMIHOM «MOHOTOHHI
pyHkuii».
Hpuxnan 3.2.6.
1) f(x) = x? e 3pocTarouoro Ha [0, +00) i cnagHor0 Ha (—0; 0];
2) f(x) = sign x € HecmagHotO Ha R.
Teopema 3.2.9. Hxwo oiticna ¢ynryia f (x) eusnauena 6 npomiscky (a, b) i
@) MOHOMOHHO He CNA0A€ Ha HLOMY, MO
limy g0 f(x) = inf(a,b) f0), limy o f(X) = SUP(q,b) f(x);
0) MOHOMOHHO He 3pOCMAE HA HbOMY, MO
limy 440 f(x) = SUP(qa,b) [0, limy o f(x) = inf(a,b) f ().
HoBenennsi. [lpoBenemo mokmanHe MAOBEICHHS Ui BUNAAKY a) (BUIAAOK O)
MIPOTIOHYETHCS PO3TISTHYTH YUTAYEBl CAMOCTIIHO). Po3ristHeMo yoTHpH cuTyartii.
1. Oynxuisa f obmexena 3epxy. Toni Isupgp f(x) = K < 0. Ilokaxemo,
o lim,_,,_o f(x) = K, T06TO, 1110
Ve>03=6(e)>0:Vx(b—d<x<b)=>|f(x)—K|<e.
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OCKiNbKH SUP (g py f (x) = K < %, T0

1) Vx € (a,b) f(x) <K,
2) Ve > 03Ax:a<xo<bif(xy) >K—e.

BizeMemo 6 = b — xy i moBimbHE X ¢ a < Xg < x < b = x5 + 6. Ockinbku f (x) He
cmagae, 10 f(x) = f(xy) > K — €. Toni Ve> 036 =6(e) >0:Vx(xp=b—-56<x<
b)=> f(x) >K—-—e¢=>0<K— f(x) <&, 100TO

Ve>036=6(e)>0:Vx(b—6<x<b)=|f(x)—K|<e.

2. Oynxuis f HeoOMexeHa 3BepXy (sup(qp)f(x) = K = +00). Heobxinno
noBectH, 1o lim,_,,_q f(x) = +00 abo

VE>036§>0:Vx(b—6<x<b)=f(x)>E.

3amamo E > 0. Ockinbku f(x) HeoOMexeHa 3BepXy, TO JJIsi oOpaHoro E 3HaineThCs
Xo, Takuit, mo a < xo < b 1 f(xy) > E. PosrisHemo noButbHUN X 13 (Xg, b). OCKiIBbKH
f(x) me cnanmae, To f(x) = f(xy) > E. Ockinbku x, < b, To mo3Haunmo x, = b — §. Toxi
VE>036§=6(E)>0:Vx(b—6<x<b)=f(x)>E,3Biuku

lim f(x) = +oo,

x—b—0
Curyarmii
3. inff(x) =K < 0 = lim,_ 4. f(x) =K,
4. inff(x) = —o0 = limy 440 f(x) = —c0

PO3TIISAAI0THCS aHAJIOTTYHO 110 1 1 2.
u
Hacainoxk 3.2.2. Axwo ¢@ynkyia f(x) monomounna 6 (a,b), mo 6 6yov-axiii mouyi
Xo € (a, b) icnytoms cxinuenni oonocmoponni epanuyi. f(xo — 0), f(xo + 0).
JNosenennsi. Hexait f(x) ne cmamae B (a,b) (Bumamok He3pocTarouoi (yHKIT
po3rIAmaEThess  ananoriuno). 3a  teopemoro  3.2.9  lim,, _o f(X) = sup(qy,) f(X)-
Ockinbku f(x) He cnanae, To Vx € (a,xo) f(x) < f(xo), 1 SUP(qx,) f(x) <. 3 inmoro
00Ky, 3a Teopemoro 3.2.9 lim,_,, 1o f(x) = inf(y, p) f(x). Ockineku f(x) He cnanae, To

VX € (o, b) f(x) = f (o), i infey py £ (%) < . .
3.3. HenepepBHicTb pyHKIIil

3.3.1. TlousTTs HemepepBHOCTI PyHKIII B TOUL

Hexait 3amano ¢ynkmito f : X - R 1 x, € X. Ha BigmiHy Big O3Hau€HHs TpaHUII
ynkmii lim,_,, f(x), me Touka x, MOIJa HE HAJEKATH OOJIACTI BU3HAYEHHS X, TYT

BUMOTa X, € R € HEOOX1THOIO.
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Osnavenns 3.3.1. byoemo eosopumu, wo ¢ynxyis f nenepepena ¢ mouyi x, € X,

AKUYO
Ve >036>0:VxeX(x —a|l< d)= |f(x) — f(xy)] < & (3.3.1)
Mogoro okoiiB (3.3.1) Mae Takuii BUTIISI:
VO(f (x0)) 30(x0): f (0(x0)) < O(f (x0)), (3.3.2)

a MOBOIO IOCJI1JOBHOCTE TaKH:
V{x,} € X: lim x,, = x; = lim f(x,,) = f(xp).
n—oo n—-oo
PosrnsHemMo aBa MOXJIMBHX CIIBBIIHOIICHHS Ui X, 1 X. SIKIIO X, € IpaHUYHOIO
Toukoro s X, To (3.3.1) osmawae, mo lim,,, f(x)=f(x,) (abo

lim,_, f(x) = f(lim,_,, X)), TOOTO Ma€EMO MOXIHMBICTh 3JIHCHIOBATH TPAHUYHUN
nepexij mj 3HakoM (QyHKII. Skmo Touka X, € i30iap0BaHO0 it X, To ymoBa (3.3.2)
BUKOHYETbCS aBTOMAaTUYHO, TOMY Oynb-sika (DYHKIISI € HENEepEepBHOI B 130JbOBAHUX
TOYKaX CBO€I 00JIaCTI BU3HAYEHHS.

3amuc f € C(x,) o3Havae, mo QyHKIISA [ HaNEKUTh KIacy HETepepBHUX B TOYUII X
GYHKITIH.

3ayBaskenns: 3.3.1. Yci OCHOBHI elleMEeHTapH1 (YHKIIi HEEpEepBHI B KOXHINA TOYII
00J1aCT1 BU3SHAYEHHS.

Osnavennsi 3.3.2. @yuxyis f:X = R Hasusaemvcs HenepepHOO HA MHONCUHI
E c R, skwo 6ona nenepepsna 6 xoxcuiv mouyi yiei muoocunu (Iosunauenns: f € C(E)).

3.3.2. Apudmernuni aii Hag HenepepBHUMHU QyHKIiAMH

Teopema 3.3.1. Hexaii f: X - R, g: X —» R, xy € X — epanuuna mouxa muoxcunu X i
@yuxyii f, g € nenepepenumu 6 mouyi x.T00i 6 yiti mouyi 6yoyme HenepepsHuMU YHKYITD
(£ )@, (F 9@, (5) @) (eapmosu g(xo) # 0).

JoBenenns. Ockinbku f € C(xg), g € C(xy), Xo — TPaHAYHA TOYKAa MHOXXUHU X, TO
lim,_,, f(x) = f(xp), lim,,, g(x) =g(xp). 3a Teopemor NHpO TPaHHIIO CYMH,
NO0OYTKY Ta YaCTKHU (PYHKI[IH:

1imx—>x0 fr9X) = limx—>xo flo) limx—>x0 g(x) = f(xo) + g(xo),
limx—>x0 (f ) g)(x) = limx—>x0 f(x) ) 1imx—>x0 g(x) = f(xo) ’ g(xo)’

. z _ limy ., f(X) _ f(xo)
My, () () = Gy 0G0~ 9o
Le osnasae, wo (f + 9)(0). (f - 9)@), (§) () € C(xo). .
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3.3.3. IloHATTSI 0AHOCTOPOHHBOI HeNePePBHOCTI

Hexaii f(x) Bm3HaueHa Ha X C R, X, €X — TrpaHMYHa TOYKAa MHOXKHH
XN (xo; +) (X N (=205 xp)).

Osnavenns 3.3.3. @yukyia [ Hazusacmvcs HenepepeHolw 8 mouyi X, CHPAsA
(3nisa), sxuyof (xo + 0) = f(x0) (f (xo = 0) = f(x0)).

Teopema 3.3.2. /[na moeo, wo6 ¢yuxyia f(x) Oyra HenepepsHorw 6 mouyi X,
HeoOXIOHO | docmamHbo, Wob 80HA OY1a HenepepsHOIo 8 MOYYI Xy 31i6a | cnpasa.

Teopema 3.3.2 € nacnigkom Teopemu 3.2.8.

3.3.4. Touxku po3puBy QyHKIUi

Osnavenns 3.3.4. Hexail 3amano ¢yskuiro f:X - R, xy € X — rpaHuuHa Touka
MHOXHUHU X. SIKIO X, HE € TOUKO HemepepBHOCTI (yHKImii f(x), To il Ha3WBaIOThH
moukoto po3pugy yskuii f(x).

Po3pi3HAI0TH Taki THUIHN TOYOK PO3PHUBY.

Touka X, Ha3UBAETHCS MOUKOIO po3pugy nepuio2o pody GyHKUIl f, KO ICHYIOTb
OJTHOCTOPOHHI TpaHulli (muB. o3HadeHHs 3.2.8) QyHKmII B i TOYIi, mpote abo
f(xo + 0) # f(xo — 0), 260 f(xo + 0) = f(x — 0) # f (o).

Benwuuna f(x, + 0) — f(x, — 0) HasuBaeTbcst cmpubkom GyHkiii f(x) B Toumi X,.

Po3pus nepioro poxy, mist sikoro f(x, — 0) = f(xo + 0), ToOTO CTpHOOK AOPIBHIOE
HYJII0, Ha3UBAIOTh ycyeHum po3puBoM. Llg Ha3Ba moB’si3aHa 3 TUM, 10 B I[bOMY BHITAJIKY
MOKHa 3MIHUTH 3HaueHHS GyHKIIT f(xy), nokmaBmm f(x,) = f(xo + 0), 1 omepxatu
HerepepBHy B Touli X, (yskmioo. dkmo f(xy — 0) # f(x, + 0), To po3puB mepiioro
pOLly € HeyCy8HUM.

Touka po3puBy (yHKIli f(X) HA3UBAECTHCS MOUKOIO PO3PUBY OPY2020 POOY, SKIIO
MpUHANMHI OJIHA 3 OJTHOCTOPOHHIX IpaHuIlh (AUB. o3HauYeHHs 3.2.8) He icHye. Bigznauumo,
110 PO3PUBU APYTOTO POAY 3aBKAU € HEYCYBHUMMU.

Bnpasa 3.3.1. Jlna 3aganux (QyHKIIH BKa3aTH TOYKH PO3PUBY Ta BHU3HAYUTU IXHIH
XapakTep:

1) f(x) =signx, x €ER;

x?, —-1<x<0,
2) f(x)={1, x =0,

X, 0<x<1;
1

3) f<x>={x' x*0,

0, x=0.
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3.3.5. HenepepBHicTh cKiIaIHOT PyHKUIIT

Teopema 3.3.3. fAxmo ¢ynkmis g:Y — R HenepepBHa B Touri b €Y, a ¢yHKIIisA
f:X - Y taka, mo f(a) = b, f € C(a), a € X, To Bu3HayeHa kommosuiiis g o f: X - R,
sIKa € HETIEPEPBHOIO B TOUIlI a € X.

HMosenennsi. Ockinpku g € C(b), TO

Ve>036,=6,(e)>0:VyeY (ly—b| <) =|9g(y) —gb)| <e. (3.3.3)

Ockineku  f € C(a), TO a8 BKazaHoro ¢, 3Haiimetbcs &, >0, Take 110
Vx € X (|x — a| < 62) = |f(x) — f(a)| < §;. Bpaxosyrouun ymoBy f(a)=>b, i3
(3.3.3) maemo:

Ve> 038, =08,(e) >0:VxeX (Ix—al <8,) =|g(f(x)—g(f@)|<e
a 11e 1 03Hayvae, 1o g © f HemepepBHA B TOUII X € X, u

HMpuxaan 3.3.1. lim,_,, cos x? = cos(lim,_, x?) = cos0 = 1.

3.3.6. IcnyBanHs# i HenmepepBHICTH 00epHeHOI PyHKILIT

Posrisemo pynkuito f: X — Yr. Tyr ¥y € R — mHOXuHa 3Ha4enb Qynkuii . Hexaii
s Oyab-sIKuX X1, X, € X, X; # X, BukoHyerbes f(x;) # f(x,). Toni dyukuis f 3amae
B3a€EMHO OJIHO3HAYHY BIJMOBIAHICTE X < Yf [locTaBUMO y BIAMOBIJHICTH KOXXHOMY
y €Yy came Te (enune) 3HaueHHA x € X, misd Akoro f(Xx) =y, NO3HAYUMO OTPHMaHy
dyrkuiro cumBomom f 1Yy - X,

®yukuis f~1 HasuBaeTbes obeprenoro 1o GyHKUii f. 3a i 03HAYECHHAM:

y=f) ex=f70) [ f))=xvxeX, f(f'(0))=y VyeY,.

Hpukaan 3.3.2. [lna pyukiii y = 3x — 8 obepHeHoro Oyne GyHkiis x = yTJrS.

Jlema 3.3.1. Hexaii ¢pynxyia f:X — Yy cmpozo monomonna na X. Todi obepnena
@ynxyis f 1Yy = X makoowc € cmpozo MoHOMOHHOI.

HMoBenennsi. Hexait ¢ynkuis [ 3pocrae Ha X.Tomi Vxi,x, € Xixy <x, =
y1 = f(x1) < f(x;) = y,. Mipkyroun Bif cynpOTHBHOIO, IPUIyCTUMO, 0 X = f~1(y)
He € 3pocTaiodoro. Tooto I y;, ¥, € Yty <y, i f71(y1) = f71(y,), T06TO X1 = X,. 32
o3HaueHHIM oOepHeHoi GyHKIIT f(x;) = y1, f(x3) = y,. Ockinbku f 3pocrae Ha X i
X1 = x5, 10y; = f(x;) = f(xy) = y,. Oneprxkany CynepeuHicTh 3 THM, 10 Y; < V5.

VY Bunaaky cnaaHoi QyHKIT f TOBEICHHS aHAIOTIUHE. ]

3azHaummo, 110 rpadiku B3aeMHO 00epHEHUX (YHKIIIH CUMETPUYHI BIIHOCHO TIPSIMOL

y = X.
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Teopema 3.3.4. Hexaui ¢ynxyia f:[a,b] = R nenepepena i spocmac (cnaoac) na
[a,b]. Tooi na eiopisky, xinysmu sxoeo ¢ f(a) i f(b), icnye obepnena @yuxyis
x = fY(y), axa mexc nenepepsna i spocmace (cnadac).

3ayBaskenHsi 3.3.2. AHajoriyHa TeopemMa € TPaBWIBHOIO 1 aisa iHTepBany (a,b)
(CKiHUEeHHOTO a00 HECKIHUEHHOTr0) a00 HaIliBIHTEpBAIY.

3.3.7. [lepmia BU3HAYHA TPAHUIA TA il HACTIAKK

Teopema 3.3.5. lim, % = 1.

JloBeaeHnHs. Po3risiHeMO B TPUTOHOMETPUIHOMY Kpy3i cekTop AOB 3 KyTom
paniannoi mipu x:0 < x < m/2 Ta OBa TPUKYTHUKU:
: AOB 1 AOC 3 tum camum kytoM Xx. [lopiBHIorOUU

s 1o uux Qiryp, oTpuMaemMo
\l/ SnaaoB < ScexraoB < Saaoc

sinx < x <tg x.
Ockinbku x € (0,1t/2), To sinx > 0. Po3ninuMo HepiBHICTH Ha Sin X:

X 1 sin x T
1<— < S cosx < <1 0<x <=
sinx cosx X 2

3BIIKH

. .. sinx . . . . .
BpaxoByroun napHicTh GyHKIIIH —— 1 COS X, BI3HAYUMO, IO 111 HEPIBHOCTI BUKOHYIOTHCS
X

i 0 < |x]| < g [Tepexonsun B HUX A0 rpaHuii npu X — 0 1 BpaxoByrOYH, 1110 COS X —

. . sinx
cos 0 = 1, 3aBAsiKu HETIEPEPBHOCTI, OTpUMAEMO 3a Teopemoro 3.2.4, mo lim,._,, — = 1. =

Hacuainok 3.3.1.

. tgx _
1. llmx_,oT = 1.

. arcsin x
2. lim, o === 1.

arctg x

3. limx_)o - 1

Bnpagsa 3.3.2. Jlosectu Hacniok 3.3.1.

3.3.8. Jlpyra Bu3dHaYHA rpaHund Ta ii HACTiAKH

Yucno e My BU3HAYMIIM TAKMM YHHOM:
n

1
e = lim (1 + —) :
n—-oo n
BcranoBumo ternep Ok 3araibHUMN pe3yIbTar:
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1
e = lim(1 + x)x.
x—0

1 1
JI1st 1IbOTO TOCTATHBO AOBECTH, 1110 lim,_, .o (1 + x)x = e ilim,_,_o(1 + x)x = e.
CKOpHCTaEMOCH O3HAYEHHSM TPaHMI «MOBOIO IIOCIIJIOBHOCTEH». Po3risHeMo
JOBUIBHY TOCTIIOBHICTE {X;} = +0, k > c0o. Moskna BBaxatu, 1m0 BCi xp < 1.

1 : 1 :
[ToxmaneMo n;, = [x—] Tom n;, < - <ng+1linyg - oo, k - oo. [Ipu mpomy:
k k

1
< <—,
Ny + 1 Xk = ng
3BIIKHU
1 ng 1 ng+1
(1 + ) < (1+x)V* < (1 + —)
ng + 1 ng

Kpaitai nmocaimoBHOCTI 30iraroThes 10 yucia e (auB. (2.6.1)). Tomy, 3a Teopemoro 2.2.7,

1
limy_, e (1 + x)Y/*k = e, 3Binkm lim,_,,o(1 + x)z = e.
1
Jlns  moBeaenHs — cmiBBigHomreHus lim,_,_o(1 4+ x)x = e mnOpumycTtumo, 10

HOCITIIOBHICTB {X} } MICTHTB JIHIIIC Bi/l’€MHI 3HAYCHHS, SIKi IPSIMYIOTb J0 HYJIS IpU k — 00,
bynemo BBaxatu, 1o x;, > —1.
[Toxmagemo x;, = —y. Tomi 0 <y, < 1, y, = +0, k — co. BoueBunup,
: L1 e (Amy)
il N k -
(14 %)% = (1= ) % = (=) =< : k) -
1=y 1=y

1-Yg

Yk Yk Yk
—(1+ ) .(1+ )
( 11—y 1—yx

3a J0BeIEHUM BHINE OCTaHHS MOCIHIOBHICTH MpsAMYyE 10 e mpu k — oo. OTxe,
1
noBezieHO piBHICTH lim,_,_o(1 + x)x = e, a 3 HEtO 1 TBEPPKEHHS TEOPEMHU.

y
Bupaga 3.3.3. Jlosectu, mio lim,,_,q, (1 + %) = e.

Hacaigok 3.3.2.

. loga(1+x) 1
1. lim,_————= = —
. a*-1
2. llmx_)07=lna, a>0, a#l.
p_
3. lim,_,, % =p
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3.4. llopiBusinHs PyHKii. O-cuMBoJIiKa

[pumyctuMo, mo B JesikoMy mpokonoromy okom O°(x,) (x, € R)Bu3HaueHi aBi
bynkuii f(x) 1 g(x).

Osunavennst 3.4.1. @Dyuxyis f(x) nazusacmvcs 06MedceHOO 6 NOPIGHAHHI 3
pynkyicio g(x) npu x = xo (cmucno: f = 0(g),x = xy), AKWO

AC > 0030,(x0):Vx € 0;(x0) = |[f(0)]| < Clg(x)l,
aoo f(x) = @(x) - g(x), de (x) — pinanrvno obmesxcena npu x = x.

3okpema, skio g(x) =1, zamme f(x) = 0(1), x = x, o3Hayae, Mo QyHKIT [ —
GbiHaIbHO 0OMEXeHa MPH X — X (TOOTO 0OMEKeHa B IEIKOMY MPOKOJIOTOMY OKOJII TOUKH
Xo)-

Jema 3.4.1. Hxwo lim,_, . fEx; k <oo,mof =0(g)npux - x,.

fx)

HMosenennst. Ockinpku lim,_,, ——= = =k < o0, T0 dyHkuig @(x) = L)

gx)
O0OMEKEHOI0 TpH X — X, ToMy f(x) = g(x)@(x), 3Bigku Bummsae, mo f = 0(g),

X = Xg. ]

€ (piHaNBHO

Hpuxnanx 3.4.1. Josectu, mo:

1) x> =0(x), x—-0;
2) x = 0(x?), x— .

Osnavenns 3.4.2. @Qynxyii' f i g Hazusaromvcs QyHKUiamu 00HO20 NOPAOKY npu
x = xg, ko f =0(g)ig=0(f), x = xo. [lpu ypomy nuwyms:

f(x)=g&), x - x.

Jlema 3.4.2. Sxmo lim,_, fgx; k+0,t0f =g,x - xq.

HMosenennsi. Ockinbku lim,_, fix; k + 0, To 3a nemoro 3.2.2 f = 0(g), x = x,.
3a BJIACTUBOCTAMM TpaHUIlll (YHKIT B TOYIIl limx_,x()% = %, 3BIJIKM BHIUIMBAE, 110
g=0(f),x—xy.Orxe, f =g, x > Xq. m
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4

2041
Mpuxaan 3.4.2. JlosecTH, 010 ;2 = x% npu x > o,

-1

Osnavennss 3.4.3. Hecxinuenno mana ¢yukyia f(x) Hazusaemvcsi HeCKiHYUEHHO

Mmanow oOinbul 8ucoxkoeo nopsaoky npu x — 0, widxc ueckinuenno mana g(x), AKwo
fx) _

limy_x, == 0

Osnauenns 3.4.4. Ananociuno, HeckinuenHo eenuxa @ynxyia @(X) Hazusaemuvcs
HEeCKIHYEeHHO 6eluKol0 Oinbul BUCOKO20 NOPAOKY, Hidc HecKinuenHo eenuxa Y(x) npu
X = Xg, AKUO

lim p(x)
X=X lll(x)

Osnavennsi 3.4.5. OyHKIiA [ HA3WBAETHCS HECKIHYCHHO MaJIOI0 B TOPIBHSIHHI 3

byukmiero g npu x — xy (mumyte f = 0(g), x = Xx,), akmo f(x) =¢e(x)g(x), B
JIesKOMY IpokosoToMy okoli O°(xo) TOUKH X, IPUUOMY lim,_,,, &(x) = 0.

Sxmo f, g — HECKIHUEHHO Majll MpU X — X, TO 3anuc f = o(g), x = X, O3HAYAE,
10 f — HeCKIHYEHHO MaJjia O1JIbIIl BUCOKOTO MOPSIIKY, HIXK g.

Mpuknag 3.4.3.1) x2 = o0(x), x > 0; 2)x = 0(x?), x > +oo.

Osnavennss 3.4.6. Qyuxyii f i g — Ha3uearomvcsi eKGiBAICHMHUMU
(acumnmomuuno  pieshumu) npu x - x, (nuwyme f~g, x> Xxg), AKWO

fx) = 2(x)g(x), x € 0°(xp), 0e limy_,, A(x) = 1.

Jema 3.4.3. Axwo g(x) #= 0 6 desxomy npoxonromomy oxoni 0" (xy) mouxu xq, mo
f&x) _

f~9g, x = xo mooi i mineku mooi, konu lim,_,, —— prot

Josenennsi. HeobOximnicTs. Sxkmo f~g, x = xg, T0 f(x) = A(x)g(x), x € 0°(xp),

e lim,_,, A(x) = 1, Tomy hmx_mo %) ) = lim,_,,, A(x) = 1.

- . : fx) _ _fx) .
Hocrathicte.  Hexaii hmx_wO prot 1. TIloswaummo  A(x) = " Toni
lim,_,, A(x) = 1i f(x) = A(x)g(x), 3BinKn BUIIIMBAE f~g, X = X,. m
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Teopema 3.4.1. @yuxyii f i g exgisanenmui npu X = Xo mooi i MiibKu mooi, Koau
f—g=009), x=x.

Nosenennsi. HeoOxinmicTs. Sxmo f~g, x = Xy, T0 f(x) = A(x)g(x), x € 0°(x,),
pe  limy,, A(x)=1 i, 7Tomy f(x)—g(x)=gx)(A(x)—1). Ilosnauumo

e(x) = A(x) — 1i3zayBaxumo, mo lim,_,, &(x) = 0. Orxe, f —g = 0(g), x = X.

Hoctatuicte. Hexaiik f—g =o0(g), x—->x, tom (f—g)(x)=c¢ex)g(x),
lim,_,, &(x) = 0, 3Bigku f(x) = g(x)(e(x) + 1). SAxmo nosnauntu A(x) = £(x) + 1, T0
lim,_,, A(x) =1if~g, x— x,. u

f1(x)

Teopema 3.4.2. Hexaii f~f;, g~g; npu x = x. Sximo icHye rpannusg lim,_,, e
1

fx) . fx) _ — 1 f1(x)

9(x) gy FTY0 gi(xy”
Hosemnennst. Ockigpku f~f;, mpu x =X, T0 f(x)=A4x)fi(x), ne
lim,_,, A;(x) =1. Ockimbku g~g;, TpH X > Xo, To g(x) = 21,(x)g1(x), ne

10 icHye lim,_,, 1 Mae Micue piBHICTb lim,_,

lim,_,, A,(x) = 1. Toni
f( ) 4. Afi(x) . f1(x) i A1(x) — fi(x)

gx) XX 2,g.(x) T T XT%0 gy (x) X2X0 2,(x) T XTX0 gy (x)'

limy,_,,, ——

Bunpaga 3.4.1. JloBecTtu Taki BnactuBocti 0(g), x = X *

1) o(Cg) = 0(g), x = x,, C ER,;
2) o(g) +0(9) =0(g), x = xo;
3) o(f)-0(g) = o(fg), x - xo;
4) o(o(g)) = 0(9), x = x;

o9 _ (9
5) Axwo f # 0, mo - —o(f), X = Xy.

Bnpaga 3.4.2. O64MCIUTY TPAHUILIL:

e3x_1.
nax’

tg x—sinx,
x3 '

1) hmx_)o
2) lim,_,,

3) lim,_,,

In(cos x)

tg x2
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3.5. T'1006anbHi BJacTUBOCTI HenepepBHUX GyHKILiH

Teopema 3.5.1 (bomvyano-Kowi). Hexau yukyis f(x) Hnenepepsna ha
giopizky [a,b] i Ha xinyax yvoco 6idpizka Habysac 3uauenv pizHux 3Haxie. Tooi icHye
mouxa ¢ € (a, b) maxa, wo f(c) = 0.

Hpuknax 3.5.1. y =sinx, x € [—%,57”], c;=0, ¢, =m, c3 =2m.

3ayBaxenHsi 3.5.1. Bumora HernepepBHOCTI € CYTTEBOIO.

—x%—-1, —-1<x<0,

Hpuknan. 3.5.2. y = {x 0<x<1

Teopema 3.5.2 (bombsriano-Komi). Hexaii ¢pynxyisn f(X) eusnauena i nenepepena na
siopisky [a,b] i f(a) = A, f(b) = B, A # B. Tooi o151 6y0b-sikoco uucaa C, sike nexcumo
mixe A i B, 3uaiioemocsi ¢ € (a,b): f(c) = C.

Teopema 3.5.3 (Ilepma Teopema Betiepmirpacca). Axwo @yuxyis f(x) eusnavena i
HenepepeHa Ha 8iopizky [a, b], mo eona obmedscena na Hbomy.

3ayBaskeHnHsi 3.5.2. YM0Ba 3aMKHEHOCT] TTPOMIXKKA € CYTTEBOIO.
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Mpuxnag 3.5.3.y = %, x € (0,1].

Teopema 3.5.4 ([Ipyra teopema Betiepmtpacca). Axwo ¢pyuxyia f(x) eusnauena i
HenepepsHa Ha 6i0pi3ky [a,b], mo eona docseae na HboMy C80iX MOUHOI 6epXHbLOI Ma
HUICHbOI MEC.

3.6. PiBHomipHa HemepepBHicTH (PyHKILIMH

Haragaemo, 1o o3Hauyae HenepepBHicTh PyHKINT f: D — R Ha MHOXUHI D
Vx€EDVe>0 36 =6(g,x)>0: VX' €D:|x—x'| <6 = |f(x) —f(x)]| < e

[TigkpecnumMo, O B IIbOMY O3HAUEHHI & 3aJICKUTH SIK BiJ €, TaK 1 BiJl BHOOPY TOUKH
x € D. IIpore, Moxe Tak OyTH, 1110 JJI (pIKCOBAHOTO & KOAHE & HE € MPUIATHUM JJIS BCIX

x € D Bomnouac. Hampuknan, tak Oyme mist ¢yskmii — f(x) =i B inTepBam (0,1).

3anmexHicth § Big X € D MOXHa YCyHYTH, BUMAaralo4d B O3HAU€HHI HEMEPEPBHOCTI
(yHKIT BUKOHAHHS HEPIBHOCTEH OJHOYACHO ISl BCIX MOXJIMBUX TO4YoK 13 D. Takum
YUHOM, MU OJCP>KMMO HOBE TIOHSTTSI.

Osnavenns 3.6.1. @yuxyia f:D - R nazusaecmovca pienomipno HenepepeHolo Ha
muoodcuni D, axuwo

Ve>0 36=68(e)>0: Vx,x' €D: |x—x'| <6 = |f(x) — f(x)]| <e. (3.6.1)
3po3ymisio, 0 PIBHOMIPHO HemepepBHa Ha D ¢yHKIis Oyle HENepepBHOIO Ha Iii
MHOXHUHI. OOepHEeHe TBepPKEHHS He € mpaBuibHuM. Hanpukian, dyskmis f(x) = i HE €
piBHOMIpHO HemnepepBHOIO B iHTepBaii (0,1). JIerko Takox HaBECTH MPUKIIA]T HETIEPEPBHOI
oOMexeHoT (pyHKII, sika He € pIBHOMIPHO HemnepepBHOO: f(Xx) = sin (;) ,x € (0,1).

Hacrynna teopema nae yMoBYy Ha o007acTh BU3HA4YeHHs (QYHKII, 3a sAKOI 13
HEeTMepepBHOCTI PYHKIT Ha 11l MHOXKHHI BUIUIMBAE 11 pIBHOMIPHA HETIEPEPBHICTb.

Teopema 3.6.1 (Teopema Kantopa). SIkmio ¢pyHKIis f HerepepBHA Ha Bipi3Ky [a, b],
TO BOHA € PIBHOMIPHO HETIEPEPBHOIO HA I[LOMY BiJIPI3KY.
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