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Poz a1

KomniekcHa nonimHa

1.1 KommniekcHl aucJjia

Hobpe BijloMO, 1110 iICHYIOTH KBaJipaTHI PIBHAHHS 3 JiificHUMEU KoedilieHTaMu,
AKi He MaloTh Jificnux Koperis. Hanpukia, Taknm e pisasnns 2 + 1 = 0. Leii
dakT OyB OJIHUM 3 TOJIOBHUX CIHOHYKAJbHUX MOTUBIB CTBOPEHHS KOMIIJIEKCHUX Y1~
cesi. 3’s1CyBaJIOCs, 1110 B MHOXKMHI KOMILJIEKCHUX 9uCeT Oy/ib-siKuil ajreOpaianunit
MHOTOUJIEH CTETNEeHs 1 Ma€ PIBHO N KOPEHiB 3 ypaxyBaHHaM 1X KpaTHocTeit. Pazom
3 TUM KOMILJIEKCHI YUCJIa BUSIBUJINCA KOPUCHUME 1 B 0ararbox IHIMUX MUTAHHIX
maremaruxu. Posrusinemo, nanpukial, gynxiio f(z) = (1+22)7L Ii possunen-
nst B pajt Teitsiopa B okosii nynst Mae surisj f(xr) = 1— 2?42t — 2%+ . Leit pan
30iraeThest B inTepBasi (—1,1) i He € 301KHUM 3a HOrO MeKaMu. HpI/IqHHy IIHOTO
SBUIILA HEMOKIIMBO 3PO3YMITH HE BUXOIAYN 33 MEXKI IICHUX duCel. Ajke Tpa-
HuaHi Touku £1 1poro inrepsay He € ocobsmsumu st GyHkuil f(x) Ha piiichiii
oci. I TiIbKKM B MHOXKMHI KOMIIJIEKCHUX YUCE] (PAKT po30IKHOCTI JIAaHOTO PALY 34
MexkaMu inTepBasty (—1,1) oTpuMaB nmpocre reoMeTpriHe MOsICHEHHS.

Oznauenns 1.1.1 KomiuiekcHuM 9uciiom 2z = (2, Y) HA3UBAETHCsI BIIOPsIJIKOBaHA,
napa JAIHCHIX TUCed. [lepire uncio napnu r HABUBAETLCS JIIHCHOIO YACTUHOIO TNCIA
z 1 nosnavaerbesd Re z. JIpyre 4mcio nmapu y Ha3uBalOTh YSIBHOIO YaCTHHOI YUCTIA
z 1 mo3navaioTh Im 2.

Hpa aucia 2y = (r1,y1) 1 20 = (T2, Yy2) HABUBAIOTHCsI PIBHUMU SIKIIO T1 = T 1
Y1 = Y2.

Ha Muoxknni C KOMIIEKCHUX UKCeJT BBOJAATLCS JIBl OIepallil: 10aBaHHs 1 MHO-
YKEHHSI HACTYITHUM YUHOM:

1 §$1,y1§ + (22, 12) = (x1 + X2, 11 + Y2);

T1,Y1) - (T2, y2) = (2122 — Y1y2, T1Y2 + Y122).

Hosinbe aucio suy (x,0) Oymemo ororoxkuioBaTu 3 uucyaom x. Toai R C C.
TaxkuMm guHOM, MHOXKHHA KoMIiuiekcnux uuncesl C e POSIIUPEHHSM MHOXKIHHA R
mivicaux quces. Yueso (0,0) HA3WBAIOTH HyJEM B MHOXKWHI KOMIJIEKCHUX YHCEJ.
Yucaa suy (0, y) Ha3uBaoTh CyTO YSABHUMH. CepeJt HUX HaWBaXKJIUBIIIAM € TUCTIO

(0, 1), sike HA3UBAIOTH YsIBHOIO OJIMHULICIO 1 1I03HAYAIOTH CUMBOJIOM 1. 3 O3HAUYEHHSI

onepauu MHO2KE€HHA OJIpa3y BHUILJINBAE plBHlCTb 22 = —1. OT}Ke, YdABHa OJUHUIA €

pO3B’A3KOM piBHAHHA 2 4+ 1 = 0.




Jlerko 6a4uuTH, 1110 MHOXKMHA KOMILJIEKCHUX YMCEJI, K 1 MHOYKHHA, JIHCHUX TH-
CeJl yTBOPIOE 1osie. Y 11bOMY CEHCI onepanii Haj| KOMIIEKCHUME 1UCIAMI MAIOT
YCI SBI/ILIHl BﬂaCTI/IBOCTl 10 HpI/ITaMaHHl ,[[H/ICHI/IM YUCJIaM.

AnredpaiuyHa d)opma 3alucy KOMILJIEKCHUX 4ducesi. BpaxoByloun o3Ha-
YeHHST JIOJIABAHHS 1 MHOYKEHHS OY/Th-sIKe KOMILIEKCHE TUCI0 2 = (T, y) MoxKe OyTn
MOJIAHO Y HACTYTTHOMY BUTJIAJIL

z=(x,y) = (2,0) + (0,y) =2+ (y,0) - (0,1) = = + yi.

Taka dbopma z = x4 yi 3a11UCy KOMIJIEKCHOIO YUC/1a HA3UBAETHCS a/iredpaiiHoIo.

Onepaunil BigHiManus i ginenus. Bxasani onepalli BBOAATbCs sK 0bep-
HEH1 JIo omeparliil jlogaBaHHsa 1 MHOXKEHHsI BijoBiiHO. ToOTO, pizHune 2z — 2o
JIBOX 9HUCET 21 = X1 + 1Y) 1 29 = T9 + 19 HABUBAETHCA TaKe KOMILIEKCHE UHUCJIO
z = x + iy, mo z + 29 = z1. OueBUHO, 10 TAKE YKCJIO ICHYE 1 €IMHe, a Ca-

B - 2= : 5 - .
Me, z = (21 — x2) + i(y1 — ¥2). Anajnoriuno, qacTkoo 2 umncen z; = 1 + iy

1 29 = X9 + 1Yo, 29 7& 0, HAa3UBaETHCsI TaKe KOMILJIEKCHE YUCJIO 2 = T + 1Y, 1110
Z 29 = z1. 3a O3HAYEHHAM plBHOCTl KOMILJIEKCHUX YHUCeJI 11e plBHHHHH B1JIHOCHO %
plBHOCI/IJIbHe CUCTeMI JIBOX PIBHSHB 3 JBOMa HeBIIOMUME X 1 y. Po3B’s13aBim 110
CUCTEMY PIBHSHD, OTPUMAEMO

z T1T9 + Y1l — X 1+ w1)(T2 — 0
A1 ; y;yg Ll g ;?Jz :( 1 921)( 22 ?Jz). (1.1.1)
22 5+ Y5 Ty + Y3 Ty + Y5

Ozunavennsa 1.1.2 CHpH)KeHI/IM z[o qucaa z = I + 1Y HA3UBAETHCA THUCIO

zZ =z —1y. dcHo, mozz-x +y

3 mporo ozuadenns i pisuocti (1.1.1) BummBae HACTYIIHUI aJIlOPUTM.

Anroputm gisnenHs kommuekcHux 4duced. o6 nogiamtu onHe KoMmiue-
KCHE 11CJI0 Ha iHIle Tpeba 3HAMEHHUK 1 4nce/bHIX Apo0y 2 JIOMHOKUTH HA HUCIIO
CIIPSTPKEHE JT0 3HAMEHHUKA.

leomeTrpuyHa iHTepHpeTallis KOMIJIEKCHUX YuCceJI. ['ayce 3ampornonyBan
JIOBIJIbHE KOMILTEKCHE THCII0 2 = T + 4y 300paKyBaTH TOUYKOIO IIOMUHA (T, Y)
abo BekTopoMm 3 movarkom y touri (0,0) i kinmem y Tourni (z,y). Hagani mm
Oy/leMO OTOTOKHIOBATH KOMIUIEKCHE YUC/I0 Z = T + iy 1 TOUKY IJIOLMUHNI (z,y),
mo ii 306paxye, a camy MJIOIMKUHY GyJIEMO HA3UBATH KOMIUIEKCHOIO TLIOMIMHOIO i
mo3HAYATH THM Ke cuMBojioM C, 1m0 1 caMy MHOXKHUHY KOMILIEKCHUX THCEI.

Oznavenns 1.1.3 Mojysem r = |z| KOMIJIEKCHOTO YnCiIa 2 = & + 1y HA3WBaE-
ThCsl JIOBXKUHA BEKTODPA, 1110 300paxKye ducio z. Aprymentom ¢ = Argz Komiuie-
KCHOTO UHCJTa 2 HA3WBAETHCS KYT, IO YTBOPIOE BEKTOD, KUl 300paXKye THCIO 2
3 gojarHuM HanpsaMkoMm ocl Ox. OueBuIHO, 110

r=lz|=+va?+y? xT=rcosp, y=rsine. (1.1.2)

Tpuronomerpudna popma 3anucy KOMILIEKCHUX 9HUCEJI. 3 JIOIOMOI0I0
JIBOX OCTaHHIX piBHOCTEH (1.1.2) HOBiTbHE KOMIIEKCHE YHCIO 2 = T + 1Y MOXKHA
MOJATHA Y BUTJISA]

z =r(cosp +isiny). (1.1.3)
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Taka ¢opma 3amuCy KOMILIEKCHOTO UUCJIa HA3UBAETHCS TPUTOHOMETPHIHOTO.

SaysarkenHs 1. Mojyib [2] 32/1aH0r0 KOMIIEKCHOTO MHCIA 2 BUZHAYAETHCs]
OJIHO3HAYHO, TOJI siK fioro aprymenT Argz — Jmie 3 TouHicrbio jo 2kw, k € Z.
Takum unnoM, Argz € MHOKIHOIO. HacTo 3 1€l MHOXKUHY BUJILISIIOTE sIKe-HeOY I
3HaveHHsa. Hampukia, TOJOBHUM 3HAYEHHSIM apryMeHTy Argz BBarkKaloTh Take
3HAUYEHHST argz, mo —7 < argz < w. Tomi Argz = argz + 2km, k € Z.

BayBaxkeunHsi 2. [lopiBHioun o3HadeHHst cyMu (PI3HUI) KOMIJIEKCHUX YH-
cesl 3 O3HAYEHHSIMU BiJIIIOBIIHUX Ollepaliiil Jijisi BEKTOPIB, pOOMMO BUCHOBOK, 110
cyMi (plSHI/IHI) KOMILJIEKCHUX THCEJT BiJIOBiTae cyMa (pI3HUISI) BEKTOPIB, 1o 30-
6pazKkaloThb 1i uncsia. 30Kpema, 3BiJICH BUILINBAE, 110 BeJIMUUHA |21 — 23| JIOpiBHIOE
Bigcrani wa mionmnai C MiXK TOYKaMu 21 1 2s.

MuoxxeHH4A (,zu.neHHﬂ) quceJa 'y TpI/IFOHOMeTpI/I‘{HII/I dopmi. Hexait
21 =r1(cosy +isingy), 2z = 19(C0S o + isin ps). Tomi

2129 = T172[(COS (1 COS Yo — siN 1 Sin o) + 7 (COS P1 Sin Y9 + COS Py sin )] =

= rra[cos(¢1 + p2) + isin(er + p2)]. (1.1.4)

TaxkuuMm 9rMHOM, TIPU HEPEMHOXKYBaHHI KOMILJIEKCHUX YKMCEs] 1X MOJLyJI IIePeMHO-
JKYIOTHCS, 8 apI'yMEHTH CKJaAaloThest. ToOTo,

|z1220| = |21] - |22],  Argzize = Argz + Argz.

Bapro maru Ha yBasi, 1110 OCTaHHs PIBHICTH — 1€ PIBHICTH JIBOX MHOXKUH. [Tpoisiro-
CTPYIOMO I1€ TIPUKJIAIOM — 'TapagoKcoM' .
Ipuknamg. 0 = Argl = Arg((—1)(—1)) = Arg(—1)+Arg(—1) = 7 +7 = 27.
Ak nacaigok dpopmysn (1.1.4) maemo

<1 1 .
— = —[cos(p1 — o) +isin(p — p9)]. (1.1.5)
<2 T2

Popmyna Myaspa. TobyBanusi kopensi. Hexait z = r(cos¢ + isinp),
r € N. Iumuwm wacaigkom dopmynn (1.1.4) € dopmyna Myaspa

2" =r"(cosnp + isinngp). (1.1.6)

OzunauyenHst 1.1.4 Ouepaliiss J0OyBaHHs KOPEHsI 3 KOMILJIEKCHOTO — YHCJIA
z=r(cosp+isinp), z # 0, BBOIUTHCS sIK OOEpHEHA JIO0 OTepAIlil M THECeHHST 10
cTerneHsi, TOOTO KOpeHeM \/E HA3WBAETHCsI Take dnucjao w = p(cos a + sin a), 1m0
w" = z. BanOByIO‘{I/I d)OpMy.Hy (1.1.6), plBHHHHH w" =z Bl,Z[HOCHO W Tepenuie-
MO Yy BUIVISIIL P (cos no + sinna) = r(cos @ +isinp). Ile piBHsAHHS PIBHOCHIIbHE

cucremi piBHgHL p" =T, na = @ + 2wk BigHocHo p i «. Posp’sazasim iioro,
MaeMo p = /1, a = %M, k=0,1,....,n — 1, Tobr0
2mk 2rk
V7 = \/F(cos P T isinu), k=0,1,..,n—1.  (LL7)
n n

3 1€l popmysn podUMO BUCHOBOK, 110 KOPiHb {/Z 3 JOBLILHOIO KOMILIEKCHOIO
qucsaa z # 0 mae B koMmrmtekcHii momnmai C piBHO n 3HAUEHb, AKI PO3MIIIEH]
Ha Koui |z| = {/r pajiyca </r 3 nearpom B Touri 0 y BepIIMHAX MPABUILHOTO
N-KyTHWKA, BIIHUCAHOIO B IIe KOJIO.



1.2 Merpu4Hi IIOHATTA HA KOMILJIEKCHIN IJIOMIMHI

Ha muoxuni kommiekcaux auces C BBOAUTHCS METPpUKa (BiICTAHB) HOPMYJIO0
p(21, 22) = |21 — 22| Brijno 3 saypaxennsm 2 o oznavenns 1.1.3 e € spuvaiina
eBKJIJIOBa MeTpUKa Ha 1omuHi. ToMy BCl aKCIOMU METPUKU BUKOHYIOTHC.

Oznauenng 1.2.1 Oxomom B(a,r) Toukn a € C pajiyca r Ha3UBAETHCS MHO-
xwuna {z € C: [z —a| < r}. Bposywmino, mo B(a,r) — 1e kpyr (6e3 rpanntinoro
KOJIa) Pajiiyca I 3 NEHTPOM y TOHI a.

Byuemo nucarn A = lim z, i roopuru, 1o rouka A € C € rpanuieo mocii-
n—o0

pogrocti {2, }, n € N, akmo y1s josinbroro € > 0 icnye take M € N, 1o jia
BCiX 1 > M BuKOHYEThCs HepiBHICTD |2, — A] < &.

Koxne 3 jipox macTylmiux TBepKeHb eKBiBalenTHe 03HAUeHHIO TDAHHIIL.

1) ¥V 6yap-sikomy okoui B(a, ) 3Haxoigarbest Bel wienn nocsigosrocti {2z, },

MOYNHAIOUY 3 JIESKOTO HOMEDY.

2) 3a mexamn Oy/ib-siKOMY OKOJTy B(a, €) 3HAXOMUTHCS JIHITE CKIHIeHHa, KiJTh-
KicTh wieHiB mocsigoBrHocti {2, }

Hexait A = a + bi, z, = x, + ypt. OueBugno, mo |z, — A| =

v (zn — a)? + (yn, — b)2. 3 niei pisnocTi ojipasy BUIIMBAE TaKe TBEPILKEHHs.

TBepmxkennsa 1.2.1 ['panuuna pisnicms lim z, = A mae micue axu,o © miavku
n—o0

akuwo lim z, =a 1 lim y, = b.
n—oo n—oo
3 1[OI'0 TBEP/KEHHS 0/Ipa3y BUILINBAIOTH OCHOBHI BJIACTUBOCTI I'PAHUIH TOCJTi-
JIOBHOCTCH KOMIIEKCHUX 1MCEJI, TaKl sIX TPAHUI CyMHU, PI3HUIL, 100y TKY, 1ecTKy,
kpuTepiit Kol i 1. 1., BijioMi /s TTOC/TIOBHOCTEM JTIHCHUX YUCET.

Oznayenns 1.2.2 Hexait M C C. Touka a Ha3MBa€TbCs I'PAHUIHOIO TOUKOIO
MHOXKUHK M, 9KIT0 y Oy/ib-SIKOMY OKOJII TOYKHU @ MICTUTHCS TOUKA MHOXKUHU M,
BiJIMIHHA BiJi TOUYKK a. MHOXXUHA I'DAHUYHUX TOYOK MHOXKHUHK M 1103HAYAETHCS
cuMBosiom M.

Ouesnnuo, mo B'(a,r)= Bla,r| :== {2 : |z — a| < r}— 3aMKHeHwnii oKiJ.

3 oznavenns 1.2.2 oxpas3y BUILINBAE, 110 HaCHpaBm OyIb-IKUil OKIJI TOYKH @
MicTuTh 6e3iid ToO9oK MHOXKuHU M. TOMy Mag€ MICIle HACTYIHUI KpuTepiit rpa-
HUYHOI TOUKH.

TBepmxkenns 1.2.2 Touka a € epanuvwroro moukoro muoocunu M modi © mian-
KU modi, KOAU ICHYE MAKA NOCAIOOBHICMD Z, NONAPHO PIBHUL MOUOK MHOMCUHU
M, wo z, — a.

Ipuknamgu. 1. Hexait My = {z, : z, = %—F - n € N}. dcuo, mo 2z, — 0 upwu
n — 00, MPUIOMY TOUKHU MOCITIIOBHOCTI {2, } momapuo pizui. Tomy M| = {0}.

2. Hexait My = {2z, : z, = i" + -,n € N}. Hepaxxko 6aumutu, mo mpu k — o0
Ma€EMO 241 — 1, Zak41 = 1, Z4k12 — —1, Z4k43 = —1, TIpUYOMY YJICHH KO2KHOI
3 YOTUPLOX MOCJIJIOBHOCTEH nonapHo p13H1 i HOC.HlLLOBHlCTb {z,} ne mae inmmx
actunnux rpanunb. Orke, M) = {1, —



OznauvenHsa 1.2.3 Muoxxuna M C C Ha3uBa€TbCs 3aMKHEHOIO, sIKIIIO BOHA Mi-
CTUTH BCl CBOI rpanuyani Touku, robro M’ C M.

Okin B(a,r) ta muoxunu Mi i My 3 nonepjHix npukiajiiB He € 3aMKHEHUMU.
[IpukaasaMn 3aMKHEHUX MHOXKHUH € Oy/b-AKa CKIHUeHHA MHOXKHWHA, KOMIIJIEKCHA
mionmua C, 3amkuennii okin Bla, r].

Ozuavenns 1.2.4 3amukanasm Muoxunn M C C Ha3uBaeThCsd MHOXKIHA,
M= M| M.

Ouesujino, mo B(a,r) = Bla,r], Bla,r] = Bla,r].

Brpasa. 3uaiiti samuxanus muoxkunn {v/1:n € N}

OzuavenHsa 1.2.5 Touka a € (G HA3UBAETHCA BHYTPINIHBOIO TOUYKOIO MHOYKUHU
(7, SIKIIO BOHA MICTUTHCsS B MHOXKUHI GG Pa3oM 3 J€SIKUM OKOJIOM.
Muoxuna G Ha3WBAETHCS BIIKPUTOO, SIKIIO BCl 11 TOYKW BHYTPITTHI.
Hacrynni muoxuuu € Bigkpurumu: 1) B(a,r); 2) {z : |[Imz] < 1}; 3)
4) {z:r <[z —a| < R}
He e Binkputnmu, nanpukiaj, taxi muoxunuu: 1) Bla,r]; 2) Gy/ib-fiKa cKin-
denna abo siivenna muoxuny; 3) {z 17 < |z —al < R}.
Hagenemo 6e3 oBejienns jeski 1o0pe BijioMl BJIacTUBOCTI BIAKPUTHUX 1 3aMKHE-
HUX MHOXKHH.

TBepmxkenns 1.2.3 Muoocuna M C C e sidkpumoro modi i miavku modi, Ko
mmootcuna C\ M— samrnena.

Teepmxkeuns 1.2.4 O6’cdnanmna 0ydo-AK0i KiabKOCMI, 6 MAKOAC NEPEMUH
CKIHYEHHOT KIADKOCTNT GIOKDUMUL MHONCUH € MHONCUHONW GIOKDPUMON.

Iepemun 6ydv-aKoi Kiavkocmi, a Makoxdc 00 cOHANHA CKINYEHHOT KIADKOCI
3AMEHEHULT MHONCUN, € MHONACUHOIO 3AMKEHENHOIO.

1.3 Po3mmpena komiuiekcHa mionimHa. Cdepa Pimana

Bayk/IMBy BJIACTUBICTH JIICHUX YUCEJT BUPAXKAE BiJIOME 3 MaTEeMaTUIHOTO aHAJII3Y
TBepKeHHs bosibiiano-Beiiepirpaca.

TBepmxkenns 1.3.1 3 6ydv-axoi obmesrcenoi nocaidosnocmi diticnux wucen mo-
orcna eudiaumu 301CHYy niINOCAII08HICTND.

ITokaxkemo, 1110 aHAJOTIIHA BJAACTUBICTH IPUTAMaHHa 1 KOMIIJIEKCHAM THCJIAM.

Oznauenns 1.3.1 Muoxwuna M C C HazsuBaeTbCsi OOMEXKEHOIO, SIKIIO ICHY€E Ta-
ke R > 0, mo my1s Beix 2z € M BUKOHYeThCs HepiBHICTH 2| < R.

TBepmxkennsa 1.3.2 3 6ydo-akoi obmescenoi nocaidoerocmi KOMNAECKCHUT Y-
CeA MOHCHA BUNAUMY 30IHCHY NIONOCAID0BHICTD.

,ZLOBe,Z[eHHﬂ Hexait moc1ijoBHICTH KOMIIEKCHAX THCEJT Zn = xn—|—zyn obmerke-
na. Toai Bracuijiok nepisnocreit |z, < |z| 1 |yn| < [2,| nocniposnocri ix pificunx
JACTHH Ty, 11X yIBHUX YaCTUH 1, TaKOXK oBMEKeH. Towmy 3a TBepKennam 1.3.1



Bosbiano-Beiiepiirpaca 3 nociijopiocti {xn} MOKHA BUJLINTH 301KHY IO~
caiioBHicTh {Xy,, }. A OCKUIBKY TOCTIIOBHICTD { Yy, } € 00OMEXKeHO0, 3 Hel TaKoXK
MOKHA BUJITUTH 301KHY NINOCTIIOBHICTD {Yp, }. Toni mocaijosuicts {z,, } €
3012KHOIO.

[Is1 BracTuBiCTEL YKMCe, 110 BUParKeHa TBep xkenHsaM Boabiano-Beitepmrpaca,
IOKJIa/IeHa B OCHOBY HACTYIIHOINO O3HAYEHHSI.

Oznauvennsa 1.3.2 Muoxuna M C C Ha3zuBaeThCsd KOMIAKTHOIO, SIKIIO 3 OY/Ib-
SIKOI TTOCJIITOBHOCT] TOYOK ITI€] MHOXKWUHYW MOXKHA BUJLJIATH TI1ITIOC/IIOBHICTD, 110
30Ira€ThCs JI0 TOYKU I1€1 MHOXKHUHUA.

3 TBeppkernst 1.3.2 BUIIMBAE, M0 JIOCTATHBOIO YMOBOK KOMIIAKTHOCTI MHO-
xuau M C C e 11 0OMexXeHiCTh 1 3aMKHEHICTb.

3 iHmoro 60Ky 3 Kypcy d)yHKLUOHaJIbHOFO aHaJI3y BLJIOMO, IO T1i JIBl YMOBH €
HEOOX1THUMU JIJIs KOMITAKTHOCTI MHOYKHUHU Y OY/ib-SIKOMY METPUIHOMY ITPOCTOPI.
TaxkuMm 4MHOM, Ma€ MICIE TaKe TBEPIKEHHSI.

TBepmxkenns 1.3.3 Mnoowcuna M C C e xomnaxmmnoro modi i misvku modi,
KOAU 60HA 3AMKHEHA T 0OMEHCEHA.

Hpukaamn. Posrusinemo tpu muoxkunn: 1) Bla,r]; 2) {i" + 1 : n € N};
3) {n :n € N}. 3 nux Tinbkn nepiia € KOMIakTHOIO, & imimi jpi — Hi. Ase mix
MHOKuHaMK 2) 1 3) € icTorHa pisHung. 3 Jpyroi MOCII0BHOCTI MOXKHA BUJILINTH
361KHY I1JIIOCIIIOBHICTD, TOJI SIK 3 TPETHOI — Hi.
AJie KOMTIJIEKCHY TIJIONTHHY MOYKHA DOSITHPUTH TaK, o6 Oy/ib-aKa MOCIi0B-
Hictb (a He TlibKK 0OMexkeHa) MaJiu 301KHY MJITOCIILI0BHICTD.

OznauenHs 1.3.3 Posmumpenon KOMILIEKCHOIO mionuioin C Ha3uBaeThCst MHO-
xuna C = CJ{oo}.

Piman 3ampornonyBaB HACTYIIHY F€OMETPUYIHY iHTEPIPETaIiio PO3MHUPEHO] KOM-
I1eKCHOI mtormuau. Posrisinemo cdepy S piamerpa 1, mocraiieny Ha KOMILIEKCHY
wiomuay C Tak, 10 BOHA JIOTUKAETHCs J10 i€l mrommian y rouni z = 0. Hexaii
N — touka na cdepi, npormiexua jgo Toukn 0. Jdopinabuiit Touni z € C mocra-
BUMO Y BIANOBUIHICTD TOUKY P € S, sika € mepeTrHOM Bijpiska [z, N| 31 cdeporo
S. Hanaku, Touri P € S\ {N} Bignosigae touka z miomman C, sika € mepe-
TUHOM TIPOJOBXKEHH Bl,[LplSKa [N P] 3 NJIOIIMHOIO C. Takum 9uHOM, BCTaHOB-
JIEHO B3AEMHO-OJIHO3HAUHY BiAmoBigHICTH MiK MHOXKUHaMu C 1 S\ {N }. dkmo

MU I[OCTaBUMO Yy BlﬂHOBlﬂHlCTb TOqLu oo € C Touky N € S, MU OTpUMAEMO
B3a€MHO-OJIHO3HAYHY BIJIMOBIIHICTH MIXK PO3IMIMPEHOI0 KOMIIJIEKCHOIO TJIOITHHOIO

C i coeporo S. La cdepa nasusaerbest cdepoio Pimana. Orxe, cdepa Pivana e
reOMETPUIHAM 300ParKEHHSIM PO3IIMPEHOI KOMILIEKCHOI IJIOIIMHU. [HIMUMEI CJ10-

BaMU, PO3IIUPEHY KOMILIEKCHY 110IrHY C MOYXKHA YSIBJISATH STK KOMILJIEKCHY T1J10-
muHy C, sropayTy y chepy Pimena, a HecKiHUeHHO BijiJjaJieHl TOUKHU BCIX MPSIMUX
Ha Hiit — "ckaeennMu"B ojiHy TOUKY — miBHIUHUI mositoc N, SKuit € 300pakeHHsIM
TOYKHU OO.

Touka 00 Ha PO3IIMPEHiN KOMILJIEKCHIN IJIONMHI 3aiiMae ocobJinBe Miciie, B
TOil uac gk 1T 300pazenns ua cdepi Pimana, Touka N, HIYNM He BIIPI3HIETHCS
BiJl 1HIIUX TOUOK cdepu S, 30Kpema, BoHa Mae cdepudnuit okija. [IboMmy okosy



Ha PO3IIMpPEHiil KOMILIEKCHIi muromuni Bimosiae Mmuoxkuna suay {z : |z| > R}.
Leit paxT podUTH TPUPOJHUM HACTYIIHE O3HAUECHHSI.

OznavyenHs 1.3.4 OkoJIOM TOUYKKM OO HA PO3MIMPEHIN KOMILJIEKCHIN TJIONIMHI Ha-
3MBAETHCS MHOKHUHA BUIY {2 @ |z] > R}.
Tenep sBuuaiinnm ciocoboM JaeTbest O3HAUCHHS IPAHUIL 2, — OO LPU 1 — OO.

A came, lim z, = o0 TOal 1 TIABKK TOJI, KOJIU B OY/Ib-IKOMY OKOJI TOYKH OO
n—o0

3HAXOSATHCS BCl WJIEHH OCIITOBHOCTI 2, MOYNHAIOUN 3 JIETKOr0 HOMepa. 100To,
Juisg oynb-sakoro R > 0 snaitjnerbesa take M € N, mo juig jgoBijbHoro n > M
BUKOHYETHCSI HepiBHiCTb |20 > R.

[Ticast nporo 3’sicoByeThes, MO MOCHIOBHICT] {n:ne€ N} 3 IpUKJIaLy 3 Ha
POCIIMPEHI KOMIIEKCHIH 11JI0IIMHI B2Ke Mae 3012KHY Hl,[LHOC.Hl,[LOBHlCTb Toumnire,
BOHa caMa € 30612KHOI0 (J10 ToukE 00). Bisbie Toro, Ha po3mupeniii KOMILIEKCHi
IJIOINKMHI TBepi2KeHH:A Bosbiiano-BeitepiiTpacca MoxKHO cOpMy/IIOBATH HACTY-
[MHUM YUUHOM.

TBepmxkenns 1.3.4 3 0ydv-4K0i n0caid06HOCMT KOMNAEKCHUL YUCEN HA PO3ULU-
PEHIT KOMNAEKCHIT NAOULUHE MOACHA BUIAUMU 30IHCHY NIONOCALI08HICTND.

[ificHo, SIKIIIO TOC/IIOBHICTH OOMEXKeHa, Iie JIOBeJIeHO y TBepjikenHi 1.3.2.
Ao x BoHa HeoOMexKeHa, 3 Hel MOXKHA BUJJIMTHU 111JIIIOC/IJIOBHICTD, 301KHY
JIO TOYKH OQ.

fK HacaiIOK MHOTO TBEP/XKEHHA KPUTEPiii KOMIAKTHOCTI Ha PO3MMUPEHil KOM-
IJIEKCHIH TIJIOIMHI BUJISJIAE BLIITOBIIHUM YUHOM.

TBepaxkennst 1.3.5 Mwuoorcuna M wa poswupeniti KOMNAECKCHIT NAOUUNL €
KOMNAKMHOW Modi & MmiAbKy modi, Kol 60HA 3AMKHEHA.

3okpeMa, posiupeHa KoMmiuiekcHa tiomuHa C € KOMIAKTHO Ha, BiJIMIHY Bl
koMIiekcHol 1tomuan C. TakuM 9MHOM, POSIIMPHUBINK KOMILJIEKCHY ILJIOIIAHY,
MU 3pO0OUJIN 11 KOMIIAKTHOO.

1.4 Kpusi Tta objacTi Ha KOMILJIEKCHIiil ILJIOIIHI

Ozuauvennda 1.4.1 Kpunoo v ma kommiekcriit mionuai C HazuBaeThcs Here-
pepBHuii 06pa3 Bijpiska [, ] C R, rob6ro 06pas Bijpiska npu Bijobparkenti
2 la, ] = C nenepepsnowo dyukuico z = z(t), t € [«, 5]

Taknm qunoM, 7 = {z € C: z = 2(t),t € o, B}

Bnopasga. ZLOBeCTH [0 KPUBA € KOMIIAKTHOIO MHOXKHHOIO.

3ayBakeHHd. [HOjI 1iji KPUBOIO PO3yMIIOTH caMme  BijloOpasKeHHsi
o, Bl = {z € C:2=2(1),t € o, f]}.

Toukm KpuBOI MOXKHA BIOPAIKYBATH HACTYIIHIY YMHOM. Byjiemo ropoputn, 1mo
Touka 21 = 2(f1) mepemye Touti zo = z(t9), Akmo t; < ty. Tomi KpuBy MOXKHA
POSIVISAZIATH AK BIOPSJIKOBAHY TJMHOKMHY KOMIUIEKCHOI miomunn. Ha xpusiit
TAKOXK MOYKHA BBECTH 3BOPOTHIN MOPsioK. KpuBy 7y, Ha sKiii 3aaH0 3BOPOTHIM
MOPSIIOK TIO3HAYAIOTH CHMBOJIOM 7Y~



ITpuknamu. Posrisaemo Henepepsai yHKIil: 1) 2 = cost+isint, t € [0, 2];
2) z = (1 —t)z1 + tzo, t € [0,1], 21,20 € C; 3) 2 =t +it? t € [0,1]. Tepma
byHKIis 3a1ae onuauTHe KO0 {2 @ |z| = 1}, apyra — Binpisok [z, 29], Tpers —
ayry napabomn y = x? mixk Touxkamu (0,0) 1 (1,1).

BayBaXKeHHsI. [HKOJIM B O3HAYeHHI KPUBOI NPOMIXKOK [, 5] Gepyrb HeoOMe-
KEHHUM OJIHOIO 3 BUJIB |, +00), (—0o0, f], (—o0, +00). Hanpukia, dynkiis
z =it, t € (—00,+00), 3a71a€ YMOBHY Bicb, a yukiisa z(t) =t +it, t € [0, +00),
— mpoMiHb 3 BepitrHoo y Touri (0, 0), 1o yTBOPIOE KyT 7 3 JIOJIaTHIM HAIPAMKOM
oci Ox.

Oznauvenns 1.4.2 Kpusa z = 2(t), t € |«, (], nasuBaerbes kpuBow 2Kopjana,
SKIO Oy/b-sIKiil mapi £, to pI3HUX 3HAUYEHb IIapaMeTpa 3a BUHITKOM, MOXKJIMBO,
mapu «, 3 BiJmoBijiae mapa pisHux To4uok z(t1), z(tz) Kpusol. [HmuMu ciaoBamu,
YKOPJAHOBA, KPUBA, — 1€ KPUBa 06€3 TOYOK CaMOIIEPETHHY, 38 BUHATKOM, MOXKJIMBO,
nmoyaTKoOBOI 1 Kinnesoi Touok. Kopmanosa kpusa z = z(t), t € [«, (], Hasu-
BAETHCs 3aMKHYTOIO, KO z(a) = 2z(f). BaMKHyTy »KOPJAHOBY KPUBY MOXKHA
POSIVIA/IATH, fAK HellepepBHUi 00pa3 Kosla. SaMKHyTa KOpJIaHOBa KpUBa Y BBa-
JKAETHCst OPIEHTOBAHOIO 1IPOTH IOJMHHUKOBOT CTpiiku. SIKIO Bona opienTosana y
3BOPOTHLOMY HAIIPSMKY, OyJIeMO 1I03HAYaTH 1T CUMBOJIOM 7y~

O3nauennda 1.4.3 O0JaCTIO HA3UBAETLCS Bi;LKpI/ITa 138 s30a MHOkHuHa. Harata-
€MO, 10 BIJIKDUTICTD MHOKHUHY O3HAYAE, M0 Bl 1T TOUKU BHYTpilTii, T00TO KOXKHa
TOUKA BXOJWTH B MHOKUHY PA3OM 3 JICSKUM OKOJIOM. 3B’sI3HICTH MHOXKUHU O3HA-
qae, o Oy/ib-saKi 1Bl i1 TOUKK MOXKHa 3’€JlHATH KPUBOIO, 110 MICTUTHCA B Janii
MHOXKIHI.

Hpuknamm. Hacrynni muoxunn € obnacrsivu: 1) B(a,r); 2) {2 : [Rez| < 1};
3) C;4) {z : r < |z —a|l < R}. He e obnacrsivu, HAIpPUKJIaJ, Taki MHOXKWHMW:
1) Bla,r]; 2) {z: |z| <1}z : |z — 21| < 1}.

Ba>k/iMBOI0 B KOMILJIEKCHOMY aHaJli31 € HACTYIIHA TEOPEMA.

Teopema 1.4.1 (2Kopdan). Bydv-axa samrnyma scopdanosa kpuea vy posbusae
POSWUPEHY KOMNACKCHY NAOULUHY HA 061 00AGCTM.

Oznaygennga 1.4.4 Ta 3 obJiacreil, sika He MICTUTh TOUYKM OO, HA3UBAETHCS BHY-
TPIMTHICTIO KPUBOI 7y 1 MO3HAYAETHCA inty. [amIa 0baacThb, MO MICTUTH TOUKY 0O,
Ha3MUBAETHCS 30BHIMTHICTIO KPUBOI 7y 1 MO3HAYAETHCS eXtry.

loBenenns 1i€l TeopeMu BUXOJUTD 38 Me¥K1 KypCcy KOMIIJIEKCHOTO aHAJIi3Y.

O3znauvenns 1.4.5 JIBi kpusi y1 1 Y2, 110 MicTaThCs B 00siacTi G 1 MaIOTh CIILJIb-
HUil TT0YATOK 1 CHIJILHUI KiHellb, Ha3UBAOThCsI TOMOTONHUME B 00JacTi (G, SIKIIO
KOXKHY 3 ITUX KPUBUX MOYXKHA HellepepBHO JeOPMYBaTH B JIpDYI'y KPUBY, HE BHXO-
4l 3a Mexki obsacti G.

3aMKHyTa KOPAAHOBA KPUBA 7, 110 MICTUTBC: B 00s1aCTi G, HA3MBAETHCSA TOMO-
TOIIHOIO HYJIIO B il 00J1aCTi, K10 TT MOKHA HENEPEPBHO ;Led)opMyBaTH B TOYKY,
He BUXOJA4l 32 Me¥XKI O6JIaCT1 G.

O‘IGBI/I,B;HO 1110 KpI/IBl Y1 1 79, 1O MicTATbCA B obsiacTi G 1 MalOTh CHIJIbHUI
MOYATOK 1 CHJILHUI KiHelb, TOMOTONHI B obsacti G TOJI 1 TLILKKA TOJI, KOJIK
kpuBa 71 ()7 romoromma myso B obracti G.
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OznauyenHs 1.4.6 O6nactb (G HA3UBAETHCS OJHO3B SI3HOIO, SIKINO OYIb-SIKa 3a-
MKHYTa )KOPJAHOBA KPUBA, M0 MICTUTHCST B 00J1aCT1, € TOMOTOITHOIO HYJTIO. [HITTHMNI
cioBamu, obsacth G OJIHO3B si3HA, SIKIO Oy/Ib-5IKY 3aMKHYTY >KOPJIAHOBY KPHUBY,
10 MICTUThCA B obstacTi (G, MOXKHA HerepepBHO J1e(pOPMYBATH B TOUKY, HE BUXO-
JisT91 3a Mexki obsacti G.

IMpuknamu. 3 nacrynuux obmacreit: 1) B(a,r); 2) {z : |Rez| < 1}; 3) C; 4)
{2z :7r < |z —a| < R} nepmii tpu € 0iHO3B s13HMMH, YeTBepTa — Hi. Po3riisiHeMo
OKLJI TOUKM 00, TOOTO MHOXKUHY {2 : |2| > R}. Llg obsactb He € 0jHO3B sI3HOM0
Ha KoMILIeKcHi# miomuai C, ajie BOHA OJIHO3B’si3HA Ha PO3IIUPEHiil KOMILIEKCHI

rronuai C,

Oznaugennga 1.4.7 MexeBoro TOYKOIO 00/1aCTi HA3UBAETHC I'PAHUYHA TOUYKA, 1€
00J1aCTi, sIKa He HaJIeXKUTh 00J1acTl. [HIMME coBaMu, MexKeBa TOUKa 00J1acTi — 11e
TOYKA, 3 JIONOBHEHHS 00JIACTI, B OY/Ib-IKOMY OKOJI SKOI MICTATHCS TOUKH 00JIACTI.
Mexkero 001aCcTI HA3MBAETHCS MHOXKHHA, BCIX 11 MeXKeBrX TOU0K. Mexka 001acTi
GG noznagaeThest cumBosiom 0G.
BnopaBa. osectu, 1110 mexka 06Jiacti € 3aMKHEHOI MHOXKHHOIO.

OzuauvenHs 1.4.8 O6nactb G HA3MBAETHCA N-3B’sI3HOI0, N > 2, AKIIO 11 MeXKa,

OG € ob’eHaHHsAM 1 3aMKHYTHX KOpJaHOBUX Kpunx Lo, Y1, Y2,...; Yn-1, 5K
3a/J0BOJIbHSIOTH 1Bl HaCTyHHl BUMOI'H:
1) Bci xkpuBl v;, 2 = 1,. — 1, MicTaTbesa y BHYTPIITHOCTI KpI/IBOI FO,

2) KOXKHa, 3 KPUBHUX %, z = 1, .., — 1, MICTUTBCS y 30BHIIIHOCTI OyJIb sIKOI
1HIIIOT 3 MUX KPUBUX.

Opienramnio mexi OG n-38’sa3001 obiacti GG 3a/1a10Th TAKUM YUHOM, 11100 1TpH
IPOXOJKEHHI OyJib-sIKOI Me»KeBoi KpuBoi obsiacth (G 3ajmiiajiach 3JjiBa, TOOTO
0G = To U U U- U,y Inmnvu cinosamn, kpusa I'g npoxojanrses
IPOTH TFOJIMHHUKOBOI CTPLIKHU, a Kpusl 7;, ¢ = 1,...,n — 1, — 3a TONMHHUKOBOIO
CTPIIIKOTO.

IMpuknamgu. [18o3s’s3aumu obaacrsMu € Kiabie {2 : 7 < |z —a| < R}, 30kpe-
ma, npokosioruii okist {z : 0 < |z — a|] < R} rouku a. [pukiagom tpuss’szuol
obsacti € muokuna {2 : |z| <4} \ {{z:|z] <1} U{z: |z — 2i| < 1}}.
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Poz i 2

JIndpepenmiiioBal pyHKITI

2.1 CreneneBi pgan

DynKIis $(2) KOMIUIEKCHOTO 3MIHHOTO 2 BUJY

ch z—2)", ¢, 20 €C, (2.1.1)

n=0
HA3WBAETHCSI CTEIEHEBUM PSJIOM. 3 MaTeMaTHIHONO aHaJi3y BIJOMO, IO CTele-

HeBUH Psijt Y ¢p(x — x0)" 3 gliicaucuMu KoedilleHTaMu ¢, 1 mapamMeTpoM X
n=0

36iraeThest abcoMoTHO B Jlestkomy inrepsani (vo — R, xo + R) i € posbizknum na

muoxunl |z — ol > R, a B KOXKHOMY IPOMIXKKY ]x — xo| < 7, r < R, 306irae-

ThCs1 PIBHOMIPHOE AHaﬂorquy BJIACTUBICTH MalOTh 1 KOMIJIEKCHO3HAYH] CTereHeB

PAJIN.

Teopema 2.1.1 (Abeav). Kooicnuii cmenenesuti pad eudy (2.1.1) mae xpye 36i-
orcnoemi |2 — zp| < R, mobmo eukonyiomoca nacmynii meepdoicennis:

1) pad (2.1.1) s6izaemvca abcoarommno 6 Kpy3i |2 — zo\ < R;

2) pad (2.1.1) € posbiocnum na muosicuni |z — 2| > R

) 6 bydv-axomy sammnenomy okoai |z — 2 < 7, 0 <7< R, pad (2.1.1)
36012a€MBCA PIGHOMIPHO.

HocTaTHbo J0BECTH Teopemy Jijist psijiiB BUJLY

¢}
cn2". (2.1.2)
n=0

Hosegennst reopemn Abesist 6a3yeTcst Ha HACTYITHOMY TBEP?KEHHI.

Jlema 2.1.2 (Abeav). Sruwo cmenenesud pad 6udy (2.1.2) sbizacmuves 6 mouyi
z=a, a#0, mo ein 36izcacmovca abcorromno 6 kpysi |z| < |al.

Hosenenns. fIkimo paj (2.1.2) s6iraetbes B Tourni 2z = a, a # 0, TO fioro
qeHn oOMexKeHi B il Touni, TooTo icnye Take M > 0, mo \cn ”| <M JUIA BCIX
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o0
. n . .
n € N. Tomi psim Y- M (g) 36iraeThcst abCOJIIOTHO, & HOTO YJICHU € MaXKOPAHTaMU
=0

e
psiity (2.1.2). 3Bijcu BuiiuBae rBepKeHHs jemu Abesisi.

HoBenennsa reopemu AGens. fximo psy (2.1.2) 36iraerbest juie B TOUIN
z = 0, TBep/pKeHHs Teopemu TpubiajibHe. Hexail meit psiyi 36iraeTbcs B TOUIN
z = a, a # 0. Yepes S mo3HaunMo MHOXKHMHY TOYOK 306ikHOCTI psijy (2.1.2) i
nokyagemo D = S()]0,+00), R = sup{z : = € D}. fcno, mo D = [0, R] abo
D =0, R), 3okpema, D = [0, 00).

[Tokaxewmo, 1o R i € pagiycom kpyra 36ixkuocti. [iiicHo, sakmio |z| < R, To
icaye Touka x1, |z] < x1 < R, B axiit pag (2.1.2) s36iraerses. Togi 3a jgemoro
Abesist BiH 36iraeThest abCOMIOTHO 1 B TouMi z. AKio X |z| > R, To icHye Touka
T9, |2| > xy > R. 3Bijcu Buruubae, mo psij (2.1.2) posbiraerbest B Touni z, 60
SKIO O BiH 30iraBcst B TOYIN 2z, TO 3a Jemoio Abesns BiH Ou 30iraBcs 1 B TOUI
To, a 1e cynepeunsio 6 oznavennio unciaa R. Hexait, napemri, 0 < r < R. Toni

o0

psiji (2.1.2) 36iraerbesi abCOMIOTHO B TOUI 2 = T, TOOTO Y |¢p|7™ < 00, npuuomy
n=0

WIEHH OCTAHHBOTO ALy € MazKopaHTamu J/is wWienis pay (2.1.2) npu seix [z| < 7

3Bijcn punuBae pisnomipna s6ixknicTs paty (2.1.2) B kpysi [z| < 7.
3ayBaxkeHHs1. Y Teopemi Abesist HITOTO He CTBEPJKYETLCA 11PO NOBEAIHKY Psi-

Ay (2.1.1) na mexi kpyra 36ixku0CTi, TOOTO, Ha KOJii |2 — 29| = R. I e ne Bunaj-

KOBO. TOoUKM TTHOT0 KOJIa MOYKYTH OyTH TOYKAMHU 3012KHOCTI, TOUKAMHU aOCOJTIOTHOI

3012KHOCTI, a TaKoxK TOouKaMu po3bixkHocTi. [lificHO, pO3IISHEMO CTEleHEeBl psijiu

(0. ¢]

Z n~tz" i Z n~22". Hepaxkko 6aunty, 110 Kpyrom 36i>kHOCTI i 060X crere-

HeBI/IX pH,Z[lB e OJMHIIHUN KDYT |z| < 1. lepumwit psjg B Touni —1 36iraerbes
YMOBHO, & B TOUIl 1 po3biraeTbcs, Apyruii 30ira€Thcst abCOJIOTHO Y BCIX TOYKAX
kosa |z| = 1.

Hacrynua teopema jae bopMymny Jjs pajiyca Kpyra 30iKHOCTI CTEEeHEeBOTO
peIy.

Teopema 2.1.3 (Kowi). Padiyc R xpyea s6isicnocmi cmenenesozo pady (2.1.2)
3a40060ADHAE HACTYNHY PIGHICTL

R=1L", = lim {/]|c,| (2.1.3)
n—oo

Huist AificHO3HAUHUX CTEIEHEBUX PsiJliB g TeopeMa JIOBOJUTHLCS B Kypcl Ma-

TEeMaTUIHOTO aHaJizy. 11 jloBeeHHs s KOMILIEKCHO3HAUHUX CTEIeHEeBUX PsIiB
JIOCJIIBHO TTOBTOPIOE JIOBEJECHHS I[I€1 TCOPEMH.
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2.2 OzsHauvenHs jgedkux (PYHKII 3a JTOMNOMOIOI CTelleHe-
BUX PAJIIB

Posrnignemo crenenesi psan

o0 N o0 Z2n o0 2271—1—1
= )" B LA
nz:% n!’ nz:%( ) (2n)!’ nz:%( ) (2n +1)!

3 Kypcy MaTeMaTHIHOIo aHaJi3y Bijomo, mo lim vn! = oco. Tomy 3 dhopmynn
n—o0

(2.1.3) BummBag, 1O PaJiiyc Kpyra 361KHOCTI KOXKHOTO 3 THX PsiJiiB JIOPIBHIOE 00,
TOOTO KOXKHUI 3 X PsIJIiB 301ra€ThCst y BCII KOMIIJIEKCHIH T10MMHI. 3 1HIITOro 60-
Ky, JUIS JIMCHUX 2 = & CYMH IMX PSAJIB JAIOTh BiJIOMI pO3BUHEHH B psaj Teitiopa
dbyukmiit e*, cos, sin x BijanosigHo. ToMy HNPpUPOJHUM € HACTYIIHE O3HAUEHHS.

O3Hauvenng 2.2.1

0 o 0 . ~2n . o0 . ~2n+1
= ;m , COSz:= nz:;(—l) 2n)l sin z := nz:;(—l) Gnr1l (2.2.1)

Takum anrom, dopmysnamu (2.2.1) dbyHKIiT €* cos , Sin z MPpoOJOBKeH] 3 J[iii-
cHOl oci Ha Bclo koMmiuiekcHy tomuay C. Eiiep 3’scyBaB, 110 B KOMILJIEKCHIMT
mIomuHi (PYHKIIT 7, cos 2z, Sin 2z TICHO MOB’si3aHi MiXK cOoDOIO.

Teopema 2.2.1 (Einep). Jas 6ydv-arozo z € C sukonyemvea pienicmo

€' = cos z + isin 2. (2.2.2)

Hosenenns. 3a reopemoio Abess Bei pajm (2.2.1) sbiraiorbest abcomoTHo B
OyIb-sIKiit TO‘{HI z € C. Bijnowmo, 1o 4jeHn abCcoJIOTHO 3012KHOTO PsAJIy MOXKHA
I'PYIYBATH 1 IEPECTABIATH B Oy/Ib-IKOMY TIOPSIJIKY, He 3MIHIOI0UN fioro cymu. To-
My, 3aCTOCOBYIOUN O3HaueHHs (2.2.1), 1 BpaxoBy0Un piBHOCTI it =1, i =g,
2 = 1 %3 = 4§ maemo

B o0 (ZZ)”_ . 22 24 26 ‘ 2’3 25 27
B DRl G T TR TR Bl SR TR R R

n=0

= cosz + ¢sin 2.
Bpaxosyioun napsicrs dyHKIil cos 2z 1 HenapHicTb GyHKIT sin 2 3 (2.2.2) orpu-

MyeMo e~ = cosz — isin z. 3 ocranHbol piBHOCTI 1 piBHOCTI (2.2.2) BUIINBAE

TaKUl HACJIJIOK.
Hacaigok 2.2.2 (Einep). las 6ydv-axozo z € C sukonyromuvca pisnocmi
eiz + e—iz . eiz . e—iz

cosz = ———— sinz = ———— . (2.2.3)
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Oznauvenns 2.2.2 Qopwmyna Eitepa (2.2.2) gae 3mory Tpuronomerpudny Gop-
My 3amucy ducia z = r(cos ¢ + isin ) nogaru y surisi z = re'?. Taka dopma
3aIlUCy YUCTIa 2 Ha3UBAETHCs MOKA3HUKOBOIO. .

BayBaxkeHHs. 3 dopmysnn Eitnepa maemo e*™ = 1. Orke, e = e* Jis
joBibaOro z € C. Takum amaOM, DyHKIA € B KOMILUIEKCHIH TJIONIMHI € Tiepio-
JIUTHOIO 3 MEPIOJIOM 271.

[Tiznime Oy1e JIOBEJIEHO TeOpeMy (G,ZI;I/IHOCTI Jiisl aHaﬂlTHqHHX (byHKLuH) 3 SIKOI
BUTLIMBAE, 1110 BCl TOTOXXHOCTI Ha JII#iCHI# Ocl, siKi 1OB HSyIOTb dyHkii e*, cosx,
sin x, 3aJnaoThes BipHUME 1 B KomiuiekcHii monmai C. Hanpukiag, ;Lﬂﬂ BCIX
2,21, 29 € C MaioTh Micue piBnocti sin? z + cos? z = 1, €172 = %1 . e2 i 1. 1.

Pazom 3 TuM HepiBHOCTI Jijisd X (DYHKIIIN, 1110 MalOTh Miclle Ha JiificHiil oci, Ha
KOMIIJIEKCHIM TIJIOIIWHI, B3araji KaxKydu, He BUKOHYIOThCA. Hampukiam, Bimoma
JUist JficHUX ducest x HepiBHiCTh |cosz| < 1 B KOMIIEKCHIN IIONWHI BXKe He
BUKOHY€eThCs. JlificHO, Ji/isi cyTo ysaBHHX 4uces z = iy 3a ¢opmyson Eitnepa

. -Y Y
(2.2.3) maemo cosiy = <= — oo npu y — £00.
Bmpasga. ZLOBeCTI/I 110 cbyHKLul COS 2 1 sin 2 oOMeXKeHi Ha PAMIA KOMIIIEKCHOT
TIJIONIUHT TOJIL 1 TITBKY TOJI1, KOJIM T MpsiMa MapaJiesibHa, JIi#icHii oci.

z4+2mi

Oz3nayennsa 2.2.3 ﬂorapﬂd)Mqua dyukiig Lnz KomIieKcHOT 3MIHHOI z BBOJIU-
ThCs sIK 0bepHeHa J1o ekcrionenTn e, robro Lnz ( st z # 0 ) — e rake KoMILe-
KCHE “UCJI0 W, 11O 3a/10BOIbHSIE plBHICTb e’ = z.

Hexaii z = T(COSt +isint), ne r = |z|, t = argz, a w = x + iy. Toxi piBHiCTH
Lnz = w eksiBajenrna pisnocri €% = z. OcraHHIO PiBHICTb, KOPUCTYIOUUCDH
dbopwmyoro Eitrepa, samumenmo y surisazi e”(cosy + isiny) = r(cost +isint). 3
niel piBHOCTI KOMILIEKCHUX ducest Maemo e* = r (tobro x = lnr) i y = t + 27k,
k € Z. llincraBisiroun 3uaiijiedl i ¢y B piBHicTh Lz = w = = + 1y, OTpUMaEMo

Lnz = In|z| +i(argz + 27k), k€ Z. (2.2.4)

Takum dnnom, jorapudm Lnz KomiuiekcHoro dncia z, z # 0, mae 6e3/1i4 3Ha-
4eHb, siki MOXKYTh OyTu obuucsieni 3a dopmynoio (2.2.4). Heckinuennosnaunicrs
dbyukuil Lnz obymosjiena 11epiojinunicTio pyHKIT € B KOMIJIEKCHIH 11JIOIUHI.

Oz3nauenHsa 2.2.4 Jlorapudwmiuna dyHkiisa Lnz gae 3Mory gaTu o3HaUeHHS OIle-
armil 252 s JOBLIBHUX 21, 29 € C 3a J0MOMOro0 piBHOCTI 272 1= #1112 ginomof
1 7 <2 1 3
3 eJIEMEHTAPHOI MaTeMaTHKK JIJIsT JIOAATHIX 21, 29.
< ilng _ i(In|i|+i(w/24+27k)) _ —(7/2+27k
Ilpuknan. i* = ¢ —e.( ||”(/ ")‘)—e(/ ’),kGZ. '
3a j01moMoroto yiorupudmMivHol PYHKINT MOXKHA, PO3B’3yBaTH TPUIOHOMETPHUIHI
PIBHSTHHSI.
Ilpukaana. Pisusinas cos z = 2 3a jonomoron ¢gopmyiin Eitiepa MmoxKHa 110-

s oePqe 2 3106 : _ iz
JaTH y BULIAN “——5— = 2. 3pobuBImHM 3aMiHy w = €'*, OTPUMaEMO KBaJpaTHe
piBHsdAHHSA W + w1 = 4. HeBaxKKO 11€PEKOHATUCH, 1110 FI0I0 PO3B’A3KAMU € YUCIIA,
2 4+ /3. Tosepraouucs 1o 3MIHHOT 2z, MaeMo piBusinus e = 2 4+ /3. 3sijgcu

iz = Ln(2 + v3) = In(2 £ V/3) + 27ki. Orxe, z = 27k —iln(2+V3), k € Z.
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2.3 Kpurepiii audepenniiioBaocti (hyHKIIA KOMILJIEKCHOI
3MiHHOI

3po3yMiio, 110 Oy 1b-51Ky dyHKI0 f(2) KOMIIEKCHOT 3MIHHOT 2 = Ty MOXKHA
sarmcaru B anredpaiuniii bopmi f(2) = u(z,y) + w(z,y), e u(z,y) i v(z,y)—
JIiCHO3HAYHI PYHKITIT JIBOX JIIHCHUX 3MIHHUX.

[Tonsarrst memepepsuocti dyukmii f(z) B ToOuni 2y = Xy + 1Yy BBOJUTHCH
TOYHO TaK, dAK 1 JuUisd (QPYHKIIH JiiicHol 3MiHHOI. 3as3HauyuMo, 110 3 PIBHOCTI

[f(2) = f(z0)| = V/(u(z,y) — u(zo,50))* + (v(z,y) — v(zo,y0))? BumIMBAE, 1O
yukiis f(z) nemepeprra B TOUNl 29 = T + Yo TOAL 1 TLIbKM TOAL, KOJM i
JiiicHa i ysisra wacrunn u(x,y) i v(x,y) Henepepsui B Touni (g, yo)

[MousarTs mOXigHOI Ta ﬂH(bepeHHIHOBHOCTI byHKIiii KoMIUIeKCHOT 3MiHHOT Ta-
KOXK BBOJIATLCS JIOCJHIBHUM IIOBTOPOM BIJIIOBIIHMX O3HAYEHL 3 MATEMATHYHOIO
amasizy. A came, noxignowo f'(zg) dyskiii f(2) B TOUIi 2y HABUBAETHCST HACTYITHA
rpaHuils (SKINO BOHA ICHYE 1 CKIHYEHHA):

f'(20) := lim fz) = Jz), (2.3.1)

2—2 zZ— 2

a (PYHKIIIIO, 0 Mage Hoxmﬂy f'(z0), HasUBaOTH AUdEPEHIIHOBHOW B TOUIN 2.
Aste Ha BiAMIHY BiJ HEIepepBHOCTI ﬂnd)epeHmHOBHme (byHKun KOMILJIEKCHOT
3MIHHOI BXKe He 3BOJIUTHCA JI0 JuDepeHIifoBHOCTI 11 IHCHOT Ta yABHOI YaCTHH.

IMpuknaz. Posrisnemo Gynxiio f(z) = Z = x—iy. [i gificua i yasua yacrunn
u(z,y) = x iv(z,y) = —y, ouesunno, e bynxniamn audepentifiosnnumu y Beiit
mwiomuai. Ase dyukiia f(z) He € mxl(bepeHLuI/IOBHOIO B 2Koj(H1it Touri. ITokaxkemo,
HaTpUKJIaJl, 1Mo Bona He judepentifiosna B Touni 29 = 0, T06TO 1711 1€ (byHKun
e ichye rpanuni (2.3.1) B rouni zy = 0. Hiiicho,

flz)=f0) . =

lim =lim—-—=1
z—0,y=0 >—0 z—0
3 iHI10T0 OOKY,
) z)— f(0 . —1
lim M:hm ,y——l.
y—0,2=0 z—0 y—0 Yy
BucHosok. Taknm unnom, QyHkiis f(z) = Z ne audepeHIiioBHa B TOYII
zo = 0, nonpu ,[LH(bepeHLLIHOBHICTb 11 JiificHol 1 yHBHOl YACTUH.
BnpaBa Hosectu, mo yukmis f(z) = Z e qudepeHniiioBua B Ko Hii TOUII.

Bunukae nmuTaHHs: dKa I1e yMoBa (OKpiM JudepeHIiioBHOCTI JIICHOI 1 ysIB-
wol wactun u(z,y) 1 v(x,y)) byskuil f(z) = u(z,y) + iv(z,y) norpibua s
jqndepenniioBrocTi GyHKIil f(2

Bignosigps Ha ne 3anurands jgaju Ko, Piman, Eitnep 1 Jlasambep. Bonun
OTPUMAJIA HE3AJIEXKHO OJIMH BiJl OJHOIO HACTYIIHWI KPUTEPII.

Teopema 2.3.1 (kpumepitc Jupepenyitiosnocmi). Jaa mozo wob Pynryia

f(2) = u(z,y) + iv(z,y) bysra dudepenyitiosnoro 6 mowyi z € C neobxidno i
docmammnbo 6UKOHANHA HACMYNHULT 060T YMOG:
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1) pymruii u(z,y) i v(x,y) dupepenyitiosni 6 mowui (x,y);
2) 6 mouyi (x,y) 6UKONYIOMBCA PIBHOCTII:

ou Ov ov ou
Ju_ v @A 2.3.2
ox Oy’ Ox Oy (232)

IIpu suronanni ymos 1) i 2) noxidny f'(z) moorcna obuucsumu 3a dopmyaoio

_a_u+i@
ox Oz

BayBaxkenHss. Ymosu (2.3.2) wnazupaiorb ymoamu Komi-Pimana (abo
Eitnepa-lanambepa).

st mosenennst Teopemu (2.3.1) HAraJ[aéMo O3HAYEHHST Ta JIOCTATHIO YMOBY
JinpepeHIiioBHOCTI JIIiCHO3HAUHOI (DYHKIIT JIIACHUX 3MIHHUX.

£(2) (2.3.3)

Osnavenns 2.3.1 [lificnosnauna yukiist u(x,y) JIACHUX 3MIHHUX HA3UBAE-
Thest audepentiitoproto B Touni (2o, yo), Aximo npu p = /(Az)?2 + (Ay)? — 0
i1 mpupicr Au := u(z,y) — u(xg, yo) MOXKHA MPEJCTABUTH Y BUTJISAI

Au = aAz + Ay + o(p). (2.3.4)
3 MaTeMaTHYHOrO aHaJi3y BLJIOMO, IO SIKIINO TaKe IPECTaBACHHs MOXK/IUBE, TO
BUKOHYIOTLCSI PIBHOCTI (v = %(a:o, ), B = g—;‘(mo, Yo), & Juist auepeH ifioBHOCTI

dbynknii u(z,y) B Touni (g, yo) JOCTATHRO iCHYBAHHA YACTHHHUX NOXITHAX 3¢ i

9 . .. . - .
3, B OKOuI TOUKH (20, o) Ta X HEnepepBHOCTI B LIl TOUIL.

Hosenenns teopemm 2.3.1. [loseynemo HeoOxijHicTh. Hexait dynkiis
f(2) =u(x,y) +iv(x,y) qudepenniiioBra B Touni z = = + iy, 106To icuye f'(z).
Tomi

A
= A—]; — ,(Z) — 0
mpu Az — 0, a tomy Af := f(z + Az) — f(z) nomyckae nopanus y BUTIIsiI
Af = f(2)Az +vAz. (2.3.4)

Hexait Af = Au+iAv, f'(2) = a+ pi, YAz = €1 + igo. Toni pisnicts (2.3.4)
PIBHOCHJIbHA CHCTEMI JIBOX pIBHOCTEMN

{Au:ozAx—ﬁAersl, (2.3.5)
Av = Az + aAx + e,. o
Baznauumo, o &; = o(p), i = 1,2. Hdiiicno, upu p = |Az| — 0 maemo

[7Az|
Az

€

Az

€Z'_
P

=yl =0
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Tomy piBrocTi cucremu (2.3.5) o3nauaioTh, mo GyHKml u(z,y) i v(x,y) mude-
pemrtiifioni B Touri (z,y). Binbire Toro, 3 HuX BuIINBaE, 10

ou ou ov ov

o — &, _:_57 _:57 o — @.

ox oy Ox oy
Tum camum Heo6xi;LHiCTb JIOBeJIeHA.

Hosenemo jocrarnicrs. Hexait gynkuii u(z,y) 1 v(x,y) audepenuiiiosni

B TOYII (r,y) 1 B Wi TOYI] BUKOHYIOTHCS YMOBH Kori-Pimana. ,ZLH(bepeHLu—
jfiopuicTh dyuxmii u(x,y) 1 v(z,y) B Tounmi (z,y) o3HaUae, MO X TPUPOCTH
Au = u(x + Az, y + Ay) — u(z,y) i Av := v(x + Az, y n Ay) —v(z,y) y
Toutli (x,y) JOMyCKAIOTh HACTYITHI MOaHHS:

{Au = %Am—l—%Ay—l—sh

2.3.6
Av = GEAx + F2AT + &3, (2:3.6)

ne eg; = o(p) upu p = |Az| = 0,7 = 1,2 . Hexait a := %, 8= %. OckinbKu

BUKOHYIOTHCA yMoBHU Korri-Pimana, To

ou B ov ov ou

Toui 3 (2.3.6) orpumyemo
Af = Au+iAv = (aAx — BAy) + i(BAx + aAy) + &,
Je € := €1 + igg. OueBnjino, mo € = o(Az) npu Az — 0. Takum anHOM,
Af = (a+ pi)Ax + (ai — B)Ay = (a+ Bi)Ax +i(a+ Bi)Ay + e =
= (o + B1)(Az +iAy) + ¢ = (o + fi) Az + .
3Bijicu, Bpaxouytoun (2.3.7) i Te, mo € = o(Az) npu Az — 0, Maemo
Af ou .0v
f'(2) = Ajhr?—m Ar T Pr= oz ox
Orxe, dynkiis f andepeniiiioBra B TOYI[ 2 i BUKOHYEThCs piBHicTD (2.3.3).
Teopema jioBejieHa.

Bmpasa 1. ,HOBGCTI/I ,HH(i)QpQHLLIHOBHlCTb byHKIii €%, cos z, Sin z B JIOBLIbHIH
TOYI KOMIIJIEKCHOT MJIOTIWHY 1 3HAUTH 1X TTOXiJTHI.

Brpasa 2. [losecru, mo dbynkuia f(z) = /Ty ne audepeniiiosna B Touni
z = 0 mompu Te, mo ymoBu Komri-Pimana B 11iif TOYII BUKOHYIOTHC.

Bnpasa 3. losecrtu, 1o ymosu Kormi-Pimana B nosisipaiit cucremi KoopjiuHat
MaIOTh HACTYITHUH BULJIS)L:

ou B 1 0v ov 1 0u

or rdp’ or rop
Bupaga 4. a) Tosecru, 1110 ojiHo30a4Ha rijika jorapudva Lnz, sika Busnauena
B obsacti C, := C \{z : argz = a} dopmyiow Inz = In|z| 4+ iarg, z, je
a < arg, z < a+ 27, € aHaJITUIHOIO Y BKazaHiil 06J1acTi.
b) Hosecru, 1m0 ojiHO3HAYHA TliKa KOpeHs {/z, sika BusHadeHa B obsacri C,

dopmymnono (/z), = /|2 expi®Ee=, ¢ ananituuanoo y Brazamiit obmacti.
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2.4 lloH4TTd NMpo aHAJITHYHY (DYHKITIIO

Osnavenns 2.4.1 Oyukuis f(z), Busnauena B obsacri G, Ha3UBAETHCs aHAJII-
TUYHOIO B ITlif 00JIACTI, SIKIIO BOHA nudepentiiitoBaa B 06.HaCT1 (G, TobTo nuepen-
[Ii0BHA B KOXKHI# Touml gaHol objacti G.

Oynkiist f(z ) HA3WBAETHCS aHAJITUIHOIO B TOYIIl, STKIIO BOHA JinpepeHIIiiioBHA,
B JIEIKOMY OKOJII I[I€T TOUKHU.

3ayBakeHHd. TakuM 4MHOM, aHAJITUYHICTH (DYHKIIT 3aB2XK/) (M O3HAYAE 11 JIU-
bepeHnitoBHICTD B JiesiKiit 00J1aCTl, HABITH KOJIH HIeThCsl MOBa, IIPO aHAJITUIHICTD
y TOHII].

IMpuknaanm. 1) CDyHKL[i'l' e*, cosz Sin z aHaJITUYHI Y BCIi KOMTIJIEKCHIN TII0-
muni; 2) dbynknis f(z) = 22 + 9 mxlcbepeHLm/IOBHa y TOUKAX MPSIMOI y = T, ajie
He € aHAJITUIHOIO B »KOJHINA TOYTI.

BayBaxkeHHs. O3nadenns audepeH iifoBHOCT] (DYHKINT KOMIIEKCHOT 3MIHHOT
HIYKMM He BiJIPI3HAETHCs BiJl 03HAUeHHS JudepeniiitoBHocT (PyHKINT JICHOT 3MiH-
Hoi. Tomy 1 npaBujia gudepeHIioBaHHsl, 1110 BUILINBAIOTH 3 IILOI'0 O3HAUECHHS, Ta-
Ki 9K IpaBujia JUQEpeHIiioBaHHs CYMH, PI3HUIN, JO0OYTKY, YACTKHU, CYIIEepPIIO3UIL]
hyHKIII#, BiJIoMI 3 MaTeMaTUIHOIO aHaJII3y, 3aJUIIAI0TCI B CUJIIL 1 JIJIs aHAJITH-
JHUX DYHKILIA.

[ITupokuit Kjiac NpuKJIa/iB aHaJITUIHUX (PYHKIIIHE Jla€ TeopeMa 11po judepeH-
IIKOBHICTL CYMH CTEIEHEBOTO PsIIy.

Teopema 2.4.1 Cyma s(z) cmenenesozo pady

=3 ez — =) (2.4.1)

n=0

e Ppynruyicro dudepenuyitiosnoro 6 kpysi |z — zg| < R 3s6ioicnocmi yvoz0 psady.
Biavwe mozo, pad (2.4.1) mooicna dudepenyitosamu nowaenmo, mobmo

o0
= Z nea(z — 29)" Y,
n=1

a kpye 36iocnocmi npodudepenyitiosarnozo pady maxud oce, ax i pady (2.4.1).

loBeneHHs 11i€l TEOPEeMU € JIOCJIBHUM IIOBTOPEHHSAM JOBEJIEHHS BiJIOMOTO 3
MaTeMaTUIHOTO aHaJ3y aHaJiory 1€l TeopeMu Jijisd JIIHCHO3HAUYHUX CTeleHeBUX
psai. Kpim roro, y possiui 4 Oyje joBejieHo y3arajbHeHHs 1€l TeopeMu (JuB.
Teopemy 4.1.2).

Hacaigok 2.4.2 Cyma cmenenesozo pady € Gyurkyicro anasimuymnor 6 kpysi
30101CHOCI Ub020 PAJY.

Hacainok 2.4.3 Cyma cmenenesozo pady € wmeckinuenno Jdudepenyiiiosnoro
byrruicro 6 kpyai 30iCcHOCI UbO20 PAJY.
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N HaCTYITHOMY pOS,Z[lJIl Oyze JioBejieHa TeopeMa Teiijiopa mpo Te, 1o ﬂ;OBl.Hb—
Ha aHaJITUYHA B TOYIl (DYHKIsT JIOMYCKA€ TIPEJICTABICHHS B JIESTKOMY OKOJI1 III€]
TOYKKM CYMOIO CTEIEHEBOro psijiy. 3 1iiei TeopeMu i Hacijaky (2.4.3) BumimBag e
OJIHA BaXKJIMBAa, BJIACTUBICTH aHAJITUIHUX (DYHKITIA.

Hacainok 2.4.4 Qynkuia, anasimuina 6 0eaxitl 0baacmi, € Heckinwernno duge-
PEHULTLOBHOI0 6 Uil 00AaCTNI.

Hacryunnit npukiag) nokasye, mo nasirs neckinvenua judepentifiosnicrs jif-
CHO3HAHOI (PYHKILI B jlesikoMy 1HTepBaJll (—e, 5) JUFCHOT OCl 111e He € JI0CTaTHBOIO

JIJISL IPOJIOBXKEHHS 1i€l DYHKIT 10 aHaJITHIHOI B TouIi 2 = 0.
1

IMpukian. 3 maremaTudHOro anasizy Bijomo, 1o dyukiis f(z) = e =2 npu
x>01 f(xr) =0 upu x < 0 e HeckinuenHo JudepeHtiioBHow Ha jiifcHiil oc,
mpuaomy f#(0) = 0 s Beix k& € N. [Tokaxkemo, mo He icHye aHATITUIHOI B
touri z = 0 dbyuknii F(z), takol mo F(z) = f(x) B gedaxomy inrepsari (—¢,¢)
jiicaol oci. JliiicHo, sikOM Taka (yHKIIs icHyBaJia, 3a Teopemoro Teiijiopa BoHa,

(0.0}

Jomyckaaa 6 y JeakoMy oKoui Hymst |z| < § momamus F(z) = Y ¢,2". Moxna

BRAKATH, MO 0 < £ 1 Tomy f(x) = D c,x” s x € (=9,0). Aste, sik BijioMO,
n=0
nle, = f™(0), n = 0,1,2,.... Taxum uunom, f(z) = 0 aasg x € (—6,6), mwo

CyIIepeuYuTh O3HAUEHHIO f

2.5 T'apmoniuHi (yHKIII, 1X B3a€MO3B’430K 3 (PYHKIIAMUI
AHAJITUIHIMU

Oszuauennsa 2.5.1 [lilicnosnauna QpyHKIis u(x Y) JBOX JIHCHUX 3MIHHUX, BH-
snadena B obacti G C C, Ha3MBaEThCs FAPMOHIYHOIO B 1ii1 00s1acTi, SIKIIO BOHA
MAa€ HellepepBHi YacTUHHI OX1JHI JI0 JIPYyTroro HOPsiJIKY BKJIIOYHO B obmacri G i B
KOXKHIN Touri (z,y) manoi obsacti G BUKOHY€eThCs yMOBa Jlamraca:

*u  O%*u
Au = @—'_8_3/2 —0.

Omneparop Au HasmBaeThcsa omeparopoMm Jlammaca, abo jamiacianoMm QyHKIT
u(®, ). . | |

sl rapmoniuni B obiacri G hyukiil u(x,y) 1 v(x,y) HABUBAIOTHCS CHPSIKe-
HUMHU TapMOHIYHUMU B IIiii 00JIACTI, AKIO BCIOJHW B IIiii 00J1acTi BOHU IOB si3aHI
ymoBamu Korri-Pimana (2.3.2).

Teopema 2.5.1 (meopema npo 63aemo36’asox). Jaa anarimuunocmi Gynruyii
f(2) = u(z,y) + iv(z,y) 6 obaacmi G neobxidno i docmamnvo wob i diticna i
YAGHG aCTIUNL u(z,y) i v(x,y) Oysu cnpadcenumu 2apMOHIYHUMY HYHKYLAMU
6 uiti obaacmi.
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JoBenenns. /locrarHicTh 0/ipa3y BUILIMBAE 3 KpHUTEPisd ,Z[I/I(bepeHL[iﬁOBHOCTi
(2.3.1). Hiticno, sikmo dymxnii u(x, y) i v(z,y) € cnupsykennmu rapMoHiTHUMH, TO
BOHM, SIK PapMOHIYHI, MAIOTD HellepepBHI YacTHHHL NOXLHI, 1 Tomy judepeniiiios-
Hi. Kle TOTO, BOHNM MOB s13aH1 ymoBamu Kormi-PiMana, sk cripsizkeeni rapMOHITHI.
TakuM 9UHOM, BUKOHYIOTHCS yMOBU Kputepis nudepentiiiopaocti dbyukiii f(2).

Horegemo neoOxigricTs. dxmo bynkuis f(z) = u(x, y)+iv(x, y) anamitnana B
obsnacti G, 11 nmoxijiHy B JIOBLIBHIH TOUMI 2 0bstacTi G MOXKHa 3HAHTH 38 (HOPMYJI00
(2.3.3) kpurepis judepeniifioHocTi

f’(z)—a—u-l-i@—@—i@
Oxr Or Oy Oy’

Jle B IPYTiil piBHOCTI BpaxoBaHi TakoxK yMoBu Korri-Pimana.

Ockinbkn aragiTiara QyHKINST HECKIHIeHHO audepen iiitoBra, 11 moxigHa Ta-
KOXK € (DyHKIE aHaiTuaHo. A ToMy 1T jificHa Ta ysiBHA YaCTWHH OB si3aHl
ymoBamu Koii-Pimana. BukopucroByrouu mepiie, a 1oTiM JIPyre HpecTaB/IeHHS
auist moxiguol f(2) B dopmyai (2.5.1), orpumaemo i ymosu Kormi-Pivamna B 1Box
HACTYIIHUX (PopMax:

(2.5.1)

Pu v FPu P (25.2)
oz Oydx’ oydxr  Ox? o
1
2 2 2 2
0°v :_8u’ 8v:8u. (25.3)
0xdy Oy? Jdy?  Oxdy

Slkmo gyia f”(z) Bunucarn sei npefcrasienns (ix Oyse HoTupu), anasorivni Gpop-
mysaM (2.5.1), o Bei wacruimi noxijani 3 popmyi (2.5.2) 1 (2.5.3) 6yayTs girypan-
TaMu 1ux npeacrasienn. Tomy sei ni dacrunni noxigni i Takoxk dacTuHmi noxiji
3 cbopMyJH/I (2.5.1) € HenepepBHUMU. To;u 38 TEOPEMOIO FOnra 3mimani yacTuni
noxiyni ynkuii u B popmytax (2.5.2) 1 (2.5.3) pibui Mixk coboio i Tex came crocy-
€ThCe 3MIIAHUX YaCTHHHUX TOXLHUX GyHKIHD v. 3 1mporo sayBazemud i popmyr
(2.5.2) i (2.5.3) BUNIMBAIOTH HACTYITHI PIBHOCTI:

0u 0u 0*v 0%
Ox? oy’ ox2 Oy’
SIKI 03HAYAOTh, IO ¢ i i JI Ay =0
, mo dyHKOil ¥ 1 v 3a70BOLHIIOTL yMoBU Jlamnaca Au =
i A’v = 0. Orxke, 1 yHKHIT € rapMOHITHIMI. A ockinbKH pynxnii v 1 v e

,Z[lI/ICHOIO 1 y$IBHOIO Y9aCTUHOIO aHAJITHIHOL ¢yHKIIT f, BOHE 3a KpUTEpieM ;[H(be—
peHIiitoBHoCTI 110B’si3ani ymopamu Korri-Pimana. Takum annom, GyHKINT © i v €
CITPSI>KEHUMHU TaPMOHIIHUMH.

Teopema noBejieHa.

IIpuknazn. Ilokaxkemo, mo dbyuxmii u(x,y) = e cosz i v(zr,y) = —eYsinz €
CHPSPKEHNMI TAPMOHITHIMA. 3BUMARHO, 1¢ MOXKHA HepeBlpI/ITI/I 328 O3HATEHHSIM.
Aujte mabaraTo mpocTiiie CKOPUCTATHCS TEOPEMOIO PO B3a€MO3B’si30K. [j1st 11horo
jocuth josectu, mo dyukiis f(z) = u(z,y) + v(x,y) € ananirnano. Maemo

f(2) = €Y cosz—ie’ sinz = e¥(cosx—isinz) = ele ™ = ¥ = 7T — g7iz
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O‘{eBI/I,ZLHO byukiis f(z) = e™'* € aHAJITHIHOIO, & TOMY 3a T€OPEMOIO PO B3ae-
Mo3B’s130k ynknii u(z,y) i v(z,y) rapmoniuno cupsixkeni.

Bupasa. Jlosecrn, mo sxino dynxuii u(x,y) i v(z,y) € rapmoniuno cupsixe-
HAMH, TO 1 DyHKIT —v(m y) 1 u(x,y) TaKOXK TAPMOHITHO CIIPSIKEHI.

2.6 3agada BiJHOBJIEHHH aHAJITHYHOI (DYHKITIT

Hacrynna 3ajaua BiJirpae BaXXJIUBY POJib B 6araTbox MUTAHHSIX MaTEeMaTUKN
Ta 11 3aCTOCYBaHb.

Bamaya BigHOBJIEeHHS. B 010038 s13Hiit obacti G 3aana rapMoHivdHa DyH-
KIist. SHAlTH aHajiTU4dHYy B 1iif oOjacTi (pyHKIO, sika Mae 3ajiaHy rapMOHIYHY
(DYHKII0 CBOEIO IHCHOIO (00 YSIBHOI YACTHHOIW).

3rijHo 3 TeopeMoro 2.5.1 Ipo B3aE€MO3B SI30K PO3B’si3aHHs 1€l 3a1a4l BlJIHOB-
JleHHs aHaiTaHOl (DYHKIIT 32 1T JificHoI0 (260 YSIBHO) YaCTHHOO 3BOJUTHCS JIO
3HaXO/PKeHHs B 00s1acTi G (DyHKIIIT, rapMOHIYHO CHPSIXKEHOT J10 3a/[aH0T rapMOHi-
qHOT (PYHKITI.

3ayBa>KeHHﬂ 3a Ti€o K TEOPEMOIO IIPO B3a€MO3B 30K HEOOXIIHOIO yMOBOIO
ICHYBaHHsT PO3B’sI3KY JTaHOI 3a,zgaq1 € rapMOHIYHICTH 3a/1aH01 (pyHKIILLI.

HOK&)KGMO 10 B OJHO3’A13HOT O0JIACTI 151 yMOBa 1 JOCTATHS /151 1CHYBaHHs1
PO3B’sI3Ky 3a/ia4l BIAHOBJIEHH:. [ljist jl0BejleH s 1boro (akTy HaM MOTpIOHI Ha-
CTYNTHI O3HAYEHHS 1 TeopeMa 3 Kypcy MaTeMaTHIHOIO aHaJIi3y.

Osnauvenns 2.6.1 [Tudepeniianbua dhopma P(x,y)dx + Q(z, y)dy nasusaerbes
nopuumM judepenttianom bynkuii s(z,y) B odaacri G, axumo na bynkuis s(x, y)
nudepenitiioBaa B objacti G 1 BCcioji B 11iit 00J1acTi BUKOHYIOTHCS PIBHOCTI

0 0
5= Py, 5 =0y,

Teopema 2.6.1 Jlaa mozo wob dugepenuyiarvra gopma P(a: y)dr + Q(x,y)dy
byaa nosrwum dugpepenuianom Gyrruii s(x Y) 6 001036 a3nit obaacmi G neobwi-
OHo 1 AoCamnbo BUKOHAHMA HACTYAHOT YMOBU 6 Uil 00AGCTI

orP 0
m = a—g : (2.6.1)
IIpu suxonanni yiei ymosu dynruia s(x,y) donycrae npedcmasienns y 6uzaidi
(z,y)
s(z,y) = / P(z,y)dz + Q(z,y)dy + C,
(zo,y0)

a KPUBOMHITHUL THME2PAA Y UbOMY NPEICMaBAeHH] He 3aeAHCUMb 610 KpPusoi,
wo 3’ednye mouku (xg,yo) ma (x,y) i seocumo 6 obaracmi G.

3 Teopemu 2.6.1 BxKe HEBaXKKO BUBECTU PO3B’3HICTD 3a/1a4i BijiHOBIeHHs. Bona
€ HACJIJIKOM HACTYIHOI TEOPEMHU.
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Teopema 2.6.2 /J[ia 6ydo-akoi zapmoniunoi 6 00m036 asniti ooaacmi G- dymmyii
u(x,y) icnye cnpasicena 2apmoniuna Gynryia v(x,y), wo donyckae npedcmasie-
HHA Y 6ULAA0I
(z,) p p
u u
v(r,y) = ——dx + —dy + C, 2.6.2
@)= [ G+ 5y 262)

(70,y0)

a KPUBOMMHITHUT THME2PAs Y UbOMY NPEICmasieHHl He 3aieHCUMb 610 KPusoi,
wo 3’cdnye mouku (To,yo) ma (x,y) i aescumo 6 obaacmi G.

HoBenenns. CrouaTky IepeKoHaeMOocs, 110 Judepeniiaibia popmMa 1111 3Ha-
KoM 1HTerpasy B opmyii (2.6.2) € mosaum audepeniianom. st 1poro 3rigHo 3
TeopemMoio 2.6.1 jocuthb, 11100 151 popma 3a/10BoJibHsIA yMOBY 2.6.1 11i€l Teopemu,

TOOTO
o (Lowy_ o (o
oy\ 0Oy) 0x\oz/)’

st yMOBa (Au = 0) Bukonyerbesi B obsacti G OCKiIbKY 3ajjana DyHKINA U €
PapMOHIYHOIO B ILIif obJsiacti. Tomy 3a Teopemoro 2.6.1 (i)yHKLuﬂ U € NOBHUM Jiude-
pertiasom gudepentiaabaol Gopmu 3 hopmysu (2.6.2) i 3a 03HATEHHIM TOBHOTO
JudepeHIliagy BUKOHYIOThCS PIBHOCTI

oo ou oo
or Oy’ oy Oz’

To06TO pyHKINT © 1 v no’a3ani ymoBamu Kormi-Pimana. Kpim Toro, 1i ¢gynkiii
;LﬂcbepeHLuI/IOBHl TaK sk (PYHKIS % rapMoHivHa, a (PYHKIId U € [MOBHUM Jiude-
perniazom. Orxe, nia dyuxil f(2) = u(z,y) + iv(x,y) BUKOHYIOTbCA yMOBHU
KpUTepist ﬂ;I/I(bepeHIJ;II/IOBHOCTl 2.3.1 1 Bona € ,B;H(bepeHHH/IOBHOIO Toni 3a Teope-
MOIO TTPO B3a€MO3B’ 130K 2.5.1 pyHIIT © 1 v cripsi>keHi TapMOHIYHI.

Teopema jioBejieHa.

3ayBaxkeHH4. [Ipu poss’sizanni 3aa4l BIJIHOBJICHHSI 1 3HAXOJ2KEHHSI CIIPSI2KE-
HOI rapMOHIYHOI (PYHKIIIT MOXKHA TaKOXK CKopucrarucs ymoBamu Kormi-Pivana.

IIpuknan. 3uaiitu anaxituany dysaknio [ = u(z,y) + iv(x,y) i3 3amaHon0
ysiBHOIO dacTuHOo Imf(z) = y + e” cosy.

Cnovarky rnepekoHaemocst B icHysanni Taxkol dynkiil. Heobxijgnoro (i jgocra-
THBOIO) YMOBOIO JIJIST ITOTO € TapMOHIUHICTh DYHKIHT v(x,y) = y + €” cosy. Ile-
peBipuMoO 1110 yMOBY. Maemo

v v o ov? .
I — = € Ccos — = —e cosy . (2.6.3
Otrxe, BCl gacTuHHI TOXiAHI DyHKIT v(X, ) J10 JIPyTOro MOP:AJIKY BKJIIOYHO, fK
Ti 1o dirypyoTh B cbopMyﬂaX (2.6.3), mak 1 jBi 3mimaHi, MO BiJACYTHI B HUX,
OUYEBUJIHO, € HEIIEPEPBHUMM 1 BUKOHYETHCH Y MOB2 Jlartaca, AU = 0. Takum guHOM,
bynKIisa v(a: Y) € TapMOHITHOI 1 TOMY 3aJlaua BiHOBJICHHST DO3B’sI3HA.
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st 3Hax0zKeHHs 11 po3B’a3Ky 00UMCJIUMO (DYHKIIIO, CIPS2KEHY J0 (DYyHKIT
v(z,y). Jas nporo ckopucraraemocst ymosamu Kormi-Pimana i pesyiasraramu 06-
aucsens (2.6.3). Maemo

ou Ov . .
= —=1—e€"siny.

or Oy
3BijicH, IHTErPYIOUN 38 3MIHHOIO X, OTPIMAEMO
u(z,y) =z —e"siny + C(y) .

st sraxomkenss dbyukiii C(y) migcraBumo 3uaiiieny Gyukmio u(x,y) i Bimomy
byukuio v(z,y) B gpyry ymoy Koui-Pimana g—Z gx Marumemo

—e" cosy + C'(y) = —€" cosy .
Takum uunom, C(y) = C, u(z,y) =z — e"siny + C' i

f(z2) =2 —¢e"siny +C +i(y+e“cosy) =z +ie” +C, C cR.

2.7 T'eomeTpuyHMiT 3MICT apryMeHTa i MO/JTIyJisd TTOXiHOI

Feomerpuani iractusocri hyukuii w = f (z) KOMIL/JICKCHOI 3MIHHOT BUBYAIOTHCs
nacTynuuM qunom. Ha KOMHJIGKCH]I/I IUIONIMH] aPTYMEHTIB 2 3a/Ial0Th KPUBY 7
1 3HaxondaThL 11 06pas ' upu Bimobpazkenui (byHKme}o w = f (z) Ha ILJIOMIKHI
3HaveHb w. Koxkna pyHKIlisl Mae XxapakTepHe ciMeilcTBO KpuBUX 11X oOpasiB. Taki
napu CIMEHCTB 1 € reOMerpuiHO0 XapaKTepUCTUKOW BioOpaxenb yHKILsMU
KOMILJIEKCHOI 3MIHHOI. B Takmx NHUTaHHSIX BaXKJIMBO 3HATH T€OMETPUUHUI CEHC
sesmaun Argf'(z) i |f'(2)].

Hexait dynkiis f(z) andepentiiiioaa B Touri zg, npudomy f'(zg) # 0 (%).

Posryisinemo kpuBy 7y, 1110 3aj1aerhesi pisasinasiM 2z = 2(t), a < t < 3, 1 upo-
XO/UTh vepe3 TouKy zg = z(ty), to € (a, B), upuuomy. z'(ty) # 0. Feomerpuuno
OCTaHHsI yMOBa O3HAUYAE, MO KpUBa Y B TOUIl 2 = z(ty) Mae joruuny. Yepes 6
MO3HAYUMO KYT, 1[0 YTBOPIOE JIOTUIHA JO KPUBOI 7y B TOUIN Zg 3 JIOJATHUM Ha-
npsimkom oci aberce. Toui € = Argz’ ().

Hexaii 7' — 06pa3 kpusoi 7y upu Bijgobpakenni dyukiieo w = f(z). [i piBusinus
mae Buryisi w = f(2(t)), t € («, 8). 3a upaBuiom JudepeHiiroBalts Cynepio-
surii Gyukmiit w'(ty) = f’(zo?z’(to) i 3a ymoBHu (x) kpusa 7' rouri wy = f(2o)
TaKOXK Mae JorudHy. depes € mosHaumMo KyT, 1O YTBOPIOE JIOTUIHA JIO KPUBOI
~' B TOUII Wy 3 JOJATHAM HANPAMKOM oci abciuee. Tosi

0" = Argw'(ty) = Argf'(20) + Arg2'(to) = 6 + Argf'(20) - (2.7.1)

Osnadvenns 2.7.1 Kyr 6/ — 0 nasupaerncst KyToM HOBOPOTY KPUBOI Y B TOUL 2
npu Bijobpaxken#i dyukiieo w = f(z).
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[HIIuMu cjioBaM#, KyTOM IIOBOPOTY KPHUBOI 7Y B TOUIN Zy HIpPH BiJOOparkeHHl
0
(byHKLuefo f ( ) HA3WBAETHCS KyT, HA KW TTOBEPTAETHCA JOTUYUHA JIO KPUBOI Y B
TOUIIL 2, IPH B1ﬂ06pa}KeHHl €0 (PyHKIIEO.
3 1poro o3nadeHHs i popmyan (2.7.1) BUILJINBAE HACTYIIHE TBEPJKEHHS, IO
BUPaXkKae TeOMETPUIHNN CEeHC apryMeHTy MOXiTHOI.

Teepmxenns 2.7.1 Jlaa eidobpasicenna, wo sadosorvnac ymosy (x), apey-
menm noxidnot f'(zg) dopisnioe kymosi nosopomy KPUBOT Y 6 MOuyl Zg NPu 610-
obpasicenni dynruicro f(z), moomo Argf'(z)) =60 — 0.

3 1bOro TBEPXKEHHSI 0JIpa3y BUILIMBAIOTL TaKi HACIIIKY.

Hacainok 1. [lng sijo6pazkenns, o 3a/J0BOJbHIE YMOBY (%), KyT IOBOPOTY
KPUBOI 7 B TOUILI Zy HE 3aJEXKWUTh Bijl BUOOPY KPUBOI, 1O IIPOXOANTH YepPe3 IO
TOUKY.

[HImIIMHU cj10BaMu, BCI KPUBI, IO IPOXOAATH Uepe3 TOUKY 2z, BiIOOparKeHHsIM,
110 3a/I0BOJILHSIE YMOBY (%), TIOBEPTAIOTHCST HA OJIUH 1 TO¥ XKe KYT.

Hacainok 2. Bijobpaxenns dyuxiieo f(z), mo sajosoibhse ymMmoBy (%),
sbepirae KyTH MiK KpUBUMH, TOOTO KyT MK KPUBUMH i 1 Y2, IO HPOXOJSTE
Hepes TOUKY 2 JIOpiBHIOE KyTOBI MiK X obpaszamu f (’yl) f(72)-

Tenep 3’s1cyeMO T€OMETPUIHUNA CEHC MOIYJIST TOXIIHOI.

Osnauennsa 2.7.2 Koedinienrom k., jniniitnoro pozrary sijjodpazkenns QyHKIL-
€0 w = f(2) B TOUII 2( Y3/I0BXK KPUBOI Y HA3UBAETHCS BEJMINHA

Af|

Az—0,zg+Az€Ey |AZ‘

ky =

3po3ymino, mo Jst BiioOpazkenHst (pyHKILEIO, 1O 33/l0BOJIBHSIE yMOBY (%),
BUKOHYETLCSI PIBHICTD

|f'(20)| = ky =k . (2.7.2)

3 piBHOCTI (2.7.2) BUTIMBAE HACTYTIHE TBEPJZKEHHSI.

TBepmkenns 2.7.2 Jlaa eidobpasicenns pynruyicto, w0 3a006040HAE ymosy (%),
Mmodyav noxionoi | f'(z0)| 6 mouui zy dopienroe %oe(ﬁzuzenmoez k ainitnozo pos-
mazy eidobpasicenna Pynruiero w = f(2) 6 mouyi zy i yel xoediuienm ne 3ane-
orcumo 610 6UOOPY KPUBOD, W0 NPOTOIUMD “epe3 MoKy 2.

Y 1poMy pasl TOBOPATE, II0 Bi,u06pa>KeHHH dbyukiiero w = f(z) mae cramit
KOE(IIIENT JIHIHOIO PO3TAry B TOUIL 2o y Oy/b-SKOMY HANPAMKY.

IMpuknazmg 1. Posrusinemo Bijobpaxkenns Jiiniitnoo dynkiieo f(z) = az + b.
Tak sik f'(2) = a juig JOBLIBHOIO 2, TO 3riJ[HO 3 TEOMETPUYHUM 3MICTOM ap-
I'YMEHTa 1 MOJYJsI IOXIAHOI, BiJOOpaxKeHHs w = az 3JIICHIOE JIBa MEePeTBOPEH-
Hsi: 1) TOBOPOT Oy/Ib-sIKOTO BEKTOpA HA KyT arga i 2) po3rsr Oyjib-sKOrO BEKTO-
pa B |a| pasiB. A ockijbKH omepariisi J0/laBaHHsT KOMIJIEKCHUX IHCeJT 3/1HCHIOE
ThCs 3 TIPABUJIOM JIOJ@BaHHSI BEKTOPIB, 1110 1X 300paKyl0Th, TO JiiHifHA (PyHKILIs
f(2) = az + b, kpim nuX JABOX MEPETBOPEHb TIe 3/HCHIOE TapaebHUil 3CyB Ha
BEKTOpP b

Takum auHOM, JiHIfIHA (DYHKIIIA 31HCHIOE IIePETBOPEHHS 1TO10HOCTI.
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Ipuknan 2. Yu icnye sinifina dbynkuis f(z) = az + b, aka sijgobpaxae
TPUKYTHUK 3 Bepimuamu B Toukax 0,2, i Ha TPUKYTHUK 3 BEPHIMHAMY B TOUKAX
1, —31, 2 + 17 dxmo ichye, 3uaiiTn ii.

Posp’st3anng. OueBujHO, 10 BKa3aHI TPUKYTHUKK momioHI. Tomy 3rigHo 3
IOIIEpEIHIM NPUKJIAJIOM TakKa JiiHifiHa (yHKIA icHye. ZlcHOo, 1o mykaHa (QyH-
KI[isl TMOBWHHA 3IACHUTH HACTYITHI TTepeTBOPEHHs: 1) moBopoT Ha KyT —7/4, 2)
posTsr B 2 pasu, 3) napaJesbHUi 3cyB Ha BeKTOp 4. JlJisi 1bOro 3rijiHo 3 mo-
HepejiHiM puK/IaJaoM noTpibHo 1mob arga = —7/4, la| = 2, b = i. Orxe,

a = 2(cos(—m/4) +isin(—m/4)) = V2(1 — i) i f(2) = V2(1 —4)z +i.
ITousTTs mpo KoHdOPMHE BiJIOOPaXKEHHS.

Osznavenns 2.7.3 Binobpaxenus dyukiieo w = f(z) nazupaerbes kondopm-
HEM B TOUI[l 2, #AKIIO BOHO 36ep1rae KyTH MK KPUBUMH, IO MPOXOJATD “epes
I[}0 TOUKY 1 Ma€ cTajnit KoedillieHT JIHIHHOrO PO3TATY B Iiif TOYI Y Oy/Ih-STKOMY
HAIIPSIMKY.

3 1bOTO O3HAYUEHHS, HACTLIKY 2 TBep/xKeHHs 2.7.1 1 TBepKeHHs 2.7.2 BUILIN-
Ba€ JIOCTATHsI YMOBa KOH(OPMHOCTI B TOYII].

TBepmxkenns 2.7.3 Bidobpaoscenns dynruyicto, wo 3adososvnae ymosy (), €
KOHPOPMHUM 68 TOYUL 2.

3’s1cyeMO TeOMEeTPUIHNN CeHC KOH(DOPMHOIO BiJIOOparKeHHsI, 0 38,/ [0BOJILHSIE
yMoBY (x), st 11b0r0 3ayBarknmo, 1Mo Take Bi1oOpaXKeHHs: B MAJIOMY OKOJI TOUKH
2o JIOIYCKa€ HACTYIIHE IPeJICTaBICHHA

f(z) = f(z0) + f(2)Az + o(Az), (2.7.3)

3rizmo 3 mpukaagoM 1 Bimobpaxkenus miniitnoio dyukmieo f(zy) + f'(2)Az €
nepeTBopeHHsIM nojibHocTi. Takum anroM, 3 (2.7.3) BuIinBaE, 10 B MAJIOMY OKOJT
TOYKH 2 epeTBOpeHHst GPyHKIEW f(2) 3 TOUHICTIO JI0 HECKIHIEHHO MAJTUX OLIbII
BHUCOKOI'O TIOPAJIKY HI>K Az € nepeTBOPEeHHsIM 1TOAi0HOCTI.

Osnauenns 2.7.4 Binobpaxenns w = f (z) HABUBAETHCS OJTHOJUCTUM B 00J1ACTI
GG, K10 Oy/JIb-sIKY [apy 21, 22 PI3HUX TOYOK oOsacTi G BOHO HMEPEeBOUTH Y Hapy
pi3HUX 0Opa3ziB.

[HiuMu coioBamu, ojHosIMCTe Bijobpaxenns w = f(z) — ne Glekilis MHOXKUHU
G ua f(G). Orxke, 1J1st OMHONUCTOTO BiIOOpayKeHHsT iCHY€e 0bepHeHe Bi1oOparkeHHsT

1 f(G)—aG.

Oznavenns 2.7.5 Binobpaxkenns w = f(z) HasuBaeTbcst KOHGOPMHUM B 06JIa-
cti (G, SIKIIO BOHO OJHOJIACTE B ITiii obJsiacTi 1 KondopMHe B KOXKHIMA 1T ToqI.

3ayBaxkeHHd. BijjobpazkeHHsi MoxKe OyTu KOH(MOPMHUM B KOXKHiil TOYIIl 00J1a-
cTi, ajie He KOH(POPMHUM B 06ﬂaCTi [Tpukiiajiom Takoro BijlobparkenHs € Bijodbpa-
xenns dynxuieo f(z) = 22 B obnacti {z : 0 < |2| < 1}. 3a TBepxenuam 2.7.3
BOHO KOH(OPMHE B IIiif 00J1acTi, aje, 09eBUHO, HE € OJIHOJUCTUAM.
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Pozaia 3

Teopisa inTerpaay Kori

3.1 Kpusoainiiinuii inTerpaJ

Hexait v— cnpsmiioBaHa KpuBa, TOOTO TaKa KpHUBa, JJIA AKOI MHOYKUHA JIOB-
JKHH YCIX BIUCAHMX B Hel JJaMaHuX oOMerkeHa. [Ipu 1boMy TOUHA BEPXHS MEXKa
i€l MHOYKUHW HA3WBAETHCA JIOKUHOIO KPUBOI 7.

Hexait na kpusiit 3aana dynkiis f(z).

PosrngneMo po3Tun KpUBOI Y Ha JIYTH Vi, V2,..., Vp TOUKAMU 20, 21, 292,---2n,
Jle Zp— IOYaTOK, a 2z,— KiHelb KpuBol 7. Yepes [, k = 1,2,...,n, m03HaAYUMO

JIOBKUHY JYTH Y 1 MOKIaieMo Ly, := mI?x [r. Ha xoxxHiit j1y3i v 00epeMo TOUKY
1<k<n

&k 1 yrBOpuMO iHTerpasbuy cymy S, = > f(&k)(zk — zk—1)-
k=1

Ao icHye ckindenna rpanuis lim S, nprudoMy BOHa HE 3aJ€KUThH BiJ| BUOO-
L

n

Py TOYOK & € Vg, TO I TPAHUIS HABUBAETHCS 1IHTEIPAJIOM f f(2)dz Bin dyukmii
%
f(2) y3p0Bxk KpuBoi ¥, TOOTO

n

/ f(2)dz = Lligloz F(&) (2 — 2-1), (3.1.1)

k=1

a cama byHKIist f(z) HA3UBAETHCST IHTETPOBHOK Y3/I0BXK KPUBOI 7.

Teopema 3.1.1 fdrxwo dynwuia f(z) menepepena na cnpamarosanit kpusid -,
mo 60Ha THMe2posHa Y3dosotc uici kpueoi. Biavue mozo,

/f(z)dz = / [u(z,y)de — v(x,y)dy] —|—i/ [v(x,y)dr + u(x,y)dy]. (3.1.2)

oBengenns. Bujinmmo B iHTerpabHiii cymi S, aiiicHy i ysaBHy dactunu. He-
xait f(z) = u(z,y) +w(z,y), Az, i= 2 — 21 = Az + 1Ay, & = oy + 165
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Toui

3

n

Sp= Y f(&)Az =Y [ulax, Br) + iv(aw, B)] (Axy + iAyy) =
k=1 k=1

n n
= [u(cn, Be) Aag — v(on, Br) Ayr] + Y _ [v(c, Be) Az + (o, Br) Ayl
k=1 k=1
Omxe, mivicna ReS,, i yssra Im.S,, vacruan cymn S, € iHTerpajbHUMKA CyMaMn
JUISI HACTYITHUX JIBOX 1HTETPaJiiB

/ [u(, y)dx — v(x,y)dy], / w(z,y)dz + u(z, y)dy

sianosigno. i inrerpasn, sk BiJoMO 3 Kypcy MaTeMaTHUHOTO aHasisy, 3a ymMOB
JIQHOT TeOpeMH ICHYIOTh, TOMY 110 Yy HKIIT v(z,y) i u(z,y) nenepepsni, sx jificna i
ysisHa vacruny nenepepsuol dynkudl f(2). Takum qunom, uepexojsun 10 rpatun
B PIBHOCTI JIJIst IHTErpaJbHOl cyMu S, OTpUMyeMO piBHicTh (3.1.2).

Teopema nopejieHa.

BaysaxenHs. 3 dopmyin (3.1. 2) BUILINBAE, 110 BCl BIACTUBOCTI KpUBOJIHIT-
HUX IHTErpasliB 3 IPaBoOi YaCTUHM LI€T cbopMme BijoMi 3 Kypcy MaTEMaTUIHOIO
aHaJ/Ii3y, MaloTh Micne 1 st KpuBosiniiinux inrerpanis [ f(z)dz.

v
Anagoriuno (3.1.1) BBoguTbea interpan [ f(z)|dz|, sk rpannmng inTerpanbuux
Y

n
cym Y f(&k)|2k — zK—1] (sKIIO BOHA icHYE, CKiHYEHHA, 1 He 3aJIeXKUTH Bl BUOOPY
k=1
1090k ). Axio dyukuist f(z) aificnosnauna, neil iHTerpas 30iraeThest 3 BiJO-
MUM 13 KypPCy MaTeMaTUuIHOTO aHaJi3y KPUBOJIHIMHUM IHTETPAJIOM TIEePITIOTO POJLY.
30KpeMa, Ma€ Miclie piBHICTD

/|dz| — (), (3.1.3)

ne 1(7y) = joBxkuHa KPUBOI Y. 3a3HAUUMO, 1110

/ F(2)d| < / £(2)]ldz.

st HepiBHICTD OJ[pa3y BUILIMBAE 3 HEPIBHOCTI

D)z — 2| < ) 1@z — 2]

JUTST BIJIMTOBTHAX IHTErPAJILHUX CYM 3a JIONOMOTOI0 TPAHMIHOTO TTEPEXOTY.
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Teopema 3.1.2 (fopmyaa daa obuucrennsa %pueo./mmunoao mmeapa,ﬂy) Hrugo
dynruia f(z) menepepena na Kycko60-24a0KIt KPuGit 7y, wo 3adana PieHANHAM

z=2z(t), t € o, B], mo
g
/f(z)dz:/f(z(t))z'(t)dt. (3.1.4)

HoBenenns. Hexait z(t) = z(t) 4+ y(t). SacrocoBytoun pisuicTh (3.1.2) i 06-
YUCIIOI0YN 1HTEerpaJyd B IpaBlif YacTUHI 1€l PIBHOCTI 3a JOTOMOIOI0 BIJIOMUX 3
KYyPCY MaTeMaTUIHOrOo aHaJsizy (popMyJ, MaTUMEMO

/f )dz —/[u z,y)dr — v(z,y)dy] —I—z/[v($,y)dx—|—u(x,y)dy] =

v

B
/ V! (£)dt — v(a(t), y()y (£)de] +

B

i [ (a0, g0 Ot + u(a(t),y(2)y ()] = /f

(67

Teopema noBejieHa.
Ipukaazn 1. O6uncoutn [ (2 — a)"dz, n € Z. [lapavMTpuune piBHSHH
|z—al|=r
Kosa |z — a| = r mae Bug 2(t) = a + re”', t € [0,2x]. Toni 3a dbopmymowo (3.1.4)
MAaEMO

2w
n + 1 ) )
|z—a|=r 0
2w
/ (z —a)"dz = ir"t! / Dt = omi, no= —1.
|z—a|=r 0

IIpuknan 2. O6unciauTu fz”dz, ., n €74, n# —1, 1e Yy— KyCKOBO-TJIaJKa,

N
KpuBa 3 piBHAHHAM 2 = 2(t), t € [, B]. 3a dopmymnomo (3.1.4) maemo

B B
/ Ty — / (1)< (£ = i 1 / ()] dt = %H 21(8) — 2 (a)] .

vy Q@ @

3okpema, st 3aMKHYTOI KPUBOI y T1eii inTerpaJ jopismHioe 0.
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3.2 IaTerpaapHa Teopema Komri

Opna 3 HaWBaXKJIMBIIKMX BJIACTUBOCTEH aHAMITUIHUX (DYHKINNH BUPAYKAETHCS
HaCTYIHOIO TeopeMoto. Ilizuie Oyjie 3’sicoBaHO, 110 15l BJIACTUBICTH € XapaKTe-
puctuaHoio (7uB. Teopemy 3.6.5).

Teopema 3.2.1 (Kowii). Hrwgo pynryia f( ) anarimuuna 6 00H036 A3NIT 00.4a-
cmi G C C, mo daa 6ydv aAxoi 3amkHymoi cnpamaosanoi kpuecoi v C G euko-

HYEMbCA PIGHICT
/f(z)dz = 0. (3.2.1)
Y

Hapenene auzkde moBefieHH 1€l TEOpEMHU HAJEXKHATH ITOJHCKOMY MaTeMaTUKY
['ypca. LenTpaapbnoio 9acTHHOIO IHOTO JIOBEIeHHs € HACTYIIHa JeMa.

Jlema 3.2.2 (Kowi-Typca). 3a ymos meopemu Kowi mae micye pisnicmo

JECCE
0A

de inmeepan bepemuves Y30091¢ MEHCT D0BIADHO20 MPUKYMHUKG [N, U0 MICTU-
muca 6 obaacmi G.

HoBenenns jemu. lIpunycrumo cynporusne: icaye TpukyTHUK A C G, s

SKOIO
/f(z)dz =M > 0.
0A

Posginumo TpukyTHHK A cepeHIME JIHISIME Ha YOTHPH MEHIINX TPUKYTHHKA A’

1 =1,...,4. dcno, mo
/fM—Z/f

Tomy cepen TpuxytHukis A, i = 1,...,4, 3HailjeTbca TaKuii (mosHaUMMO #i0ro
Ay), mo

p(AI) = M:

M
4’ 2

IBCEE

ne cumBosioM p(A) mosHaveHo nepumerp TpUKyTHUKA A,
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TpukyTHuK A1 3HOBY PO3ILIMMO CEPEIHIMI JTIHISIMHI Ha IOTUPU MEHIINX TPHU-
kyranka A}, ¢ =1,...,4. dcno, 1o

Jromx o

Tomy cepen tpukyrhukis A}, i = 1,...,4, 3HaiigeTbcs Takuii (MO3HAYUMO HOTO
Ay), mo

IIpoosxkyroun Taki MipKyBaHHS, OTPUMAEMO TTOCTIIOBHICTh BKJIAJEHUX TPU-
KyTHUKIB

GOADAIDAD...DA,D ...,

TaKMUX 1110

/f(Z)dz Z%, p(A,) =20 (3.2.2)

3a IPUHIMIIOM BKJIaJICHUX KOMIIAKTIB, JllaMeTPHU SIKUX MPAMYIOTH JIO HYJIs, ICHY€
(0.9]

rouka 29 € [) A, Toui zp € G, a ockinbku dyukuist f audepenuiitoBua B
n=1
obnacti G, To myst Oynb-sikoro € > 0 icuye take 0 > 0, 1m0 JJ1s1 JOBLIBHOI TOUKK

z € B(zo, 5) BUKOHYETHCsI HEPIBHICTD

f(z) = f(=%)

Z — 20

— f/(Z()) < E.

[HIMME clioBaMuU, SIKINO MU O3HAYMMO BUPA3 IiJ 3HAKOM MOJLyJisi uepes a(z), To
byukuis f(z) jonyckae 1o/ janHs

f(z) = f(z0) + ['(20)(2 — 20) + a(2) (2 — 20), (3.2.3)

NPHYIOMY BUKOHYEThCs HepinicTs [a(z)] < & mns 2 € Bz, 9).

Tak sik p(A,,) — 0, upuuomy Bci TpukyTHUKM A, MICTSATH TOUKY Zg, TO iCHY€E
Takuii TpukyTHUK, 1m0 A, C B(z,0). dasg TOU0K 2z MBOro TPUKYTHUKA BUKO-
HyeThCst HepiBHICTD |a(z)| < €. IIpoinTerpyemo piBaicTs (3.2.3) y3/70BXK rpaHuUii
1bOro TpuKyTHHUKA A,,. Marnmemo

/ f(z)dz = f(20) / dz + f'(z) /(Z — 20)dz + / a(2)(z — 20)dz,
A,

0A, 0A, oA,
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[lepmi Ba iHTerpau 3 MpaBol YaCTUHU Ii€l PIBHOCTI JTOPIBHIOIOTH HYJIIO 3TiJIHO 3
npukJiajiom 2 posuity 3.1. Tomy

[ 51z = [ @)z - e
oA, IA,,

OueBu/iHO, st TOUOK 2 € A, Mae Mictie HepiBHICTD |z—2¢| < p(4A,). BpaxoByoun
Takok (3.2.2) 1 mepiBmicts |a(2)| < € st TOUOK 2 € A,,, OTPEMYEMO OIIHKY

% < /f(z)dz <ep(Ay,) / dz| = e p*(Ay) :5%.

8A7,, aAn

Orxe, aust Gyab-saxoro € > 0 maemo oninky M < ep?(A), mo cynepednts
npunyienasio M > 0.

Jlema moBejieHa.

JlomomMi>kHi TBepI>KEHHS JJid d0BeaeHHs Teopemu Kormri.

Jlema 3.2.3 (letine-Bopeas). 3 6ydv-akozo sidkpumozo nokpumma (mobmo no-
Kpummas 6i0Kpumumy muoscunamu) xomnaxmuoi muoocunuy A C C moocna
6ULAUMU CKIHYEHHE NIONOKPUMMA.

JloBeaeHHS. HpI/IHyCTI/IMO CYIPOTHUBHE: ICHY€ BIIKPHUTE HOKPHTTS P={G.}a
MHOXKHHI A, fIKe He MICTUTDH CKIHYeHHOro mAnokpuTTsa. OcKijibKu MHOXKHHA A €
KOMITAKTHOIO, BOHA, OOMEXKEeHa, a TOMY MICTUTHCs B JIesiKOMy KBaJjipaTi K 31 cTropo-
HaMU 1apaJiejibHuMu BicsiM koopjiuHat. Po3ib’emo kBajipar K Ha 4oTupu PiBHUX
KBaJ[paTh. 3ri[HO 3 MPUIMYIIEHHSIM JJTsT OJIHOTO 3 THX YOTHPHOX KBAJIPaTiB (Io-
sHaunMo ioro depes Ki) muokuna A() Kj He Mae CKiHYEHHOTO MiIMTOKPUTTSI.
Leit xBagpar K7 3HO0By po3ib’eMO Ha 9OTHpPM PIBHWX KBaJpaTw. 3TiAHO 3 MPH-
MYIIEHHSAM JIJIsi OJIHOTO 3 [MX YOTMPHOX KBajparis (1o3HauuMo #oro depes Ko)
vuoxuaa A () Ky He Mae CKIHIeHHOTO TITOKPUTTSI. Hpo;LOBH{y}qu Takl MIpKYy-

BaHHS, OTPUMAaEMO IMOCJILIOBHICTL KBajgpaTiB K DO Ky D Ky D ... D K,, D ...,
JUAMETPHU SIKMX NPSMYIOTh 10 HyJIs, TPUIOMY YL MHOXKHUHU A = AN K, ue
ICHY€ CKIHYEHHOI'O MiIITOKPUATTSI.
o0
3a MPUHIUIIOM BKJIAJCHUX KOMIAKTIB icHye Touka a € (| A,. La touka zg
n=1

MOKPUBAETHCsT JIeTKUM ejieMeHToM G, TokpuTTst P. Ajte, OCKIJIbKY JliaMeTpn MHO-
KuH A, UPsAMyIOTH JI0 HYyJIsI 1 BCl MHOXKHUHU A, MICTITb TOUYKY 2, ICHYE Take n,
mo A, C G. lle ozuagag, mo MHOXKHUHA A, TOKPUBAETHCS OJHUM €JEMEHTOM
OKPHUTTSI, M0 CYIEePedInTh BUOOPY MHOXKHUHE A,,.

Jlema JioBejeHa.

Jlema 3.2.4 Hezai xpuea v micmumovca 6 obaacmi G C C. Todi icnye maxa
obracmo D, wo v C D, D C C.

JloBenenHs. 3ayBakKuMoO, 1110 KpUBa 7y, SIK HelepepBHUil oOpa3 BiJpi3Ka, €
KOMITAKTHOIO MHOXKWHOK. OCKIIbKY KpHBa 7y MICTUThCA B obsacti G, KoxkHa i1
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TOUYKa 2z Mae Takuil ok B,, mo B, C GG. 3a jemoio [eiine-Bopest 3 BigkpuToro
nokpuTTs { B} ey KpI/IBo'l' ~ MOYKHA, BUIJIUTH CKiHIEHHE Hi,zLHOKpI/ITTH {B..}1_1-

Toni Muoxuna D := U B,, € obnacrio, pudomy v C D, U B., CG.
Jlema moBejena.

Jlema 3.2.5 Hexat cnpammosana kpusa vy micmumocs 6 obaacmi G C C, a
bynuxuia f nenepepena 6 uiti obaacmi. Todi daa 6ydv-axozo € > 0 ichye maka
aamana P, enucana 6 wpuey v, wo

/f(z)dz—/f(z)dz < €.

JoBenenns. 3a jgeMomo 3.2.4 icaye taxa obiacts D, mo v C D, D C C. Tak

sK 3aMKHEeHa 00JiacTh [) He MICTUTh TOUKY OO, BOHA OOMEXKEHa 1 TOMY KOMIIAKTHA.
Orxe, HETIepepBHA Ha Iiif KOMIAKTHI MHOXKWHI (DYHKINSA f, 3a BIJOMOIO Teope-
Mmoto Pimana piBHOMIpHO HemepepBHa Ha [), TOOTO s Oyab-sgkoro € > 0 icHye
Take § > 0, 1o Jiist JTOBUIbHUX 2, 2" € D, |z — 2| < 0, BuKOHy€eThCs1 HEpIBHICTH
f(z) = f(&)] <e.
Ho6yﬂyeMo PO3OUTTST KPUBOT 7y TOUKAMHU 20, 21, 22, -+, Zn (JI€ 20, Zp— MOYATOK 1
KiHeIb KPUBOI 7y BIJIMOBITHO), 1110 33/I0BOJIbHSIE BIMOTH:
1) U :=l(y) <9, ne l,— JOBXKUHA JYTH 7y, KPUBOI 7y MiXK TOUKAMHA Zj 1 Zj41;

2) Binpizox Py := |21, 24+ 1] MicTuThCA B 3aMKHenil obmacti D.
[loknagemo Azp := zpi1 — 2p 1 yepe3 P 1no3nauumo jaMaHy 3 BeplIIMHAME B
TOUYKAX 2(), 21, .-+ Zn. 1OJII MAEMO

M
R —
\,3
%
|
[[M]1
—
kﬁ
IA

/f(z)dz—/f(z)dz

n—1 n—1
> [ £ =3 fla)na + Z/f dz—Zf 2)Az| = S+ S,
k:ovk k=0

Ockinbku Az = [ dz (nus. npuknan 2 posairy 3.1), To
V&

Z/ e dz<2/\f ()] d2] <

n—1 n—1
< EZ/ a2 < &3 Uw) = l(7).
kZOVk k=0
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Anagoriuno, ockinbkn Az, = [ dz (mus. npukaaz 2 posainy 3.1), o
Py

Sp = n_l/[f(Z)—f(Zk) dz S /\f (2k)ldz] <

k=0 p, k=0 p
n—1 n—1

<e t/u4<s§jmao=de<dW)
k=0 P, k=0

Taknum 9uHOM,

/f(z)dz—/f(z)dz < 2¢el(7).

3B1JICH, BHACILIOK JIOBLILHOCTI €, BUILJINBAE TBEPJIXKEHHS JIEMHU.

HoBenenns Teopemu Korri. 3a siemoro Komri-I'ypea TBepjizKeHHsT TeopeMu
Kormi Bukonyernest st v = OA.

Hexaii gai v = OM — Mexa JIOBIIBHOTO ONyKJION0 n—KyTHUKa, 1 > 3. 3adi-
KCYEMO OYIIb-sIKY HOT0 BEpIWHY 1 TPOBeIeMO 3 Hel JiaroHaJi B yCi i BepITNHA
MHOI'OKYTHHKA, OKPIM CyCiJiHIX 3 (ikcoBaHoto. Llieto modynoBo0 MHOrOKYyTHUK M
Oyzie po30UTO HA TPUKYTHUKE Aj, k = 1, .., — 2. dcno, mo

3 niel piBaocti 1 jemu Kormni-I'ypca BuminBae TBep/ixkeHHsi Teopemu Ko Jijist
Me2K1 JIOBLJIBHOT'O OILYKJIOI'O MHOT'OKYTHUKA.

Hexait Terrep v = OM — mexa moBlibHOTO MHOTOKYTHHKa M. MoykHa mOKa-
3aTH, 110 MEXKY MHOIOKyTHYKa M MOXKHa 1OAATH y BUIVISAL 00 €JHAHHS MEXK
OMYKJNX MHOTOKYTHUKIB M}, Tak 1110

/fM—Z/f

ko,

OcklJIbKH B2Ke 0OYJIO JIOBEJIEHO, 1110 BCl IHTErpaJju y HpaBiP’I JaCTHUHI 1€l PIBHOCTI
JIOPIBHIOIOTD HYJTIO, TO TEOPEMa JIOBCJICHA JIA [1Id Me2K1 JIOBLJIbHOI'O MHOTOKYTHH-
Ka, TOOTO JiJIst ,[LOBlJIbHOl 3aMKHYTOI JIAMAHOT P.

Hexaﬂ, HapEINTl, Y—/0BLIbHA 3aMKHYTa, CIIPsIMJIIOBaHa Kpuba. 3adiKCyemo
qoBinbHe € > (0. 3a jgemoro 3.2.5 icHye Taka JamaHa P, BIucaHa B KPUBY Y, IO

/ F(2)dz — / f(2)dz| < e,
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IIPUYOMY BHACJIJOK 3aMKHYTOCTI KpuBOI 7 JlamMana P Takox Oyje 3aMKHYTOIO.
Ockinmbku Bke Oyno posegeno, mo [ f(z)dz = 0, To
P

/f(z)dz <e€

3BiJICH, BHACIJIOK JIOBUILHOCTI €, BUILIUBAE TBEPJIXKEHHST TEOPEMU.

Hacrynui gBa mpukiaam mokasyroTb, mo obwasi ymoBu Ha objactb G: 1)
obmacrb G ogHoss’sizHa 1 2) G C C e icroraumu B Teopemi Ko,

IMpukian 1. Posrusinemo anasituuny B obsacri {z : 0 < |z| < 2} dynkiio
f(z) = % L5t obsiacTsb 3a10BosbHSAE yMOBY G C C, aJie He € 0JIHO3B’ sI3HO0. 3T1JTHO
3 npukJiajgoMm 1 poziiny 3.1

y4
l2=1

1
/ ~dz = 2mi. (3.2.4)

TaxuMm annoM, TBepJizKeHHA TeopeMmu Kol He cpaBmKyeTrbed. et npukiaam mo-
Ka3y€ ICTOTHICTH YMOBU OJHO3B si3HOCTI B Teopemi Korrri.

Oznauenns 3.2.1 Oynkiis f(z) Ha3UBAETHCH AHAJITUYIHOIO B TOYI 0O, SIKIIO
byukiis f(1/z) e anagituanoo B toumni 0. [lpukiagom anamiTHIHO! B TOUIN 00

: _ 1
e dbyuknis f(z) = . B

IMpuknazn 2. Posrusnemo ananituuany B obstacti {z € C : |z| > 1/2} dynknio
f(z) = 1 . Izt obstacTs € 0J1HO3B’A3H0I0 HA PO3MIMPEHI KOMIICKCHIH TIONUHI, aJje

HE Sa,ILOBOHbHﬂe ymoBy G C C. Orke, piBHicTb (3.2.4) mOKa3ye, 10 15T yMOBa
TaKOXK € ICTOTHOIO Jijis Teopemu Korrri.

3.3 ¥Y3zaragbHeHHs TeopeMn Korri

B pOS,ZLiJIi 3.2 Oyno Bcranobieno (juB. mpukiajg 1), mo 6e3  ymobu
0AHO03B’s13H0CT1 0bs1acTi Teopema Kol Bke ne mMae micug. IIpore o ymoBy mo-
JKHA CKACYBaTH, SIKIO HATOMICTH Ha 3aMKHYTY KDPUBY HAaKJACTU LI yMOBY il
YKOPJIAHOBOCTI 1 roMoTomHoCT Hymio (nuB. o3uadenns 1.4.2, 1.4.5).

Teopema 3.3.1 (meopema Kowi das zomomonnuzx xpusuz). xwo dynryia
f(2) anaaimuuna 6 obaacmi G C C, mo dasa 6ydv A%0% 3a.MEHYMOT CNPAMAIOEA-
Hoi otcopdarnosoi kpueoiy C G, w0 20momonna nyao 6 obaacmi G, 6UKOHYEMBCA

PIBHICTND
/f(z)dz = 0. (3.3.1)
gl
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HoBeaenns. OckiIbKM KpHBa 7y FOMOTOIHA HYyJI0 B obsacti G, i1 BHyTpi-
nrHicTh B MicTuThest B 1l obsacti. [Tokaskemo, 1110 icHye 0j1HO3B 3Ha obacTh D,
sIKa, 38,/I0BOJIBHTSIE YMOBY

Bl Jycpca. (3.3.2)

Hotst nporo B KOXKHIf TOUIL 2 € 7 HO6y,ZLy€MO takuit okl B,, mo B, C G. Jla-

Ji, BPAaXOBYIOYH KOMTAKTHICTH KPUBOI 7 1 KOPHUCTYIOUHCE JIEMOIO 3. 2 3 (FeI/IHe—

Bo eJisi), 3 BIJIKPUTOIO MOKPUTTA { B, K I/IBOl BUJILJIUMO CKIHYEHHEe IT1JI-
zey

IIOKPUTTS {Bzz}z‘:y Toni, obmacrs D == B U B., € 01H03B'3HOIO 1 3a/10BOJIb-
i=1
Hsie yMOBY (3.3.2). Takum 94uHOM, 3aMKHYyTa CIPAMJIIOBAHA KPUBA 7y MICTUTHCS B
ojiHo3B s13Hi# obsiacti D C C, ne dyuknis f e anagiTuanoo. ToMmy 3a iHTErpaJib-
Hoto Teopemoto Ko Bukonyerbesi piBhicrs (3.3.1).
Teopema jioBejieHa.

Hacmainox 3.3.2 quo dynruia f(z) ananimuyna ¢ obaacmi G C C, a kpuei
Y1 1 Yo 20MOMONNE 6 Uit 00.AaCME, MO

[ 11z = [ ya (323)

Hosenenns. Ockinbku KpuBi 71 1 Y2 roMmoTomnHi B obsacti G, To kpusa 1 | 79
rOMOTOIIHA HYJII0 B Iiit objacti. Tomy 3a Teopemoro 3.3.1

| ez

nU7z
110 PiBHOCHJILHO piBHOCTI (3.3.3).
O3znavennsa 3.3.1 Oyukiis f(z) Ha3UBAETHCsT AHAJITHIHOIO B 3aMUKAHHI 0018~

cri G (abo B 3aMkHenii obiacti (), SKINO BOHA aHAJITHYIHA B JledKiil obmacti D,
sIKa MICTUThH 1110 3aMKHeHy obsiacthb G.

Teopema 3.3.3 (meopema Kowi daa 6azamoss’asnoi obaacmi). Hwxwo @ym-
kuia f(z) anasimuuna 6 3amkueniti obaacmi G C C, 3 wmeocero 0G =

’YOU% U, 1, n e N, n > 2 devy— samrnymi cnpamarosani scopoanosi
Kpu6i, mo 8UKOHYEMHCA PIGHICTND

/f(z)dz =0, (3.3.4)
oG

/f@ﬂz=§f/fwﬂz (3.3.5)

Yo

mobmo
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HoBeneHus. 3’¢iHaeMO 30BHILIHIO MEKEBY KDPHBY 7 obsracti G 3 KOXKHOIO
13 BHYTPIITHIX MEXEBUX KPUBUX 7V1,..., Vn_1 IIET 00IACTI 34 ,ZLOHOMOFOIO po3pi-
31B y3/I0BXK CIPSIMJIIOBAHUX XKOPJAHOBUX KpuBux lp, k = 1,..,n — 1, mo mno-
MapHo He NepeTHHAThCA. [IpoBeierna X po3pisi nepersoputh obnacth G Ha

0/1HO3B 5131y 00s1acTh (G, MexkKa fKOT CKIaIaeThes 3 Mexi obuacti G 1 pospisis Iy
IPOXOJP)KYBAHMUX JIBIUl Y MPOTUJIEXKHUX HAIPSIMKAX, TOOTO

n—1 n—1
oG =oc| JUu U
k-1 k-1

/f(z)dz:/f(z dz
oG oG

3 iHmoro 60Ky, ocKibKK 00sacTh G OJHO3B s13HA, 11 MeXKa € 3aMKHYTOI CIIPSAM-
JIIOBAHOIO »KOPJIAaHOBOIO KPHUBOIO, 110 TOMOTOIIHA HYysIt0. Tomy 3a Teopemoro Kormi

JJIA T'OMOTOITHUX KpI/IBI/IX
JECCE
oG

3 JIBOX OCTaHHIX PIBHOCTEH BUILJIMBAE TBEPJXKEHHSI TEOPEMU.

Tomy

3.4 Imrerpanpua dopmyna Komri

[lle ojHa Baxk/juMBa BJIACTUBICTb aHAJITUIHKUX (byHKum HOJIATAE B TOMY, IO
3HAUEHH:A B Oy/Ib-AKiil TOUYI 00J1acTi, B 3aMUKaHHI sIKOI (DYHKIIISI € aHAJITHIHOO
(muB osHauenHs 3.3.1), OJJHO3HATHO BU3HAYAETHCs i1 3HAYCHHIMU Ha MEXKI i€l
obnacri. Ieit gakr ogpasy sumiusae 3 inrerpaibroi dopmyn Ko, 1o Micru-
ThCsl B HACTYITHINA TeopeM.

Teopema 3.4.1 (opmyaa Kowi). Hxwo dynruia f(z) anarimuuna 6 3amrme-
wit ooaacmi G C C, mo dasa dosinvnoi mouku z € G BUKOHYEMBCA PLEHICTILD

(z) = 271m, / ff Eg)zdg. (3.4.1)
oG

HoBenenns. 3adikcyemo touky z € G i obepemo okin B, := B(z,p) ui-

€l TOYKHU TaK, 1100 Fp C @G. Ilobymyemo obsacts G, == G\ Fp. B zamukanni
&)

—Z

~

i€l obstacTi PyHKITisT e aHajgiTunuHoo. Tomy 3a Teopemoro Kormi st Oara-

Iy
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TO3B’s13HOT 00JIACTI f df = 0. Ockinbkn G, = G |J (0B,),

1 f(§)
271 / £ — z T om / £ — zdg' (342)
9B,

3ayBaXKuUMo, M0 3TiTHO 3 TPUKIAJIOM 2 po3iay 3.1 f e d& = 2mi. Tomy, Bpa-
0B,

xoByioun (3.4.2), Mmaemo

L[rE) . 1 [ fz)- [
- 2mi / £ — zd€ - 2mi E—z at. (343)
oG 0B,

Ockisibku ynkiis f(-) HenepepBHa B ToUll 2, Jist JIOBLIbHOrO £ > 0 3Haiije-
Thest Take d > 0, 1o Jyisi Oyjib-sikoro € € G, [€ — z| < §, BUKOHY€EThCsI HEPIBHICTH
1f(&)] — f(2)| < e. Bmenmyioun y pasi morpedu p, MOXKHa BBayKaTH, Mo p < 6.
Toni, Bpaxosyioun, mo |£ — z| = p s € € 0B, 3 (3.4.3) orpumaeMo OIiHKY

L[ f©) 2 _
)_2m/€_zd§<%/\d§|—5.
e 9B,

3 1i€l ONIHKM, BHACJIIIOK ,HOBiJIbHOCTi e, uiuBae dopmyna (3.4.1).

IIpuknanx. O6uucnury inTerpan I, f ;Ifl d€ y370BK JTOBLIBHOT 3aMKHYTOI

CHPAMJIIOBAHOI 2KOPJaHOBOI KPUBOI 7y, IO He IIPOXOUTDL Yepe3 TOUKH 1.

1) dxmo KpI/IBa Y = 7 He MICTUTH y CBOIIl BHYTPINTHOCTI >KOJHOI 3 TOUOK
+i, To PyHKIIIS 2 52 ] QHAJITHYIHA B 3aMUKaHHI BHYTPIIIHOCTI KPUBOI Y 1 TOMY 32
inrerpaJbioio Teopemoto Komi I, = 0.

2) Hexait kpuBa v = 3 MicTuTh y CBOTH BHYTpimHOCTI sntiie Touky 4. Toi

byukiis fi(€) = Sglif AHAJITHYIHA B 3aMUKAHHI BHYTPIIIHOCTI KPUBOI Y1 1 TOMY

3a iHTerpaJibHoI opmysiorn Korrri

sin & -1 -1
; sin ¢ e —e e—e
L, = ;i -d¢ = 2mifi(i) = 2#27 =T = i
7

3) Hexaii kpuBa v = 9 MicTuTh y CBOIii BHYTpIiIIHOCTI Jmiie TouKy —i. Tosi

byukiis fo(§) = Sglf AHAJIITVYHA B 3aMUKaHHI BHYTPIITHOCTI KPUBOT Yo 1 TOMY
3a iHTerpaJbHO gopmysto Korri
sm§ -1
sin(—7) . e—e
-d€ = 2mifo(—1) = 2m1 =T
'72 /5 5 f2( ) _22 2
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4) Hexait, naperri, Kpusa 7y = 3 MiCTHTD Y CBOifl BHYTPIITHOCTI 06HIBI TOUKM
+i. BI/LZL&.HI/IMO 3 BHyTDiNMHOCTI KpuBOi 3 Taki samkHyTi okomn Bli, ] i B[—i,r],
mo He 1IepeTHHAIOThCA 1 MicTAThCs y BHyTprmuocti 3. Hexait v = 0B(i,r) i

= 0B(—1i,r)— MexeBi KoJia BiAMOBIAHIX OKOJIiB. To/i B 3aMUKaHHi OTpI/IMaHo'f

O6JIaCTi G 3 mexeio 0G = y3Uv; Uy dyskuis ;Lfl AHAJITUIHA 1 TOMY 34

reopemoro Kol st 6aratoss’si3uol 00/1acTi f gélfl d¢ = 0, TobTo

;;:l_i d§ = / sm§ / sing df =1, +1,=1ir(e — 671)'

Teopemu 11po cepejiHE AJid AHAJIITUYHUX 1 TAPMOHIYHUX (PYHKITIH.

Teopema 3.4.2 H%wo Pynryia f(2) anarimuuna 6 obaacmi G, mo i 3nauenns
6 d06iAvLHIl cKinvennit mouyi z € G dopienioe cepednbomy apugﬁmemuu%omy i
BHAYEHD HA KO DOCMAMHDO MAN020 PAdIYCY 3 UEHMPOM 6 MOYYL Z, Mobmo

2T

F(z) = % / £z + retydt. (3.4.4)

Hosenenns. [Tooyuyemo okin B(z, 1) rouku z rtak, mo Blz,r] C G. Toui dyn-
kiig f(z) amagnituina B 3amkHenomy oxoni Blz,r]. Tomy, sacrocopytoun inre-
rpanpiy Qopumyny Kowi, dopmyiy ps obuncienns Kpupominiinoro lHTeraJIy
1, BPAXOBYIOUM TOIf cbaKT mo pisusnus kosa dB(z, 1) mae Bug (1) = z + re”
O <t < 27, oTUpUMaAEMO

2 ™
1 flz+rety . 1 / y
. dt = — "dt.
" omi § — z ~ omi / reit ¢ 2 fz+re)
OB(z,r) 0 0

TeopeMa 3.4.3 fxwo dymruia w(z) = u(r,y), 2z =x+1y, € 2APMOHIUHOTO 6
001036 a3t obaacmi G, mo ii anavenmna 6 dosiabHil crxinuennit movyl z € G
dopisHioe cepednbomy apugﬁmemuuuomy i 3HaYeHDb Ha KoL OCTAMHDO MAA020
padiycy 3 yeHmpom 6 mouyi z, mobmo

2m
u(z,y) = %/u(z + re)dt. (3.4.5)
0

JoBenenns. 3a Teopemoio 2.6.2 juist 3aJaHOl FapMOHIYHOI B OJIHO3B sI3HI
obsacti G dyukuil u(x,y) icHye cupsikena rapmoniuna Gynkiis v(z,y). 3a re-
opemoio 2.5.1 gyuknis f(z) = u(z,y) + iv(z,y) € ananituunowo B obnacri G.
Hns nel 3a TEOPEMOIO 3.4.2 BUKOHY€TbCs piBaicts (3.4.4). [IpupiBuioown JiiicHi
qacTUHM JIBOT 1 mpaBoi yactuh pisrocti (3.4.4), orpumaemo (3.4.5).

39



3.5 Posropranng anajgitTnaanX yskniii B paa Teitiopa

Teopema 3.5.1 (Tetinop). Hrwo dynryia f(2) ananimuyuna 6 obaacmi G, a zp—
dOGLALHA CKINYEHHA TNOYKE ULel 00aacmi, Mo 6 0eAKOMY 0KOAL ULET oYKUY PYH-
kuito f(2) moorcna poszoprymu y s6ioichu pad

2) = Zocn(z R 271m_ / . MO _ge @s)

Tr

de v, =4z :]z—z| =71}, r€(0,p), p:= p(z0,0G)— sidcmarnv mouku zy do
MeDACT 0baacmi
Padiyc R %prea abiicnocmi pady (3.5.1) sadososvnae nepienicmo R > p.

HHoBenenns. 3riHo 3 03HAUEHHSIM THCIIa p MaEMO BKJIoueHHs B(zg, p) C G.
Badikcyeno josisibhe z € B(zg, p). Topi |z — 29| < p 1 Tomy icHye Take 7, 110
|z — zo| <7 < p. Orxke, GyHKIis f(z) aHaJiTHYHA B 3aMukaHHi okosty B(zg,7) i
TOMY 32 IHTErpaIbHOMO cbopMyJIOIO Kormi

2) = Q;i/g(_g)zdg. (3.5.2)

1 .. e e . .
Posropuemo B psiji s1j1po ¢ B TPaBiii 4acTuHI M€l PIBHOCTI 3a JIOTIOMOTOI0 dbop-

MYJIA CYMHU HECKIHUYEHHOI TeOMeTPpUIHOl IIporpecii

o0
— :Zw”, lw| < 1.

k=1
J1Jist TIBOTO CMOYATKY TOJIAMO SIJIPO 5%2 Y BULJISLI
1 1 1
= = : (3.5.3)
E—2 (£—2)—(2— ) (€ — 2) (1_2__2)
3ayBazKuMO, 0 JYIsl § € 7y UHCIO W 1= £—_! 33I0BOJIbHSE YMOBY lw| = —|Z_Z°| <1

BHACJIIJIOK BUOOPY 1ucIIa 1. TOMy7 3acTOCOBYI0UH B (3.5.3) bopmyisty cymu HecKiH-
YEHHOT NeOMEeTPUIHOI IPOrPecii, OTPUMAEMO

oo

1 - (z — zo)" (z — zo)"
v _Zonz T Z AT (3.5.4)

n:

SayBa}KI/IMO o psj (3.5.4) 30iraeTbest piBHOMIpHO Ha KOJI 7. Bin 3aJIUIIATHCA
PIBHOMIPHO 301KHUM Ha 7y, Micjast JOMHOXKeHHsT Ha (dyHKIio f(£) BHACHIIOK TT
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obmexkeHHOCTI Ha oMY Kouti. Tomy, mijpcrasstodn possurens (3.5.4) B (3.5.2)
1 IHTErpyoun psiji O4JIeHHO, OyeMO MaTh

(z — zo)" B
(2) 27Tz/f ZO)”Hdg
3 G S )
Z:% Z_ZO 27Ti/(f_io))n+1d€:nz:%Cn(z_Zo) )

Yr
Teopema noBejieHa.

Oznauennd 3.5.1 Paj (3.5.1) nasuBaerncs psom Teiinopa dbynkmnil f(z) B oko-
Ji TOYKHU Z.

IMpukiman 1. Yu moxkua dyskiio f(z) = mﬁ posropuyTu B psij Teitnopa
B OKOJIi TOUKH 2 = 51 7 ZIKINO Tak, 3HAlTH pajiyc Kpyra 3012KHOCTI IIHOTO PATY.

Dynkris f (2), K 9aCTKa AaHAJITUIHUX, € AHAJITHIHO Y BCIX TOUKAX KOMILIIC-
KCHOT TIJIOHMIMHY, OKPIM HyJIIB 3HAMEHHHUKa, TOOTO TOUOK 2, = —§ + 2k7, k € Z.

Takum unnom, obsiactio anasituanocri pyukuii f(2) € muoxkuna G = C\{Zk}kez

Ouesnpno, zy € G. Tomy 3a reopemoro Teiinopa yukiiio f (z) MOXKHA PO3BUHYTH
B psijt Teitsiopa B OKOJII TOUKH Z. 3a TIi€I0 K TeopeMoIo pajiiyc R kpyra 301KHOCTI

HBOTO Psijly 3a/10B0JIbHsIE HepiBHicTh R > p = p(z0,0G) = |Zi + F| = Zv/2.
3 iHII0r0 OOKY, 38 TEOPEMOIO PO AUQEPEHIIHOBHICTL CYMI CTEIIEHEBOI'O Psijly
dbyukmisa f(z), npegcrasiena psjgom Teitopa, € aHATITUIHOIO B Kpy3i 3012KHOCTI

1boro psay. Tomy pajiiyc fioro kpyra 301KHOCTI He MOXKe OyTH OLTBIITUM 3a %\/ﬁ,

60 imakmte meit Kpyr Oyae MicTuTH TOUKY —4, B AKiil f(z) He € aHAMITHIHOIO.
T

Takum unaOoM, R = 5\/5.

Hacainku 3 Teopemu Teitjopa i iHTerpaJjbHol popmynn Kormi.

Hacaigok 3.5.2 (Hepz'em'cmb Kowi dan woediyicnmic pady Tetinopa). Hrxugo
gﬁyn%uz’ﬁ f(2) anarimuuna 6 samrnenomy oxoai Bz, ], mo das Koepiuienmie
cn i1 pady Tetinopa 6 0k0AL MOUKY Zy BUKOHYIMBCA HEPIGHICTND

max [ f(2)|
€Yr

en| < -

rn ’

de v, ={z:]z— 2| =r}.
Hosenenns. Hexait M, := max |f(z)|. 3acrocoByoun dbopmyry (3.5.1) s
ze

r

koedilienTis ¢, 1 BpaxoBytouu, 1o |£ — zg| = r s € € 7., Oyuemo mMaru

1 £(6) M, M,
el 27 / (& — zp)H! o= o 7“”“/' del = omrntl = rn

Tr
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OznauvenHs 3.5.2 [liyioo Ha3UBaETHCs (PYHKINIS, aHAJITHIHA Y BCil KOMILIEKCHI
mtoruni C.
IMpukian 2. Hisiuvu € GyHkIfl €7, cos z, sin z, P,(z) := a,2" + ... + a1z + ayg.

Hacainok 3.5.3 (Teopema Jliysina). Lira dynruyia, obmescena y 6cit Komn.ae-
KCHIT NAOULUHL, € KOHCTARMOM0.

Hosenenusi. 3a reopemoro Teitopa iy dynkmio f(2z) MOXKHA POSTOPHYTH

B psij, Teitsopa
0

f(z) = chz”, (3.5.5)

n=0

30ikHuit y BCiit kKomiutekcri mwiomuni. Ockinbku Gyukiist f(z) obmexena, ichye
rake M > 0, mo |f(z)] < M nna seix z € C. Toxi 3a macmigrom 3.5.2

TTL

ae r— ﬂOBlJIbHe JIoJaTHE YUCJO0 OCKIJIbKHI P (3.5. 5) 30Ira€ThbCsl y BClii KOMILIE-
KCHi# mromuai. ToMy, iepexogstan B Iiii HePIBHOCTI JI0 TPAHUIN IPA 7" — 00, JIJIs
n > 0 orpumaemo |¢,| < 0, 10610 ¢, = 0 jist n > 0. Ilijgcrasisiioun 1i 3HaUeHHS
B (3.5.5), orpumaemo f(z) = co.
3ayBakeHHd. 30KpeMa, PYHKIII cos z, sin 2 HeoOMexKeHI B KOMILJIEKCHI# 110~
IIIAH].

Hacaimok 3.5.4 (Ocnosna meopema anzebpu). Bydo arut arzebpaiunut mmo-
eounen Py (2) = a,2"+...+a1z+ag cmenenin > 1 mae 6 KoMnAeKcHit naouyumi
PIBHO N KOPEHIEG 3 YPaTysanHaMm ix kpammocmerl.

Hosenenns. locuts soBecru, mo Oy/ib-skuii aarebpaiaauii muorowien P,(z)
crereni n > 1 Mae B KOMIUIEKCHIN TIONMHI 1puHaiMi ojnH HyJsb. JlificHo,
AKIO 1eft paxT BipHWil, To MHOrOWIeH P, (2) jomyckaTume HOJaHHs y BUTJIsA/TL
P,(z) = (z — 2z1) Py-1(2), ne z1—nyib muorowiena Py,(z). osropumo e mipky-
BaHHS 3 MHOTOWIeHOM P, 1, a notiM (y pasi morpebu) i jgaji J0 TUX Tip, MOKH
He orpumaemo nogauus P, (z) = (z — 21)(2 — 22)...(2 — 2,,) Py, sike piBHOCHIbHE
TBEPJPKEHHIO TEOPEMHU.

Omxe, 3aJUIIIOCH JOBECTH, MO Oy/ib-siKnii aﬂre6pa1qHI/H/I muorousien P,(z)
crerenl n > 1 Ma€ B KOMIJIEKCHI IVIONUH] IPUHANMI OJIUH HYJIb.

HpI/IHyCTI/IMO cynpoTuBHe, T00TO icuye MuOrOWIeH P, (2) creneni n > 1, sakuii

He Mae Hy/iB B komiuiekcHiil mwionwni. Topi dyukuis f(z) = PL(Z) € 11J1010.

Ockinbku Pp,(z) — 0o 1ipu 2 — 00, 10 jiist Oyjib-sikoro € > 0 icaye take R > 0,
mo | f(2)] < e naa |z| > R. 3 inmoro Goky nenepepsha dbynkis f obmexena i na
mvuoxkual {2 @ [2] < R} BHACAIOK 1T KomnakTHOCTI. Taknum yuHOM, nina QyHKIis
f obmerxkena Ha BCiit KOMILIEKCHIH miomuHi 1 3a TEOPEMOIO ﬂlme;{ (Hactiok
3.5.3) € KOHCTAHTOIO, 1110 HEMOXKJIMBO 3 OIJIsijly Ha O3HavYeHHst BYHKIT f.
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Hacaigok 3.5.5 /Jlaa anasimuunoi 6 mouyi zg dynruii’ f(2) icnye edune nped-
cmasaens 6udy

Z cn(z —20)" . (3.5.6)

n=0

Hosenenns. lcuysanns nopanust By (3.5.6) Jyist aHaiTuIHOT B TOUI 2
dbyukiii f(z) rapanroBano Teopemoto Teisiopa. losegemo itoro epunicrs. s
IbOI'O [OKAXKEMO, 110 B Oyjib-sikomy upejicrasienti sujy (3.5.6) koedinienru ¢,
Taki K cami, sk y ¢opmysi (3.5.1).

Hexait kosio 7, :== {2 : [z — 2| = r} obpano TAK, 10 dyuxuia f(2) e anasi-
TUYHOIO Ha HHOMY. 3adikcyeMo j1oBlabHe 1i1e Hesig'emue k 1 JOMHOXKKUMO JIiBY 1
npaBy dacTuiu pisHocti (3.5.6) na (2 —zp) =1 a morim mpoinrerpyemo OTpUMaHY
DIBHICTD y3/10BK KosIa ;. 3a Teopemoro 2.1.1 (A6eﬂ${) psist (3.5.6) sbiraerhes pin-
HOMIPHO Ha KOJIi 7. Bin 3aiumurbes piBHOMIPHO 3012KHUM 1 HIC/Is JJOMHOYKEHHST
na (z — 2o) "1 ockimbkn |z — 2| = v gns Towox z € «,. Tomy, inTerpyoun meit
PsIJl IOYJIEHHO 1 BpaxoByloun npukJiaj 1 3 posainy 3.1, orpumaemo:

/%dz = /nio% cn(z = 20)" Mz =

Vr

o0
= Z Cn, /(z — zo)”_k_ldz = ¢, - 2.
n=0 5

3Bijcu 111 KoedirienTiB ¢ orpumyemo dopmyity (3.5.1).
Heckinyenna audepeHniiioBHICTh aHAJITUIHNX (DYHKITIA.

Teopema 3.5.6 Anarimuuna 6 oonacmi G C C dynruyia f(z) mae 6 uiti 0bra-
cmi noxidni 6Yydo-aKx020 NopAdky.

HoBeaennsi. 3adikcyemo 1ouky zg € (G. 3a teopemoro Teitnopa dyHKIIO
(0.¢]

f(2) moxkna posropuyTn y 36ixkuuil psax f(z) = Y ¢,(2 — 20)" B AeIKOMY OKOI
n=0
niei rouxn. Toni sa maciijgkom 2.4.3 3 Teopemn npo judepentifiosnicts cymu

crenenesoro psijty dyukiist f(2) Mae B 1bOMY OKOJII 10X1jiHI OY/1b-sIKOI'O HOPSIJIKY.

Teopema 3.5.7 (inmezpanrvna gopmyara Kowi daa nozionux). Hrxwo dymnxuia

f(2) ananrimuuna 6 samrnenit obaacmi G C C, mo daa dosiavnoi mowku zy € G
i bydv-axoeo k € N sukonyemuvea pienicmo

£ () = 2 /(5 _f(f))k+1 .

271 20
oG
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HoBeaennsi. 3adikcyemo 1ouky zg € (G. 3a teopemoro Teitopa dyHKIIO
f(2) MoxkHa posropryTH y 301KHUI Psij
. 1 f()
_ (2 — " = : dg, 3.5.7
=3 a=ar, a=go [ e @)
B Yr

ne vy =A{z:|z—z| =1}, 1 €(0,p), p:= p(20,0G)— BijcTanb TOUKH z) JI0 MEXKi
obnacri G. Ilpomudepentiioemo 1eit psa k pasiB MOWIEHHO, KOPUCTYIOUNCH Ha-
caigkom 2.4.3 3 Teopemu 1po audepeHIiitoBHICTh cyMu cTenereBoro psiay. Ooau-
CJTUBIIH CYyMY TpondepeHIiHOBAHOTO PsULY B TOUIN 2o, MaTnmeMo f () (z0) = klcg.
[lincraBusnmm 3Havenus koedimienty cx 3 dopmynu (3.5.7), oTpumaemo

k! f(€) k! f(§)
f(k)(zo) ~ 9 / (& — zo)"fﬂd5 ~ 9 / (& — zo)k“dg'

Yr oG

OCTaHHH PIBHICTH BUKOHYEThCs 33 IHTErPajhHOI0 TEOPEMOIO Kormi st 6ara-
To3B’s3noi obaacti G\ Blzo, 7.

B xoxi joBejieHHsi iHTerpaJibHol dpopmysin Kol st HoXijiHUX OTPUMaHO Ha-
crynny (gopmyiny s KoedirienTiB pany Teitiopa.

Hacainok 3.5.8 /s woedivienmiec pady Tednopa (3.5.7) ananimurnoi 6 mowyi
20 Pynruia f(z) mae micye pienicmo:

f(”)(zo)

- (3.5.8)

Cp =
IIpuknazn 3. O6uuciauru inrerpan [, = f Z(;—;)de Y3JI0B2K JIOBLILHOI 3a-

MKHYTOI CHPAMJIOBAHOI »KOPJIAHOBOI KPUBOI 7Y, 1O HE MPOXOJUTHh 4Yepe3 TOYKHU
0, —z.

1) dAxrmo KpuBa 7y = 7o He MICTUTH y CBOI{l BHYTPIITHOCTI ¥KOJIHOI 3 TOUOK (), —
TO (PYHKIIisI Z(e—)2 aHaJIITUYHA B 3aMUKaHHI BHYTPIIIHOCT1 KPUBOI 7Yy 1 TOMY 3a

iHTerpaapbHo0 Teopemoro Komi I, = 0.
2) Hexait xpuBa v = 7 micruth y cBOiii BHyTpimuocTi jgume Touky 0. Tomi

byukuis fi(z) := € J:Z)Q AHAJITUYIHA B 3aMUKaAHHI BHYTPIIIHOCTI KPUBOI 7Yq 1 TOMY
3a iHTerpaJibHoo opmysioro Ko
G e”
I, = 2 1y = 27 £,(0) = 2 ———— = — 2714,
71 / > fl( ) (O + Z’)Q
et

3) Hexait kpuBa v = 9 MICTUTH y CBOIl BHYTPIIIHOCTI JIAIIe TOUKY —¢. 1o/l
. z . . . . . .
byHKIig fg(z) = % aHAJITUYHA B 3aMUKAHHI BHYTPIIITHOCTI KPUBOI 72 1 TOMY 3a
iHTerpajabHoo gpopmysaoo Ko a1 moxiannx

z

e* z\ ! z z
. [ € [ ze” — e

2
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= 2mie”" — = 2m(cos L—isin 1)(—1+i) = 2[(sin 1 —cos 1)+i(sin 1+cos 1)].
4) Hexait, HapernTi, KpuBa 7y = 3 MICTUTH y CBOTH BHYTPIITHOCTI OOMJIBI TOYKH

0, —i. Bujtasiumo 3 BuyTpitnHocti Kpusoi 3 Taxi 3amkuyTi okosu B0, r]1 B[—i, ],
mo HE TEPETHHAIOTHCS 1 MICTAThCsT y BHYyTpIHOCT] v3. Hexait v; = dB(0,7) i
= 0B(—1,r)— MexeBi KoJia BiAMOBiHIX OKOJIiB. To/l B 3aMUKaHHI OTPHMAHOT

z

O6JIaCT1 G 3 mexeio 0G = v Jv Us cbyHKmﬂ Z(e—)Q AHAJITUYIHA 1 TOMY 34

TeopeMoto Kori jijist baraTo3s’s3H01 00J1acTi f FEri ——=dz = 0, 10610
oG
e* e* e*
———dz= | ——=dz+ | ——=dz =
/z(z—l—z)2 /z(z—l—z)2 /z(z—l—z)2
73 ga! V2

=1, +1,=2r[(sinl —cosl)+i(sinl+cosl—1).

3.6 IlepsicHa

Oznavennsa 3.6.1 Hexait Gynkuis f(z) susnadena B obsacri G C C. Hude-
peiifiopra B it obsacti dyukuis F(z) nazupaerbes nepsicuoo dyukuii f(z) B
obmacti G, gKmo s BCix z € G BuKoHyeThCs ymoBa F'(2) = f(z2).

Bupasa. dximo Gynkmnia f(z) mae nepsicay F'(z) B obmacti G, To CyKynHICTD
yCix mepBicHuX 3aj1aeThest hopmysioro {F(z) +c¢: c € C}.

3ayBaXkeHHsI. 3 O3HAUEHHSI MEPBICHOT CJIIYE, IO JIMINE aHAJITHIHI B 00/1acT]
(byHKIIT MaloTh TIEPBICHY B IIiii 00JIACTI.

HacTynne TBep/2KeHHs JIa€ 11e OJHy HeOOX1JIHY YMOBY iCHYBAHHS IIEPBICHOI.

Teepmxkenns 3.6.1 dxwo nenepepena 6 obnacmi G C C dynxuia f(z) mae
nepsicuy F(2) 6 witi obaacmi, mo das 0ydv-a%0i Kycro6o-24adk0i kKpusoi vy, wo
sadaemuca pisnannam z = z(t), t € [a, B], mae micue pienicmo

/ f(2)dz = F((8)) — F(x(a)),

soxpema, [ f(z)dz =0 daa 6ydv-axoi samknymoi Kycko6o-24adkoi Kpueoi -y .
gl

JloBeneHHs. 3acTOCOBYIOUM O3HAUYEHH: IepBicHOI, (hopmyiy 3.1.2 s obuu-
CJICHHSI KPUBOJIiHIHOTO iHTerpaJiy, 1 (popmysy Heiorona-Jleitbnina, orpumaemo

B

/ F(2)dz = / F/(2)dz — / F(2(8)2 (t)dt =

vy o}

45



HacTtynna Teopema mae J0CTaTHIO YMOBY ICHYBaHHs MEPBICHOL.

Teopema 3.6.2 (npo nepezcny) Hexali pynnyia f(2) Henepepena 6 0baacmi
G C C 1 daa 6ydv-axoi samxnymoi cnpamarosanoi xpueoi v C G

/f(z)dz = 0. (3.6.1)

Todi kpusosinitinud inmezpanr F(z ff )d€ € nepsicnoro dynruii f(z) 6

oonracmi G, npuvomy uet inmezpan e 3a,/Leofcumb 610 Kpusoi, w0 3’ednye do-
GIALHIL MOYKY 29, 2 € G 1 Micmumbves 6 obaacmi G.

Hosenenns. fdcuho, o 3a ymosu (3.6.1) inrerpas F(z f f(&)d¢ ne 3ame-

JKUTH BIJI KPUBOI, IO 3'€JIHYE TOUKH 20, 2 € (G 1 MICTUTHCS B O6ﬂaCT1 G.
Badikcyemo IOBLILHI TOUKHK 2g, 2 € (G 1 obepemo Az Takum, mo0 Majo MicIe
BKIIOUYeHHs |2, 2 + Az] C G. Toni

z+Az
Flz+Az)-F(z) 1 B
oot (o fro)-

Z2+Az

~ [ 1 (3.6.2)

OcraHHsI piBHICTH BUKOHYETHCsI OCKLILKH BCI 11l IHTErpaJii He 3aJieKaTh Bij BHOO-
py kpusoi. Tomy ocranHiii iHTerpas MokHa OpaTu y3/10BXK Bijpiska [z, z + Az].
2+ Az
Bpaxosytoun pinicts [ d§ = Az (nmB. upukaan 2 posginy 3.1), maemo
z

z+Az
[ f(2)d¢. BacrocoByoun rakox (3.6.2), orpumaemo

z+Az
1

- |x [ @ - Goy

z

r(z) = F(z+AAZ;—F(z) )

Ockinbku dyukiis f(€) HemepepBHa B TOUIN 2, JJist JJOBUIBHOTO £ > () 3HANIETHCs
take § > 0, mo s |[Az| < 0 1 gosinbroro € € [z, 2 + Az] Mae micir HepiBHICTH
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1f(&) — f(2)] <e. Tomy 3 (3.6.3) mst |Az| < ¢ BummBae orinka

z+Az z+Az
1

)< [ 11O - el < g / g =.

z

3 oruisily Ha O3HadeHHs r(z), 15 OIiHKa ekBiBasenTHa piBHocti F'(z) = f(2).
Teopema jjoBejieHa.
3 inrerpaJbHol Teopemu Kol 1 TeopemMu Ipo HepBiCHY MaeMO

Hacainok 3.6.3 Qynxuia f(z ), aHa/Lz'mU%Ha 6 001036 azwiy, ooracmi G C C,

mae 6 wit obaacmi nepsicny F(z ff )dE, npuvomy ued KpusosiniiHul

IHMe2pan e 3areHcums 6id Kpueoi, u40 3 ‘ednye mouku 2o,z € G 1 MicmMUumMbHCA
6 obaacmi G.

3ayBakeHHd. 1151 6araTo3s’s13H01 00/1aCTi el HACTIIOK BXKe He Ma€ MiCIis.
Mpuknanx 4. Oyuxuisa f(z) = 271 B obnacri G = {2z : 0 < |2] < 2} €
aHAJITHYHOMI, aJie He Ma€ IIepBIiCHOI, 60 He BUKOHYETbCs HEOOXIJHA JJIs I1HOI'O
ymoBa. /[ijicro, mis 3amxmyTol kpusol v := {z : |z| = 1} mae micue piBHicTb
[ f(z)dz = 2mi (upukaazn 1 posainy 3.1), a 3a TepikennsamM 3.6.1 neit inrerpas

Ma€ JIOPIBHIOBATH HYJIIO Jijist (DYHKIII, 10 Ma€ repBicHy B obsacti G.

Teopema 3.6.4 (Mopepa) Hezat gynryia f(z) nenepepena 6 obnacmi G C C i
ons 6ydb -AK0T 3amrnymoi cnpamarosanoi xpucoi vy C G euxonyemvca pienicmo
f f(2)dz = 0. Todi pynruia f(z) € anarimuunoro 6 obaacmi G.

HoBenenns. OckinbKu yMoBU TeopemMu Mopepa Taki »K cami, SK YMOBU T€O-
pemu 3.6.1 (npo nepsicuy), To dyukiis f mae nepsicay F| rooro F'(z) = f(2)
st Beix z € G. Toni dynkiis f cama e anajitnaHon 3a TeopeMoio 3.5.6 (mpo
HecKiHueHHy JudepeHiifioBHicTh anamiTuaHol QyHKIT).

3ayBaxkeHHd. Teopema Mopepa € obepHeHo0 J10 iHTerpajabuoi Teopemi Korrri.
Lle mae 3Mory BUIIIATH JEKiJbKa €KBIBAJEHTHUX ITIXOJIB JI0 O3HAUYCHHS aHAJi-
THYIHOI (DYHKIIII.

EkBiBajieHTHI IMiaXoau A0 O3HAYEeHHsS aHAJITHUYHOI PYHKIII.

Teopema 3.6.5 Hexati ¢pynxuia f nenepepena 6 odnoss’ azeiti obaacmi G C C.
Todi nacmynni meeporcernts eK6I8aANCHMMHL:

1) pynxuia f dupepenyitiosna 6 obaacmi G;

2) daa 6ydv-arol 3amrnymoi cnpammosanoi kpueoi v C G mae micue pie-

wicmo [ f(z)dz = 0;

3) das dosinvnoi mouwku zy € G icuye okia, 6 axomy Pyuryito [ moorcha
(0.}

poszopuymu y 3b6iocnutl cmenenesuti pad, moomo f(z) = Y cu(z — 29)".
n=0
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HoBenenns. locurs posectu immuikanii: 1)= 2)= 3) = 1).

Immikanist 1)= 2) — ne inrerpaibha TeopeMa Korri;

iMItikaiist 2)= 3) Buiiubae 3 Teopem Mopepa i Teitsiopa;

IMILTIKaIss 3)= 1) BUILINBAE 3 TeOPeMHU Ipo JH(pepeHIiioBHICTL CYMH CTele-
HEBOT'O PsJLy.

Osnavennst aHagiTHIHOT QYHKIIT, K Takol, 10 3a0BOJLHSAE YMOBY 1), HaJe-
xuth Pimany. Taki dyHKIIiT BiH Ha3BaB roJIOMOPQHUMU.

DyHKIIT, 1110 33/I0BOJILHAIOTH YMOBY 2), HPUPOJIHO HA3BATU aHAJITHYHUME 32
Kori.

Hapemri, BeﬁemepaC Ha3uBaB (DYHKIII, 110 33/I0BOJIbHSAIOTH YMOBY 3), pery-

asipauME B obstacti G. Ix Moxkna nazsaTy amamiTHaHEME 3a Befieprrrpacou..
[Tiyixiy Beitepiirpaca jia€ 3MOry 03HaUUTH aHAJITUIHICTH (DYHKIIT B TOYIL 0O.

O3znavennd 3.6.2 Oyukiis f(z) HABUBAETHCA AHAJITHIHOI B TOUI 0O, SKIIO
B JestkoMy Okouii {2 : |z| > r} 1€l TouKu BOHA JIOIYCKAE MO[AHHS

Cn

flz) =32 (3.6.4)

on
=0

[nmuvm ciosamu, dyHKIisa f(2) HA3UBAETHCST AHATITHIHOIO B TOUI 00, SIKIIO
byuKIisa f(%) aHaiTH9IHA B Toui 0.

3.7 Hyuni ananitnaanx yukmiii. Teopema eagmHOCTI

O3znadvenns 3.7.1 Hexait dynkuis f anamituana B Touni a € C i f(a) = 0.
Touka a Ha3MBAETHCS HyJeM N-ro HOPsAKY DYHKIT f, SKIIO JUIsl HepImuX 1 Ko-
(©.¢)

edimientis 11 pagy Teitopa f(2) = > ¢,(2 — a)™ B 0OKOJIl TOUKE @ BUKOHYETHCS
n=0

co=c=..=c¢c,1=0, ¢, #0. (3.7.1)

[ammmu cioBamu, HOPSIKOM HYJ15l aHAJITUIHOI B TO‘{HI a (fpyHKLm Ha3UBaEThCS
HOMED TIePITIOro Koe(bluleHTa 11 psany Teitsiopa B oKoJIi 111€T TOUKH, BIJIMIHHOIO Bij
HYJIA.

yMOBa

™ (a)
n!

Bpaxosytoun, 1o 3a #acaigkom 3.5.8 ¢, = , yMOBY (3.7.1) MoxKHa 3amu-

caru B eKBiBaJienTiit (popmi:

f(a)=f(a)= .= f" Va) =0, f"(a)#0. (3.7.2)

TaxuMm 4rHOM, 1IOPsiJIOK HyJIst aHaﬂiTHQHOI B To4Ill @ PYHKIIT — 11e HoMep 11 epiiol
TIOX1THOI B TMiff TOYKM, BIAMIHHMM BiJT HYJIS.
Hexait Gynkmis f amamitudana B Totni 0o, TOOTO B IessKOMY OKoJIi {2 : |z > r}
(0]

Heckinuennocti Bona jonyckae nojanns (3.6.4), robro f(z) = > %. Touxa oo
n=0
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HA3MBAETHCS HYJIEM N-I'0 HOPSAKY (DYHKINT f, AKINO s Mepiinx n KoedilnieHTiB
bOTO MOJIAHHST B OKOJII TOUKM 0O BUKOHYEThCs1 yMoBa (3.7.1).

Kpurepiil nmopgaaka HyJId aHAJITUIHIX (PYHKITIA.

TBepmxenns 3.7.1 Jlaa mozo wob anarimuina 6 mowyi a, a £ 00, pynruia f
MAAG 8 Uit MOUUT HYAL NOPAJKY N HEOOXTIONO 1 JOCMAMHDBO 1CHYBANNA 6 JeAKOMY
0K0AT yiel mouru nodanmns 6udy

f(z)=(z—a)"-h(z2), h(a)#D0, (3.7.3)

de h(z)—ananimuuna 6 mowyi a dynryis.
s mozo wob anarimuuna 6 mowyi 0o, dynkyia [ mara 6 wit movyi nyav
nopadky n 1eobTiono i Jocmammubo ICHYSAHHA 6 0eAKOMY OKOAL HECKINYUEHHOCN]

nodanma eudy
f(z) =2z7"-h(2), h(cc) #0,
de h(z)—anarimuyna 6 mowyi oo GyHKYIA.

Hosenennsi. Hexait a # co.
HoBemeMo HeoOXiTHICTL TBep KeHHs. AHAJITHIHY B TOUl a (DYHKIHIO [ 3a

Teopemoro Teitiopa MOXKHa POSTOPHYTH B AEIKOMY OKOJII 11i€] TOYKN B CTEIICHEBH
o

past f(z) = . cr(z — a)*. Ockinbku ynkuis f Mae B TOUI @ Hy/Ib HOPSJKY 1,
k=0
BUKOHYEThCsT yMOBa (3.7.1). Tomy mneit psij qomyckae moanHst

o
ch (z—a)*=(z—a)" (cn+ Cnr1(z — a) + cpaa(z —a)’ +...) .
k=0

Cywma h(z) cremneneBoro psijty B Jay»KKax € GyHKIIEHO aHAJITHIHOIO (38 TEOPEMOIO
1po JudepeHIiioBHICTD CyMU CTEIEHEBOTO psijty ), mpuiomy h(a) = ¢, # 0. OTxe,
oTpruMate nojanHs Mae B (3.7.3).

Hosejemo jocrarhicTs TBepiKenns. st nporo B noganti (3.7.3) posropaemo
dynxiio h(z) B pan Teitopa h(z) = by + bi(z — a) + ba(z — a)® + ..., e by =
h(a) # 0. igcrapusim fioro B (3.7.3), MmaTuMeMo

f(2) =bo(z —a)" + by(z — a)" Tt 4+ by(z — @™ 4~

psii Teitopa dyukiil f(z) B okosii ToUKK @, TPUIOMY #HOTO KOedIlieHTH 3310
BosibHsiIOTH yMoBy (3.7.1). Ile osnauae, mo dyukuis f(z) mMae B Touni a HyJb
HOPSIKY 7.
Jlnst TOUKM 00 JIOBeJIeHHS IPOBOJIUTLCS aHAJOTIYHO 3 TIE PI3HUICO, IO 3a-
micTh psity Teittopa i ckopucrarucs noganusam (3.6.4) B 0K HECKIHIEHHOCTI.
3 1HOTO TBEPPKEHHS 0J[pa3y BUILINBAE

Hacuinok 3.7.2 Jaa mozo wob anasimuina 6 mowyi a, a % 00, Ppynxuyia f
MAAG 6 UL MOoYuYl HYAb NOPAJKY N Heobxidno i doCmammnsbo GUKOHAHHA GCUM-
NMOMUNHOL PIBHOCTN

fz)~C(z—a)", z—a, C#N0.
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Jlasa mozo wob anasimuyna 6 movwyl 0o, dynkuia f mana 6 uzu Moyl HYAb
nopAdKY N Heobxiono i docmammusvo GUKOHAHNA GCUMNMOMUYHOT PI6HOCNG

f(z)~Cz™" z—00, C#N0.

IIpukaazm 1. 3naiitu mopaaok Hyad y Tourni 0 HACTYITHUX aHAJITUIHUAX (DYyH-
kiiit: f1(2) = cosz — 1, fo(2) = sin® 2z - (e* — 1)%.

3a os3HavyeHHsiM (DYHKIIT COS 2 MAEMO COS 2 — 1 = 2, + 4 - 6? + .... Orxke,
nepiimii koedinient psay Teitopa dyskmii fi(z), BiaMinawmii Bl,ZL HYJIS, M€ HOMep
2. Tomy 3a oznauenusiMm byukiisa fi(z) B Touri 0 Mae HYJIb JPYTOrO MOPSIIKY.

Jobpe Bijomo, mo sinz ~ zie” —1 ~ z upu 2 — 0. Tomy fo(z) ~ 27 npu
z — 0. 3a macaigkom 3.7.2 me osuauae, mo B Touri 0 dbyukiis fo(z) Mae Hysnb
CHOMOTI'O ITOPSIIKY.

IMpukaamg 2. 3uaiiTu MOPAJIOK HyJIA y TOYIl 0O HACTYITHUX aHAJITUIHUX (PYH-

2

kuiit: f3(z) =sin %, fi(z) = %

3a osHaveHHsM yHKIT sinz mMaemo sin? = 7 — 37,% + —57!% + .... Orxe,
nepmunii KoedirienT psay Teiopa dyHKI f3, BIAMIHHARE BiJ HyJIsI, Ma€ HOMEp
1. Tomy 3a o3navenusiM GyHKINS f3 B TOUI 0O Ma€ HYJIb MEPITOTO MOPSIKY, abo
IIPOCTUI HYJIb.

Ouesnno, mo (22 + 1) ~ 281 (23 4+0)3 ~ 2% npu 2z — oo. Tomy fu(2) ~ 2~
pu z — 00. 3a Hacuijkom 3.7.2 1e o3Hauae, 1o B Touni 0o ¢Gyukiis fi(z) mae
[IPOCTHUI HYJIb.

1

Teopema 3.7.3 Hexaii anarimuuna 6 mouui a, a # 0o, gyuxuia [ mae nysv 6
w1t mowuys. Todi sukonyemves 00Ma 3 aALMEPHAMUG:

1) Pynryia [ momooico dopienioe nyar0 6 JeakoMy OKOAL TOUKY Q;

2) icnye makud okia mouky a, 6 Axomy Pynkyia f ne mae UL nyaie, oKpim
MoYKY a.

HoBeaennsi. Ockisibku HyHKIsS f aHAJITHYHA B TOUI @, 3a TeopemMoio Teii-

Jlopa 11 MOXKHa, PO3TOPHYTU B JIEIKOMY OKOJII I11€] TOYKM B CTElNeHeBUUl psil
o

f(z) = 3 cu(z — a)*. Ienytors gapi mokamsocti: 1) Bei xoedinienTn ¢ 1mporo
k=0
psILy JIOPIBHIOIOTH HYJTHO; 2) ¢ 7# O Jjtst AEAKOTO N, & Cp = €1 = ... = Cp—1 = 0.V

[EPLIOMY BUIAJKY (YHKIiA f TOTOXKHO JIOPIBHIOE HYJIIO B pr31 36iKHOCTI sty
Teitsiopa. ¥ jgpyromy Bunajky (GyHKIiA f Mae y TOUII a HYJb HOPSIKY M 1 3a
TBep pkentsm 3.7.1 jlonyckae nofannst f(z) = (z—a)"-h(z) B esikomy okouii 1ii€l
TOYKHU, Jie h—aHajiTudaHa (QPyHKIis B TOYIL @, HPUIOMY h(a) # 0. 9k d)yHKLuH
HerepepBHa, h(z) #0 B Aesikomy okoJii ToukE a. Toxl 1 Gynkuis f He Mae IHIIMX
HYJIB B IbOMY OKOJIi, OKPIM TOYKH .

OjHa 3 HaWBaXKJIMBIIMKMX BJIACTUBOCTENH aHAMITHIHWX (DYHKINNH BUPAYKAETHCS
HACTYITHOIO TEOPEMOIO.

Teopema 3.7.4 (meopema edunocmi das anarimuwne Gynkyid). drxuwo Gynryis
f ananimuuna 6 obaacmi G C C, a muoorcuna ii nyaie M = {z € G: f(z) =0}
MAE 6 Uil 00Aacmi 2panudny mowky, mo GyukyLa f momosicro dopieHIoe HyA0
6 obnacmi G.
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HoBenenHsi. 3adikcyemo m0BlIbHY TOUKY & € (G 1 Yepe3 a MO3HAUUMO I'pa-
HUIHY TOUKY MHOXKWHU M wynis dysknii f B obmacri G, Tobro, a € M'()G.
Ockinbku G—obsactb, icnye kpuba v C G, mo 3’¢janye Touku a 1 &. [Toknagemo
p = p(v,0G). Bazmaunmo, mo p > 0 BHACIIOK KOMIAKTHOCTI MHOXKUH ¥ 1 OG
Ha xpusiit v 0bepeMo TOUKU a = 21, 29, 23, ..., 2, = &, K1 3aJI0BOJIbHAIOTH YMOBY
p(2k, 2r1) < 5,k =1,2,...,n — 1. [lobyayiomo nani okonn By, := B(zy, p) TowoK
z, k=1,2,...,n.

Hosenemo, mo f(§) = 0. st 1poro JIOCHTH JOBECTH, 10 B KOXKHOMY OKOJIi
By dyukuis f roroxxuo gopisuioe wysio. [lounemo 3 okomy Touku z; = a. Pos-

n

ropuemo dyukiio f B paj Teitnopa f(2) = > ch(z — 21)* B okoni Toukn 2.
k=0

3a reopemoio Teitopa pajiyce 3012kHOCTI 21 BOrO Psijly 3a0BOJIbHSIE HEPIBHICTH
Ry > p(21,0G) > p. OckizbKE TOUKA 2] = @ € TPAHUIHOIO JIJisi MHOXKWHU HYJIB
dbyukmil f, 3a Teopemoro 3.7.3 BUKOHYETbLCS Ieplla aJbTepHATHBA IIE]l TEOPEMH,
T06TO BYHKIIIsT TOTOXKHO JIOPIBHIOE HYJ0 B OKOJi B(21, Ry1), 1 TvM Gisibinie B OKOJIi
By = B(z1, p).

3ayBaxkKuMo JaJii, 1Mo 2o € Bj 3a BUOOpOM TOUOK zi. IIpm 1mboMy TouKa 29
MICTHTBCS B MHOXKHHL By pasom 3 Jeskum okosom. Orke, TOUKa 29, 5K 1 TOUKa
21, € PPAHUYHOIO JUJIsl MHOXKUHU HYJIIB (DyHKIIT f. Towmy, samimioon B nonepeHix
MIPKYBAHHSX TO'UYY Z1 HA TOUKY Zo, I HOBTOPIOIOYH i MIDKYBaHH:, JJOBEJEMO, 1110
dynxnia f(2) roroxuo jopisnioe Hymo B okosii Bs.

[Tosroprooun 1i MIpKyBaHHsI 1 pasiB, J0BeJEMO, M0 GyHKIis f (z) TOTOXKHO
JIOPIBHIOE HYJIIO B OKOJIi B,,, 30KpeMa, B JIOBLILHO (piKCcOBaHiil To4I ToUIll £ = Zz,,.

Teopema joBejieHa.

BayBaxkeHHsi. CeHc 111€] TeOpeMu T0JIsIira€ B TOMY, 10 aHAJITHYHA, B 00J1acTi
G yHKIIIS TOBHICTIO BU3HAYAETHCS CBOIMU 3HAUCHHSIMHU JIUIE HA HEBEJHUKIM ITij1-
MHOXKHHI obstacti (G, a caMme, Ha MHOXKMHI, 1110 Ma€ T'PAHUIHY TOUKY B objacTi GG,
HAIpUKJaJ, Ha Kpusiii v C G. Tounime, mae micre

Hacainok 3.7.5 Axwo anarimuvni 6 oonacmi G C C ¢ynxuii f1 @+ fo 36iea-
tomoca wa muosncuna M C G, wo mae 6 with 004GCcME 2PAHUMHY MOYKY, MO
fi1(2) = fa(2) daa scix z € G.

oxkpema, axuLo 06t anarimuuni 6 obaacmi G C C pynkuii 36t2aromoca 1a
deaxiti kpusils v C G, mo 60nu MomModicHi 6 Uit 00AGCMS.

3 TeopeMu €JMHOCT] BUILIMBAE, 1110 BCl TOTXKHOCTI JUUIsd HIJINX PYHKINH, Bljgomi
Ha JIHCHIA 0Cl, BAKOHYIOTHCS 1 B KOMILIEKCHIH IIJIOMIIHI.

Mpukaan 2. Josexemo, mo sin?z + cos? 2z = 1 ana seix z € C. liiicho,
bynkuiz f(z) = sin® z4cos? z — 1 € aHANITHYHOIO HA BCifl KOMILICKCH]iT ILIOLMH]
C, mpuuomy f(z) =0 ana r € R BHACIIOK OCHOBHOT TOTOXKHOCT] TPUTOHOMETDII.
OT}Ke muoxuna M uynis pyskuil f micruts jiiicny Bick R. Zlcno, o 6yib-sika
touka Ha R € rpannanoro st muoxkurau M. Tomy 3a Teopemoro eurocti f(z) = 0
Juist Beix z € C.

IMpukian 3. Hosejemo, 1o sin(z1 + z3) = sin 21 €os 29 + 8in 25 €os 21 Jyist Beix
21, 22 € C. Hiiicno, dbynkris F(z, zg) = sm(zl +29) — (8in 21 cos zo+sin 2 COS 1)
€ aHAJITUYHOIO Ha BCli KOMILJIEKCHIN ILJIONMHI 38 KOXKHOIO 3MIHHOIO 21 1 29 IIPH
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(biKCOBaHiﬁ 1HII1# 3MIHHIN, a JOBOJXKYBaHa TOTOXKHICTD, SIK BLJIOMO, BUKOHYETHCS
Ha, jiiiicHiit oci, To6TO F(xl, :L‘g) =0 s 1,29 € R.

1) BacbchyeMo APYLY BMIHHY 2y = Zg, Je Ty € R i PO3LJISHEMO cbyHKLu}o
fi(z1) := F(z1,x9). lla dbyHKIs € aHATITUIHO HA BCiii KOMIIEKCHI TIOMIIHI,
npuaomy fi(z1) = 0 misa 1 € R ockisbku f1(z1) = F(21, 22) = 0. 3a Teopemoro
equrocti f1(z1) = 0 ayst Beix 21 € C, 106m0 F(21,29) = 0 jy1s1 Bcix 21 € C,
r9 € R.

2) Badikcyemo Tenep sosiibho nepmy sminny 21 € C dynkuii F(21, 22)
POBIIIHEMO (hYHKILiIO fo(z9) = F(z1, 29). s dbysKIis € aHATITUIHOW Ha BCiil
KOMILJIEKCHI# ILJIOIMIMHI, ITPUIOMY fQ(xQ) = 0 ang 9 € R ockinbku fo(xy) =
F'(21,29) = 0 3a josesennm y nynkri 1. Tomy 3a reopemoio eaunocti fa(22) = 0
Jist BCiX 2o € C, robro F'(z1, 22) =0 st 21,22 € C.

IIpukaan 4. Uyt icuye ananitTudna B Touni 0 dyHKIiis, 10 3a/10BOJILHAE yMOBY
f(2) = f(22)(x) nag Beix 2z 1 2z 3 oxony (myns) B anamitnanocti dbyskmii f7
Kio Tak, 3HaiiTn Bel Takl PyHKIILT.

fAcuo, mo ymosy (x) moxna zanucaru y surisni f(z) = f(5) aua seix z 3
okoity B. 3adikcyemo m0BiIbHY TOUKY zo 3 okosty B i mexait K = f(zy). Toxi
YMOBY (%) MOXKHA TIPOJIOBXKUTH HACTYITHUM THHOM:

K= st0=1(3) 1 (2) =1 () =1 ()~

Omrxke, pyHKIIIsA f( ) — K € anasiitnunoro B rouni 0, a MHOXKUHA 1T HYJIIB MICTUTD
HOCJIJIOBHICTD { sika Mae rpanundny Touky 0 B okosii B. Tomy 3a Teopemoro

— o

neN’
equnocti f(z) = K s Beix z 3 okosty B. Tankm aunoM, MHOKHHOTO aHAJITHIHAX
B rouri 0 byHKIII, 10 38/[0BOJBHSIIOTH YMOBY (%) € KOHCTATHHU 1 TIJIHKH BOHH.
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Poz i 4

Teopia anmikiB Korr

4.1 Psanu Jlopana

Teopema 4.1.1 Qyuxuito f, anarimuuny 6 wisvyi {z @ v < |z —a| < R}, de
a € C, moocna pozzopnymu 6 4bomy Kiavyl y 301oicnuti pad eudy

=Y elz—a), = 1,/<5 f(f))nﬂdg, (4.1.1)

211
n=—oo
Yo

dey,={z:]z—a|=p}, r<p<R.

Hosenenns. 3adikcyemo jioBiibHy To4UKy 2z Kiblg {z 1 7 < |z —a] < R} i
nobyyemo mente Kigbiie G := {€ :r; < |€ —a| < Ry}, ne r1 1 Ry maxi, 1mo

r<ri<|z—al <R <R.

Toui z € G, a dbyukuis f(2) ananiruuna B samuxanni G obunacri G 3 mexero 0G =
YR, U*yr_l , J1e YR, 1 Y, — KOJIA 3 HEHTPOM B TOUIl @ paJjiiyciB R 1 71 BiANOBLIHO.
Tomy 3a inTerpaJibHoio hopmysiorn Korri

R T A (IR S A (9 1 [ f©) ..
)_27r2'/f—zd£_27ri/§—zd§_2m'/f_zdf—-fl—*—b. (4.1.2)
oG VR,

Trq

1 . . .
Posropuemo B psiji s11po £ B KOXKHOMY 3 IHTerpayis I; 1 I 3a jioniomoroio ¢gop-

MYJIU CYMU HECKIHYEHHOI TeOMEeTPUIHOI TTPOTpecii

o0
— :Zw”, lw| < 1.

k=1



st bOro CHIOYATKY 110J[aMO $1JIPO f%z inrerpaJsy Iy y Burjisiji

1 1 1

= = . (4.1.3)
(-2 (E-a)—(2—qa) (g_@< _5@
Basznaumnmo, 110 Jpidb w = 2_;3 38JI0BOJIbHSIE YMOBY |w| = % < 1 ana Todok

£ € ~yg, BHAcAIOK BUOOPY uucsa Ry. Tomy, 3acrocoytoun B (4.1.3) dopmyiry
CYMU HECKIHYEHHOI TeOMETPUYIHOI TPOrpecii, OTPUMaEMO

L1 S ooy
§—z2 - (ﬁ—a) Z (g_a)n o Z (g_a)TH_l' (414)

Baznaanmo, mo psiji (4.1.4) 36iraeTbes piBHOMIPHO Ha KOJii Vg, . Bin samummrbes
PIBHOMIPHO 301’KHUM Ha, VR, micsist JIOMHOXKeHHsT Ha byHKIi0 f(£) BHACTIIOK 11
0OMEXKEHHOCT] Ha, ITbOMY KOJIi. Towmy, niCTaBIIAIO Y PO3BUHEHHST (4.1.4) B inTerpad
I, iHTerpytoun psj MOUJEHHO, 1 3aCTOCOBYIOUN HACHIIOK 3.3.2 3 Teopemu Korri
JIIST TOMOTOIITAX KPUBWX, 6y;LeMo MaTh

oo

= (z—a)" f(€) _
27m/f nz_: — ”“ Zz—a 27m/(€—a)”+1d§_

= =0

YRy

=2 (- a)n271m' / (€ {(;)nﬂdg =D _clz—a)". (4.1.5)

n=0 Y

Tenep 10j1aMo0 $1)1po _5%2 inrerpasy Is y Buriisijii

1 1 1
b _ | (4.1.6)
-2 (2—a)—({—a) (z—a)( _ﬁ;a)
z—a
: . §=a
BazHauuMo, 1o Apib w 1= = 3aJ0BOJbHHAE YMOBY |w| = ‘Z a| < 1 Jjutd TO4OK

§ € 7, BHACHOK BHOOPY 'mcaa 7. ToMmy, sacTocoByoun B (4.1.6) dbopmyay
CyMH HECKIHYEeHHOI MeOMEeTpUUHOI mporpecil i pobisun B cyMi 3aMiny 3MIHHHX
(n+1— —n), orpumaemo

SR I B o CE) S o ) L i it
E—z2 (z—a)z(z—a)n Z(Z—a)”“ Z (f—a)”ﬂ' (4.1.7)

n=—oo

Baznaanmo, 1o psj (4.1.7) 36iraeTbest piBHOMIPHO Ha KOJI 7. BiH 3ajumurbes
PIBHOMIDHO 301KHUM Ha 7, MCas JOMHOXKeHHs Ha dyHKIiio f(£) BHACTIIOK 11
obmexkeHHOCT Ha [ibomy Kouii. Tomy, mijicrasistioun po3sutenns (4.1.7) B inrerpas
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Iy, inTerpytoun psji MOYJIEHHO, 1 3aCTOCOBYIOUN HACHIIOK 3.3.2 3 Teopemu Korri
JIJIST TOMOTOITHX KPUBKUX, OyJIeMO MaTh

-1

! zZ—a 1
27”/f 3 (—a)’)‘“dg_ 2 (Z_a)nm'/(& f(f))nﬂdf:

n=—oo n=—oo
Yrq Trq

-1 -1

=2 (- a)”271m, / (¢ f(s))nﬂdf =2 alz—a (4.1.8)

n=—00 n=—00
Yo

st 3aBepliieHHs JIOBeJIeHHst TeopeMu nijcraumo orpumani B (4.1.5) 1 (4.1.8)
npejicTaBaents st inrerpadis Iy 1 Iy B dopmymy (4.1.2).
Teopema nopejieHa.

O3znavenns 4.1.1 Psanu uny (4.1.1) nasuBatorbes psiamu Jlopana.

ITpuknasmg 1. Posropuemo dyukuio f(z) = m B ps Jlopana y KijbIi

{z:1<|z—1| <2}

3’s1CyeMO MOXKJIMBICTD TOJIAHHST PSIIIOM ﬂopaHa dyHukuil f y 3ajaHOMy KLJIbII.
3ayBaXKuUMoO, 10 HYJII 3HAMEHHUKA, TOYKHU 2 1 3, 3HAXOAATHCA Ha MEXKEBUX KOJIax
Jlagoro Kiiblg, Otrxke, dyHKIA f € aHaﬂiTHqHOIO B CaMOMY KL/IbIll 1 TOMy 3a
Teopemoio Jlopana i1 MoxkHa PO3TOPHYTH B I1bOMY KiJIBI[l B PsijL Jlonana.

Crouarky MOJIAMO JIaHy pauloHaﬂbHy dyHKIIII0 Yy BT CyMH HAfIPOCTIMINX
JipobiB. [ns joBiibHOI PAIOHAIBHOI yHKIIT cama MOXKJUBICTH 1 BUJI TaKOTO
mojlanHs OyJIyTh OTpUMaHi misHime (Teopema 4.2.12 1 3ayBaxkennst 3 o uel). s
Jarol yHKINT f Take MOgaHHs, OY€BUIHO, MAE BU]L

1 1

[ =—=-—— (4.1.9)

Hauti POrOPHEMO KOKHMH 3 HaflPOCTIINX JipobiB y psijt JIopaHa, 30ikHuUil y Jia-

HOMY Kijbil. Ilsg omeparnisa mo cyTi € (pparmeHToM JoBejieHHsT TeopeMmu JlopaHa.

s mpody ;13 BOHA BUIJIAIA€ HACTYITHUM YUHOM.

oo

I 1 B 1 1 (z—l (z—1)"
=3 (z-1)-2 —2(1-51) 2Z Z on+1

n=0 n=

Y 1boMy reperBopenHi Oysia 3acTocoBaHa (popMyJia CyMU HECKIHYEHHOT I'eOMeTpu-
YHOI Nporpecii 31 3HAaMEHHUKOM W = % Tomy orpumanuit psiji 36ira€Tbcst Tam,
ne |w| < 1, robro B kpy3i |z — 1| < 2.
1 . . . .
s ;Lpp6y —— poropranust B paj Jlopana, 30LKHUMI y JlaHOMY KIJIbILL, BUTJIst-
JIa€ JIeTp iHaKIIe.

oo

2_2:(2_1)—1:(2*—1)(1—2%):z—l; z—1)n :nz:% Z_ln—i—l'



Y 11boMy IepeTBopeHHi Oyiia 3acTocoBaHa (POpMYyJia CyMHU HECKIHIEHHOI I'eOMeTPH-
YHOI IIporpecii 31 3HAMEHHUKOM W = z%l Tomy orpuMmaHuil psiji 30Ira€THCS TaM,

ne |w| < 1, Tobro y 3oBHimmocTi |2 — 1| > 1 MeHIIOro MeXeBoro KoJsia JaHoro
KI1JIBII.

st 3aBepIiieHHst pO3ropTaHHs cbyHKLul f B psing ﬂopaHa y 3aJaHOMY KIJIbIl
{z:1<|z-1| < 22 3aJIMIIMJIOCH [1ICTABUTH OTPUMAHI 110J[aH s HARIIPOCTIINX

1pobiB y dopmyrty (4.1.9).

i BUBYEHHSI OCHOBHUX BJIACTUBOCTEN psAJiB Jlopana HaMm 3Ha O0MTHCA Ha-
CTyIIHA Teopema, siKa € y3araJibHeHHsiM Teopemu 2.4.1 npo judepeHiiioBHICTh
CYMU CTEIEHEBOTO PsJIy.

Teopema 4.1.2 (Betepwmpac). dxwo dynxuii f,(2), n =0,1,2, ..., anarimu-
uni 6 obaacmi G C C, a pad i fn(2) sbizacmuvea pieHomipno na KoHCHIT KoM-
naxmmit NIOMHONCUNI 06JLacmz'_G, mo

1) cyma pady f(z) = i fn(2) € dynruicro anarimuunoro 6 obaacmi G;

2) ueti pad moocha nO%_/LOeHHO dupepenyirosamu 6 obaacmi G 6Yydo-AKYy KiAb-

Kicmo pazis, mobmo fF)(z) = 3 fflm(z) ona 6ydv-axoeo z € G i k € N.
n=0

oBenenHns. /loseieMo criodaTky mepiine TBEPXKEHHS TEOPEMHU.
BadikcyeMo JOBUIbHY TOUKY 2o € G 1 mobyayemo takuit okia B := B(zg, r) -
€l Toukn, mo B C G. OcKiJIbKU 3aMUKaHHS OKOJy B € KOMITAKTHOI0 MHOYKUHOIO,
o

pas Y. fn(2) 36iraerbes B B piBHOMIPHO 3a yMOBOIO TeOpeMH, HpuuoMy yH-

kil Gyukiil f,,(z) € nenepepsaumu. ToMy 3a BiJOMOIO 3 KypCy MaTeMaTHIHOTO

aHaJi3y TEOPEMOIO, CyMa f(2) mporo psiiy HemepepBHa B 3aMKHYTOMY OKOJIL B.
Hexait v— noBiibHA 3aMKHYTa CHpIMJIIOBaHA KPUBA, mo MICTUTBCS B OKOJ B,

OCKiJTbKN KPUBa 7y € KOMIAKTHOIO MHOYKHUHOIO, PsJI Z fn(z) 30iraeTncs Ha Hiit
n=0
PIBHOMIPHO 32 yMOBOIO Teopemu. Tomy, inTerpyioun nousiento mnefi psj i 3actoco-

ByI0UM iHTerpasbiy Teopemy Ko o anamituaaux B obsnacti G dbyukiiit f,(z2),
OTPUMAEMO

f(2)dz = i Ful2)dz = f: ful2)dz = 0.
[ iz = [t = 3 |

TaxuM unHOM, BUKOHYIOThCS BCl yMOBHU TeopeMH 3.6.4 Mopepa i 3a 11i€10 TeopeMoro
dbyukiisa f(z) e anamiTuaHoO B 0KOJi B 10BiibHOI (hikcoBaHol Touku obsacti G,
TOOTO, BOHA € aHAJITUIHOIO B oOjacTi (.

HoBejieMo Jipyre TBEPPKEHHsI TEOPeMU. 3HOBY 3a(pIKCYeEMO JIOBLIbHY TOUYKY
20 € G i mobyayemo takwii okin B := B(zy,r) miel Touku, mo B C G. He-
Xail y,— MeykeBe KOJIo 1horo okoiay B. Sadikcyemo takox nosiibae k € N. 3a
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iHTerpaJjbHo gopmysor Kol s moxijHux

k! f(2)
f(k)(zo) B 27Ti/(z—zz)k“ - 2%@/2 (2 — 20) k“dz

Tr

o
OCKIJIbKU KOJIO 7Y, € KOMIAKTHOIO MHOXKHUHOW, TO psijl » . fn(z) 36iraerbes pis-
n=0

fn(2)

HOMIPDHO Ha 7y, 3a yMOBOIO TeopeMH. Toji i ps Z W TaKOXK 301ra€ThCsd

n=0
PIBHOMIPHO Ha ;. BHacm;LOK TOrO, 10 |2 — 29| = r Ha npomy koui. Tomy iHTerpy-
09U [TOYJIEHHO Lei psiji 1 3HOBY 3aCTOCOBYIOUN inrerpaibay dopmyiy Kol jis
HOXI,H‘HI/IX IMPOJOB2KHMO ITIOIIEPEIAHIO plBHlCTb HaCTYIIHMM YHMHOM

(k) dz — (k)
i z0) = 2m/ (z — 2) k+1 - nzof”

Teopema nopejieHa.

Baysaxkenus. [loknasmu B reopemi Beiiepirpaca f,(z) = ¢,(z — 29)", orpu-
Maemo teopemy 2.4.1 npo judepeHniioBHICTb CyMI CTEIIEHEBOTO PsIy.

OcHoBHi BJj1acTuBOCTI psaaiB JlopaHna.

Bynp-saxwuit psag Jlopana Y| ¢,(z —a)", 1e a—CcKiHueHHa TOUKA KOMIJIEKCHOT
n=—oo
TJTOTIAHY, MOYKHA MIPEICTABATH Y BUIVISI CyMHU JBOX DSIJIiB:

(e.¢]

Z cn(z—a)" = Z cn(z —a)" + i cn(z —a). (4.1.10)

n=—o0o n=0 n=—00

[lepmmit 3 HUX € 3BUYARHAM CTEIEHEBUM PsIOM. 3a TeopeMoio Abess iioro cy-
Ma € (DYHKIIEI aHAJITUIHOK B KPy3i 301KHOCTI 1Oro psay. ToMy mnepiunii psi
Ha3WBAEThCs TTPABUIILHOIO dacTuHo psaay Jlopana. dpyruit psn B (4.1.10) Hasu-
BaETHCs T'OJIOBHOIO YaCTUHOIO Psijiy Jlopana.

(0.0)

Baacrtusicts 1. Pad Jlopana Y, c¢,(z —a)" 36izacmoca 6 deakomy Kinvuyi
n=—oo

{z:r <|z—a| < R}.

Hosenenns. [lepumii psiyt B (4.1.10) 3a Teopemoro AbeJisi 36iraeThest y Kpysi
|z — a| < R, pasiyc R sixoro moxna suaiitu 3a dopmyioo Komi R = L7, ne
L = lim :

n Ve
Hpyruit pst B (4.1.10) nicas saminn sminnux w = (z — a)™' Tex crae cre-
o0

MEeHeBUM psZioM » . c_,w". 3a Tiewo kK Teopemoo Abesst BiH 36iracTbcst y Kpy-
n=1
3i |w| < Ry, pauiyc Ry sikoro Moxkua 3HaiiTu 3a ¢opmynon Komi Ry = Ll_l,
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ne Ly = lim {/|c_,|. Tomy npyruit psm B (4.1.10) 36iracrbcs Ha MHOXKUHI
n—oo

{z:]|z—a| >7r}, ner =R
Takuwm uunrom, psiyi Jlopana 36iraerbes y Kiabii {z @ r < |z — a| < R}.

(0. ¢]

Baacrtusicts 2. Pad Jlopana >, c,(z—a)" 36izacmuvea pinomipno na xo-
n=—00
AHCHIT KOMNAKMHIT nidmmostcuni kiavusa sbiocnocmi {z @ r < |z — a| < R}.

HoBenenns. fkmo K —oBijibHA KOMITAKTHA TT1MHOXKIHA KLIbIA 301>KHOCTI
{z : r < |z —al] < R}, 1o icayiors maxki 79 i Ry, 7 < r9 < Ry < R, mpo
Kc{z:r<|z—al < Ro} 3a Teopemoro 2.1.2 AbGenst meprumit psin B (4. 1. 10)

36iraeThest piBHOMIpHO B Kpy3i {2 : |2 — a| < Ro}.
o0

[Tpu jnoBesieHHl BAaCTUBOCTI 1 BCTAHOBJIEHO, IO Psifl » | ¢_,w", B sKuUii mnepe-
n=1

TBOPIOETHCA JIPYTHil paajt B (4.1.10) micas saminn w = (2—a) ™1, 36iraeTbes B Kpysi

{w: |w| < Ry}, ne Ry = L. Bubue toro, 3a tieio x reopemoro 2.1.2 AGeust sin

36iraerbest pisHoMipHO B Kpysi {w : |w| < l} OCKLJIbKH i <1 =Ry Inmnmu cio-

Bamu, pyruit paji B (4.1.10) s6iraerbes piBHOMIPHO Ha MHOKHH {2z :|z—a| > ro}.
OT}Ke p#jt Jlopana s0iraeTbes pisHoMipuo B Kinbii {2 :rg < |z —a| < Ro} 1,
30KpeMa, Ha MHOXKWHI K.

[Ipsimum nHacsijgkoMm BiaacTupocti 2 1 reopemu 4.1.2 Beelipimrpaca € HacTyliHa,

BJIACTUBICTD.
[ee]

Baacrusictes 3. Cyma pady Jlopana s(z) == > cp(z —a)" e dynruyicro
n=—o00
anaNImUYHoI0 6 Kiavyl 30ioicnocmi {z 1 r < |z —al < R} yvozo pady.

Baacrusicts 4. s anarimuunoi 6 kiavyi {z 1 r < |z —a| < R} ¢pynruyii
f(2) icnye edune y yvomy Kiavyi npedcmasierms 6udy

o0

)= clz—a). (4.1.11)

n=—oo

Hosenenns. Icnypanust nojanust sy (4.1.11) pist dynkuit f(z), ananitu-
aHOT B Kbl {2z : 7 < |z — a|] < R}, rapanroBano reopemoro Jlopana. Josejie-
MO itoro eaunicTb. st ILOro mokaxkemo, 1o B OyIb-SIKOMY IIPEJICTABICHH] BHLY
(4.1.11) koedinienrtu ¢, Taki x cami, K y dopmyi (4.1.1).

Hexait p € (r,R) 17, == {z : |z — a| = p}. 3adikcyemo nosinpue uite k i
JIOMHOKMMO JIiBY 1 paBy qacrunn pisnocti (4.1.11) na (2 a)_k_l a 1oTIM 11pO-
IHTEIrPYEMO OTPUMAHY plBHlCTb Y3JI0B2K KOJI& 7,. 3a BIACTUBICTIO 2 Ds| (4 1.11)
30iraeTbesl PIBHOMIPHO Ha Kouli ,. Bin sanumurbest piBHOMIpHO 361KHUM 1 micsis
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somnokenns Ha (z —a) "1 ockinbku |2 — al = p aas rouok z € «,. Tomy, inre-

I'pyIOUuu el psiji MOUJeHHO 1 BpaxoBylouu npukJjaj 1 3 posaiiay 3.1, orpumaemo:

_ nkl
/(Z kHdz / Z cn(z — a) dz =

n=—00
Yp

g cn/z—a” =iy = ¢, - 2mi.

n=—oo
3Bijcu ist KoedinieHTis ¢ orpumyemo dopmyaty (4.1.1).
Bracrusicts 5 (Hepisnicts Komti s xoedinientis sy Jlopana). Srugo

Pynryia_f anarimuina 6 Kiavyl {z:r <|z—a| < R}, mo daa woedivienmis c,
i pady Jlopana 6 ubomy KiAbyi GUKOHYIMBCA HEPIGHICTID

devy,={z:|z—a|=p}, r<p<R.
Hosenennsi. Hexait M, := max |f(2)]. 3acrocosyioun dbopmyiy (4.1.1) s
Z€%

KoedilieHTiB ¢, 1 BpaxoByiou, 1o |§ — a| = p s £ € 7, byaeMo MaTu

1 f(€) M,
len] = zwz/(ﬁ—a)”“d§ ' ”*1/‘ &l = mp = p"p'

Ve

Psan Jlopana B mpoKoJIOTOMY OKOJIi HECKIHYEHHOCTI.

Pt Jlopama B mpokosiotomy okouti {2 : 7 < |z| < 00} HECKIHUEHHOCT] Mae BUJT

> ¢p2". Voro MoXKHa TIPEJCTABATH CYMOIO JIBOX DSiJIiB:
n=—00

00 0

Z cp2" = Z cpz" + zoo: 2. (4.1.12)
n=1

n=—oo n=—oo

Cywma MEpIIOro psIly 3a O3HadeHHAM 3.6.2 € (pyHKITIEIO aHAJITUIHOIO B HECKIiH-
dennocTi. Tomy mepimii psiji Ha3UBa€THC:A NPABUILHOI TaCTHHOIO pafy Jlopaia
B OKOJII HeckindeHHocti. dpyruii pAL B (4 1.12) Ha3MBAETHCST TOJIOBHOIO YaCTHHOIO
psjy Jlopana B mpoKoJoTOMY OKOJII HECKIHYEHHOCTI.

59



4.2 I30sb0BaHi 0COOJIMBI TOUYKN aHAJITHIHIX (PYHKITii

O3znayvenns 4.2.1 Touka a € C Ha3uBa€THCs 130JIbOBAHOIO OCODJIMBOIO TOUKOIO
(byHKIT f, K0 iCHYe TPOKOJOTHH OKIJ Ti€l TOUKHU, B IKOMY (pYHKIlS f € aHa-
JITUYHOIO.

BayBaKnMo, 10 TPOKOJIOT OKOJH K ckinvennol roukn {2 : 0 < [z —a| < R},
TaK i neckinvennocti {z : 7 < |z| < oo} € wacrunnumu punaakavu kinpig. Tomy

3a TeopeMoio JIopana (yHKIIIO f B HPOKOJOTOMY OKOJI 130J1b0BAHOI 0COOJIMBOT
o0

TOYKK @ MOYKHA PO3rOpHyTH y 301kHuMit psiyt Jlopana f(z) = > c,(z—a)" (niaa
n=—00

ckindennol Toukn) abo f(z) = Y. ¢,2" (B MPOKOIOTOMY OKOJII HECKIHIEHHOCT).

Ak 3a3Havagocsa paHime, Meil psji MOYKHA IPEJICTABUTHA CYMOIO JIBOX PSJIiB, & caMe

= ez —a)"+ i en(z—a)" (4.2.1)

JIJIsT CKIHYEHHOl TOYKHU @ 1

0 00
= Z 2’ + Z 2" (4.2.2)
n=—00 n=1

st meckinvennocti. Cyma nepuioro psijly B KOZKHOMY 3 IIUX HPEJICTaBIIeHb € dyn-
KI[€I0 aHATITHIHOI (3a Teopemoto Abesist JJist CKIHIeHHOI TOUKE abo 3a O3HAUe-
HHSM — Jijist HecKindexnocti). ToMmy meprimit psj B KOXKHOMY 3 HPEJICTaBJICHD
HA3MBAETHCsSI TPABMIILHOIO JacTHHOIO psiay Jlopana.

Takum auHOM, XapakTep ocobsmocTi GyHkil f B 11 i30/1p0BaHI 0CODTMBIM
TOYI IIJIKOM BU3HAYAETHCST JIPYTUM DsiJIOM B TipejcraBienusx (4.2.1) i (4.2.2).
Tomy Apyruii psij B IUX IIPEACTaBICHHIX HA3UBAETHCS MOJIOBHOIO YaCTHHOI DALY
Jlopana dyskmil f B MPOKOJOTOMY OKOJII 130JIhOBAHOI OCOOJINBOT TOUKH.

Oznauenns 4.2.2 Hexait I',(f)— rososna uyacruna psjy Jlopana dyuxiuii f s

IPOKOJIOTOMY OKOJI1 130J1h0BaHOT 0c00iMBOT TOUKM a, a € C.
1) Touka a HasuBaeThest ycyBHORO, skio 'y (f) = 0;
2) TOUKa @ HABMBAETHCSA MOJIOCOM, Ko Iy (f) ckindenna;
3) TOYKa @ HABWMBAETHCS ICTOTHO 0CO0JIMBOIO, Ko I'y(f) HeckinuenHa.

IIpukaanx 1. 3’sicyBaru xapakrep ocodsimBocti y Toukax 0 1 00O HaACTyITHUX

bymxriii fi(2) = M2 fo(z) = B2 fy(z) = €3, fi(z) = 22 +ex.

Cxopucrasuiuch o3HadeHusaMu 2.2.1 ¢yHkIiit sin z, cos z, €7, OTpUMAEMO

22 2t 46 1z 2 P

MO=togrg-at M= grg et
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1 1 1
f3(Z):_+—+—Z—|—..., f4(2>222+—+—2+—z+...

Bei psinm sbiraiothea B kimpii 0 < |z| < o0o0. OTxe, BOHE NPEJICTABIAIOTD
BiAMOBL NI (PYHKIIT B POKOIOTHX OKOJIAX AK HyzIsl, TaK i HeCKIH‘{eHHOCTI 3 1ux

Hpe,ZLCTaBJIeHb MaeMo Lo(fi) = 0, Do(fo) = £, To(fs) = 2+ 505 + 305 + -y
Fo(f4) 2|22 + 3'z3 + ..

TaKI/IM YUHOM, B TOYII 0 dyukmisg fi Mae ycyBHY TOUKY, (DYyHKIIIsT fo— MOJIIOC,
dbynkil f31 f4— icTOTHO 0COOJUBY TOUKY.

2 4
3 1ux xe Hpe,[LCTaBJIeHb maemo I'o(f1) = —5 + 5 — 27? + .., Tl(fo) =
3 5

55— St Dalfy) = 0, Taclfy) = 22

Takum auHOM, B TOUIl 00 yHKIS fi 1 fo Mao0Th ICTOTHO OCODJUBY TOUKY,
dbyukiis f3— ycyBHy TOUKY, (DyHKIlsT f4— TOJIOC.

3ayBaxkeHHda 1. Hapejena kiacudikaliisgs 0COOJUBUX TOUYOK CTOCYETHCS BHU-
KJIIOYHO 130JIb0BAHUX OCODJIMBUX TOYOK. [CHYIOTH OLJIBIN CKJIa IHI OCOOJIMBI TOUKH,
sIKl He HiJIJIIraloTh HaBeJeHii Kiacudikaliii.

Hpukaan 2. Pyukuis f(z) = (sin %) ! vae tourii 0 Hei30JIbOBaHY 0COOJIUBY

TOYKY, OCKIJIbKK BOHA, Ma€ IOCJIIOBHICTH OCOOJMBUX TOUOK Zf = #, IpUIOMY

Harosiocumo, 1110 icHye iHIa MOXKJIMBICThH 3’sICyBaHHS XapaKTepy 130JIb0BaHOT
0co0JIMBOT TOYKHU JiaHOT (PYHKIT OKpiM po3BuHeHHs 11i€l (pyHkiil B psiji Jlopana.
[Ist MOxKJIMBICTH BUPaXKeHa HACTYIHUMU TeOpeMaMu, sKi JialoTh KpurTepil xapa-

KTepy 1301b0BAHOT OCODJIMBOI TOUKH.

Teopema 4.2.1 Izoavosana ocobauea mouxa a € C dynnuii f e yeysnoto, axuo
I MINLKU AKUWO 1CHYE
lim f(z) # oc.

zZ—a

Teopema 4.2.2 [z0av06ama ocobausa mowka a € C dynxyii f € noarocom, axuyo
I MIADKU AKULO
lim f(z) =

z—a

Teopema 4.2.3 [30av06ana ocobausa mouka a € C dynruii f e icmommo oco-
OAUB010, AKULO T MIALKU AKULO HE LCHYE 2PAHULL

lim f(2).

z—a

3ayBaKumo, 1o reopema 4.2.3 ojpasy BuiuMBae 3 reopem 4.2.114.2.2. i asi
TEOPEMH Pa30M 3 IHITUMU XapaKTepU3aIissMu TUITY 130JIb0BAHUX OCOOJUBUX TOYOK
Oy/yTh JOBeJIeH] HIXKYE.

YcyBHa TOYKA.

oBenenns teopemu 4.2.1. JloBenemo Teopemy i CKIHUYEHHOI TOUKH .
st @ = o0 J0BejieHHs TTPOBOJINTHCS aHAJIOTYHO.
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Hexait Touku a € ycyBHOW0. 3a o3HavueHHAM psJ JIopana (GyHKIl f B mpoKoJio-
o0

ToMy OKoJii ycyBHOT Touku a Mae Buj f(2) = > ¢,(z — a)™. Toui lim f(z) = ¢.
n=0 zZ—a
[Ipunycrumo rtemnep, 1o icaye ckindenna rpanuts lim f(z). Toxi dynakmis f
z—a

obMexkeHa B JiestkoMy Tpokosiotromy okosi 0 < |z — a| < R Touku a, TobTo icHye

rake M > 0, wo |f(z)] < M paust Bcix z 3 nporo okosy. Tomy 3 HepiBHOCTI
0

Komii st koedirientis ¢, paay Jlopana f(z) = > cu(z — a)" dyukmil f
n=—oo

(1MB. BIACTHBICTH 5) y 1[HOMY MPOKOJIOTOMY OKOJIi MAa€MO OMiHKY \cn| < Mp™

ne p € (0, R). Ilepexoysiun B 1iii HepiBHocti jyist n < 0 j1o rpasuni upu p — 0

orpumaemo |c,| < 0, Tobro, ¢, = 0 mag n < 0. Takum gunHOM, psif I[opaHa
o0

byskii fy mpomy mpokosoromy okousti Mae B f(z2) = > ¢,(z—a)". Lle o3nauae,
n=0
o Iy (f) = 0. Takum yunOM, TOUKa @ € yCyBHOW Jiist hyHKIT f.
Teopema noBejieHa.
3a3HauNMO, 1110 IIPH JIOBEJICHH] JIOCTATHHOCTI YMOBU TeopeMu, 3 (PaKTy iICHYBaH-
Hsl CKiHueHHOI rpanutii lim f(z) 6ys0 BUKOpHUCTAHO JiKIe OOMEKEHHICTH (DYHKITI.
zZ—a

Takum duHOM, Mae Miclie Takuit Hac/1ij10K 3 Teopemu 4.2.1.

Hacaigok 4.2.4 [3oavosana ocobausa mouka a € C ¢ynkuii f e ycysnoro,
AKULO T MIALKY AKWO Gynkuia [ € obomescenoto 6 deakomy npokosomomy 0Kl
MoKy a.

IIpukaanx 3. 3’sacyBaru xapakrep ocobymBocti y Toukii 0 HAcTymHUX (DyH-
1

.. : 8,1 )
kuiit: fi(2) = 222, fo(z) = 21 P2 ta Gyukmil f3(z) = ﬁ y TO4Ili 00.
Jlerko mepesipuTu, 110

lim fi(2) = lim fo(2) = 1, lim fu(2) =

Orxke, 06uuBi Touku: 0 (st dynkiiin f11 fo) 1 oo (s dyskuii f3) € ycyBrumu.

3ayBaxkeHHd 2. Ao Touku a € C € ycyBHOIO Ui PyHKINT f, TO 3a 03Ha-

aqennsim psijt Jlopana i€l GyHKIil B gestkomy mpokoJoromy okosti 0 < [z —al < R
o0 o

mae Bt f(2) = > ¢,(2z — a)". 3 inmoro 6oky, dyukiis s(z) = > ¢ (2 — a)”
n=0 n=0

BU3HAYCHA Y BCHOMY OKOJ |2 — a| < R 1 € B mpomy oKoui dyuxiieo anamiT-

qHoto. Takum qwHOM, KO (GyHKIO f(2) JTOBU3HAYUTH B TOYIL @, HOKJIABLIY

fla) = hm f(2) = s(a), To ocobmusicTs ynkuil f B TOUI @ 6y,zLe YCYHOTO 1

BOHA CTaHe aHaJIlTI/I‘{HOIO B IIiii TOYII.
LInM 1OSICHIOETHCS! TIOXOJPKEHHS HA3BH YCYBHOT TOUKH.
3ayBaKeHHsT CTOCYEThCSI TAKOXK 1 YCYBHOI TOUKH OO.
IMpuknan 4. Oynxuis f(z) := *£ ne pusnadena B rouni 0 i mae ycysmy
0cobJIUBICTD B it TouIi. AJste micis qoBusHadenus 3a dhopmymnoo f(0) = 1, Bona

crae aHaJiTuInoo y Touri 0.
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Iloaroc.

Osnauenns 4.2.3 (uopsiky nomoca). Qyuxnis f mae B Touni a € C noJioc
MOPsIJIKY M, gAKMo 11 psazg Jlopana B IpOKOIOTOMY OKOJI Ii€l TOUKH Mae BUJL

C—m C—m+1 =
= . n - -m 07
f(2) (z—a)m+(z—a)m_1+ Z—a) —l—;c z—a)", c_pF#

y BUIAJKY CKIHYEHHOI TOUKU a, aDo

0
f(2) =™+ ena2" T+ Faz+ Z 2, em # 0,

n=—oo

Y BUIQJIKY G = 0O.

[HimmMu csioBamMu, MOPsiIOK 1OJI0Cy (PyHKIHT f B TOUI a— 1ie HOMEp CTapIinoro
WJIeHy TOJIOBHOI YacTuuu psijy Jlopana (GpyHKIUT f B IPOKOJIOTOMY OKOJI TOUYKH @.

[Tosroc mepuioro MopsijIKy Ha3UBAIOTD I1e IPOCTUM IIOJIOCOM

IMpukmanx 5. fxmo ¢ # 0, To koxna 3 dyukuiit f(2) = g (B Touni 0) i
g(z) = cz'% (B Touni co) MaTL MOMOC COTOTO MOPSHAIKY.

Hacrynna meopema MIiCTUTL KPpUTEPIH HOPSIAKY IOJIOCA. 38 JIOIHOMOIOIO IHET
TeopeMU TaKOoXK OyJie OTPUMAHO JIOBeJIeHHsI TeopeMmu 4.2.2.

Teopema 4.2.5 Touka a # 00 € noaocom nopadky m oas dyuxuii f modi i

MIALKY MOJL, KOAU 68 0CAKOMY NPOKOAOMOMY 0KOAL Uiei mouku dynkuis [ dony-

ckae nodanna eudy

h(z)

f(z) = —F
(2 —a)

de h(z)—anarimuuna 6 mowui a pynxyia, npuvomy h(a) # 0.
Touka oo € noarocom nopadky m das pynkyii f modi i miavku modi, Koau 6
DeAKOMY NPOKOAOMOMY 0KOAL HECKIHYEHHOCMT PyHKyia [ donyckae nodanns 6udy

flz) = 2" p(2),

de p(z)—anarimuuna 6 mouyi oo dynruia, npuiomy p(oo) # 0.

(4.2.3)

HoBeneuns. /lopejgemo TeopeMy Jijisi CKiHYe€HHOT TOUKM a. s a = oo JjioBe-
JIEHHSI ITPOBOJUTHCSI aHAJIOITIHO.

Hexait dbyukiis f mae B TouIl a moJoc mopsaaky m. Toji 3 o3Hauenns 4.2.3
MaEMO

f(2)(z—a)™ = c_pm + comy1(z — @) + copmya(z — a)* + ..., (4.2.4)

ae ¢y # 0. Tosnauumo uepes h(z) cymy creneHeBoro psijly B lpasiii dacTuni
piBrocti (4.2.4). lga dyuxiis h(z) 3a Teopemoro 2.4.1 mpo jgudepenIiiioBHicTh
CyMH CTEIEHEBOTO Psijly € aHAJITHIHOW B TOUIN a, npudomy h(a) = c_,, # 0.
Towmy 3 (4.2.4) orpumyemo Heobxigre noganns (4.2.3).
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Hexait Teniep st yHKIET f B IesIKOMY MTPOKOJIOTOMY OKOJII TOUKHU @ MA€E MICITe
noganust (4.2.3). Kopucrywoaucs reopemoro 3.5.1 Teiiopa, npejcraBuMo axaii-
tuuny QyHKIH0 A(z) B bOMY 110/aHH] 301KHUM B JIESIKOMY OKOJI TOUKH @ CTEIIe-
HEBUM PsJIOM:

f(z) = % (bo+bi(z = a) + bo(z —a)* + ..) =

bo by b 0 .
= ———+ ...+ b, b, —a)*,
(z —a)m " (z —a)m! i +(z —a)m2 ot Ot ]; k(2 —a)

1e by = h(a) # 0.

Orpumane noganns ¢yukmii f psgom JlopaHa B MPOKOJIOTOMY OKOJII TOUKH
a Ma€ TaKuii BuJI, iKMW 3a o3HadeHHsIM 4.2.3 CBLAYMTH 1IPO Te, MO0 TOYKA @ €
TIOJTIOCOM TIOPSIIKY M T (pyHKITT f.

IlopiBaiooun Teopemy 4.2.5 3 TBep/KeHHAM 3.7.1 1 HACTIIKOM 3 HLHOTO, SKi
JIAIOTh KPUTEPIH MOPSAKY HYJIsT, OTPUMYEMO HACTYIIHI HACJIJIKY.

Hacaigok 4.2.6 [30avosana ocobausa mouka a, a € C, dynxyii f(2) € noato-
com nopadky m uiei Gynruii modi 1 MIALKY MO, KOAU 60HA € HYAEM NOPAIKY

T
m oaa ynrui o

Hacuimok 4.2.7 [30av06ana ocobausa mowka a, a # oo, dynkuii f(z) € noao-
com nopadky m uiei Gynkyi modi © MIALKU Modi, KOAU BUKOHYEMBCA ACUMNMO-
MUYHA PIBHOCTD

fz)~C(z—a)™, z—a, C#N0.

Izonvosana ocobausa mouka oo dymnruii f(z) e noaocom nopadky m yiei gyn-
Kyt modi i miavku modi, KoAU SUKOHYEMHCA ACUMNMOMUYHA PIEHOCTIL

f(z) ~CZ", z—00, C#N0.

B3aeM03B’430K MixK 110JIIOCAMU 1 HYJISIMHU, BI/Ipa)KeHI/II/I Hachaijikom 4.2.6, jae
3MOTY PO3IJIAJIATH TIOJIOCH TIOPAJKY MM K HYJI BiJI'€MHOTO TIOPSIJIKY —1. TaKa
TeleHOJIOFmHa yToa JIa€ MOXKJIUBICTH CHOPMYJIIOBATH ITe OJIMH KOPUCHUI Ha-
CJIJTOK.

Hacaigok 4.2.8 Hexat f(z) = flgz Axwo 6 mowui a, a € C, dynwuis f1(2)

MAE YD nopadey ki, a dywryia fo(z)— nyav nopadky ky, mo dynxuia f(z)
MGE 6 Uit Moyt Hyav nopadky ki — ko.

IIpu yvomy, axuo ki > ks, mo ue — 36uvatinui nysv nopadky ki — ke, Axuwio
oic k1 < ko, mo ue nyav 6id’emmozo nopadky, mobmo, noatoc nopadky ko — ky.
Hrwo, napewms, k1 = ky, mo mouka a € ycysHolo.
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1

IIpukiazn 6. 3'acysaru xapakrep OCO6JII/IBOCTi bynkuiit: fi(z) = -

0), fa(z) = T4 (y vouni —i), fo(z) =
Ockinbku € — 1 ~ z npu z — 0, TO fl(z) ~ ; npu z — 0. Tomy 3a HaCTiI-

koM 4.2.7 dyukiis fi(z) mae y rouri 0 mpoctuii mosroc, T06TO, MOJIOC MEPIIOro
MOPSIJIKY.

7 (y rouni

T (v Toqul 00).

Baznauumo jaii, mo 22 +1 = (2 —1)(z+1). Ockinbku %:”) ~ 1npu z — —i,
10 fo2) ~ _4(%4—2') i 3a macigkom 4.2.7 dbyukiis fo(2) Mae y Touni —i npocruii

MOJTIOC.
Bpaxosyrouu, 1110 sin% ~ % pu 2 — 00, Maemo f3(2) ~ 2% npu z — oo. Orxe,
byukIis f3(z) Mae y TOUII 00 MOJOC APYTOTO MOPSIKY 3a Hacaiakom 4.2.7.

(1—cos z)?

IMpuknan 7. 3'scysatu xapakrep ocobsuBocti dyukmil f(z) = NG

Toukil 0.

Jlerko nepesiputu, 1mo 1 — cos z ~ 5, ae”—1~ zmupu z — 0. Tomy 3a TBep-

mxentsm 3.7.1 dyukimis (1 — cos 2)2 Ma€ HYJb YeTBEPTOrO MOPAJIKY, a (PYHKIIISI

(e* — 1)°— nyan waroro nopsanky y Touni 0. Takum uunom, 3a Hacaigkom 4.2.8
byukuisi f(z) mae y rouni 0 npocruit 1osoc, ToOTO, MOJKOC HEPIIOro HOPs/IKY.

HoBenenns teopemmu 4.2.2. /loBejieMo TeopeMy Jijisi CKIHYEHHOI TOYKU .
s a = oo J0BeJIeHHs TTPOBOJUTHCS aHAJIOTTIHO.
Hexait Touka a € nmoocoM (yHkiii f. Toxai 3a Teopemoio 4.2.5 mrs pyHKI f
Mae mictie nofanns (4.2.3). 3 mporo MojaHHs 0Jpasy OTPUMYEMO li_r>n f(z) = oc.
zZ—a

Hexait Tenep nist i30/150BaHO1 0CO0JMBOT TOUKK @ PYHKINT f Ma€e Miciie piBHICTh

lim f(z) = oo. Toxi |f(2)| > 1 B meskomy mpokosoromy okomi 0 < |z —a| < R
z—a

el TouKn. 3MEHITyIoun pr HeoOXigHocTI R MOYKHA BBaXKaTH, MO [ € aHaJiTH-
qHOIO B 1[boMy OkoJti. Tosi 1 dyukiIis p(z) == —f(lz) aHAJITUIHA B HHOMY, TIPHIOMY
lim p(z) = 0, Tobr0, TouKa @ € ycysHOW Jyist byl (). [Ticas posusnadens
z—a

@(a) := 0, QyHKIis @ cTaHe aHAJITUYHOI B TOYII @ 1 MaTUMe TaMm HyJib. SKIo
m— HOPSIOK ITLOI0 HyJId, TO 3a HacaiaKoM 4.2.6 pyHKIIsS f Mae B TOUII @ HOJIIOC
HOPSAJIKY M.

Teopema joBejieHa.

IcTtoTrHO OCOBIMBA TOUKA.
Ak Bxke 3a3HauUaI0CH, TPOCTUM Hac/ijiKoM TeopeM 4.2.114.2.2 € Teopema 4.2.3.

3a 11i€l0 TeopeMoio 1301h0BaHa ocobmBa Touka a € C ¢yHkIii f € icToTHO oco-
OJIMBOIO, SIKITO 1 TLILKY SIKIIO He 1ICHY€ TPaHUIIL li_r>n f(2).
z—a

HpI/IKJIa,Z[ 8. Ilokaxkemo, mo ¢yuknia f(z) = e'8? Mae iCTOTHy OCODJIUBICTD

B TOUI 5. [1iiCHO, PO3NIAHEMO JIBI MOCTITOBHOCTI 2 =1 + =35 — % fcno,
mo lim z,ll = lim 22 = %, ane lim f(z,) = 0, hm f( n) = 0. TaKI/IM GHHOM,
n—0o0 n—oo n—oo n—oo
He icuye rpanuni lim f(z), Tobro, Touka 5 € 1CTOTHO 0CODJIMBOIO Jijist PyHKIII
z2—m/2

f(2) srigno 3 reopemoro 4.2.3.
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Habararo perajbHINy XapaKTepUCTUKY MOBEJIHKH (PYHKIII B MPOKOJOTOMY
OKOJTI 1CTOTHO OCODJIMBOI TOUKM Jla€ HACTYITHA TEOPEMA.

Teopema 4.2.9 (Cozxoyvkuii-Betepumpac). SAxwo a, a € C, € icmommno ocobau-

6010 moukoro pynruii f, mo dan 6ydv-arxozo K € C icnye mara nocaidosHnicmo
Mook zy, zn — a, wo f(z,) — K.

,ZLOBe,ueHHﬂ ,HOBe,ZLeMO crouarkKy Teopemy g K = oo. 3a Hacaigkom 4.2.4
3 Kpurepis ycyBHOI TOUKH (DyHKILs f HEeoOMexkeHa B OYIb-SIKOMY IIPOKOJIOTOMY
okoJii Touku a. Orke, icHye Taka HOCHIOBHICTD {2, }reN, 2n — @, 10 f(2,) — 00,
Hexait renep K 75 oo. Hassemo K-toukoio ¢yskIil f 6y,sz SIKUI PO3B’SI30K
piBusuHs f(z) = K. ZKIo a € rpaHudHO0 TOUKOW0 Jijist K -TOY0K, TeopeMa oue-
BujiHa. [Ipumycrumo, 1o 1e He Tak, TOOTO, ICHYE NPOKOJIOTHI OKLJI TOUKH a, B
akoMy Hemae K-Todok. B 1iboMy MpoKoJoTOMYy OKOJ (DYHKINSA ¢ = f_LK € aHa-
miruuanoo. Toxi 3 pisnocri [ = K + % BUILIUBAE, 1110 HE 1CHYE IPAHUIL li_r>n o(2),
z—a

ockinibku He icaye lim f(z). Orxke, ToUKa @ € iICTOTHO OCOOJMBOI Jiisi (DYHKITIT
z—a

. OcKiIbKM TeopeMa BXKe JIoBejieHa it K = 00, iCHye TaKa MOCJIiJI0BHICTH TO-
90K Zn, Zn — @, MO p(z,) — oo. Tomi 3 piBnocri f = K —l—é OTPUMYEMO, 1110

f(zn) = K.
Teopema jioBejieHa.

Hacrtynna teopema € y3arajbHennsam Teopemu Coxorbkoro-BeiiepiTpaca.

Teopema 4.2.10 (Ilixap). Y 6ydv-axomy oxoai icmommo 0c002u607 MOKY Pyn-
KA npuimae, npuwomy be3riy pasdis, 6ydv-axe snavenns K € C, oxpim xiba wo
001020.

Oz3HauyenHs 4.2.4 lle 3naueHHs, gKe (PyHKIIsA MOXKe HE IPUAMATH B IPOKOJIO-
TOMY OKOJIi ICTOTHO OCOOJIMBOI TOYKW HA3WBAETHCS BUHSTKOBUM IMMIKAPOBCHKUM
3HATEHHSIM.

Teopema Ilikapa He BXOJUTDH JI0 YHIBEPCUTETCHKOIO KYPCY KOMILJIEKCHOI'O aHa-
mizy. Tomy oOMeKnMOCs TTPUKJIAJIOM, IO LIIOCTPYE TEOPEMY.

ITpuknam 9. [lepesiputn Teopemy Ilikapa juist GyHKIT €.

Badikcyemo Oynb-sike K € C 1 poss’sizkemo piBasiaist € = K. Ili po3s’sizku
Jarorbest popmysiown 2.2.4; a came, z, = LnK = In | K| + i(arg K + 2nm), n € Z.
dAcno, mo z, — oo nmpu n — :I:oo TOMy cbyHKLuH e’ npuiiMae 3HATCHHS K,
npudomMy 0e3Jjiid pasiB, B Oy/Ib-SIKOMY OKOJII HECKIHYEHHOCTI.

ITini i mepomopdHi PyHKITIT.

Haraaemo, 1110 11iJ1010 Ha3UBa€ThCsI (PYHKIS, aHAJITUIHA Y BCIil KOMILIEKCHIi
monual. OTxke, 1Mia PYHKIIA MOYXKe MaTH OCOOJUBY TOUKY JIUIIE B HECKIHIEH-
Hocti. Ilst ocobsmmBicTh MOXKe OYTH YCYBHOIO, MOJIIOCOM ab0 1CTOTHO OCOOJINBOIO.

1) dkimo nina dyskiis f Mae B HeCKIHUEHHOCT] yCyBHY 0COOJIMBICTD, TO BOHA 3,
HaCTiIKOM 4.2.4 3 KpUTepisd YCYBHOI TOUKHU € 0OMEXKEHOIO B JIETKOMY ITPOKOJOTOMY
okomi {2z : 7 < |z] < oo} meckindennocri. Boma Takoxk oOMexeHa Ha KOMMIAKTHIf
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muoxkuni {z : |z| < r} ax nenepepsua dyukiia. Takum uunom, nina gyukuisa f
obMerkeHa y BCiii KoMmIiekcHiii miomuni. Tomy 3a Teopemoro .HlyBlJIH HACJIJIOK
3.5.3 3 reopemu Teitsiopa) dbyukiis f € KOHCTAHTOR.

2) Hexait 1mina dbyskiist f Mae B HECKIHIEHHOCTI MOJIOC TOPSIIKY 1. 3a O3Ha-
yeHHsAM 4.2.3 roJioBHA ‘{aCTI/IHa [oo(f) 11 pagy Jlopana y HeCKIHIEHHOCT] Ma€ BH/T
Loo(f)(2) = 2™ + cp12™ L+ ..+ 12 + ¢, e Cy 7é 0. Toni y misof dymkuii
Y= f —T(f) rososua yacruna psjty Jlopana y neckinuennocri jopisuioe my-
mo. Orxke, cbyHKLuﬂ ¥ Ma€ ycyBHy OCODJIMBICTL y HECKIHUEHHOCTI i 3a MyHKTOM
1) e xoncranroio. Toi dynknisa f =1 + ['x(f) € muorounenom creneni m.

3) HpHKﬂa;LaMM LJTAX cbyHKLuI/I sIKl y HECKIHUEHHOCTI MalOTh iICTOTHY 0CO0JIN-
BicTh € PyHKIIT €7, cos 2, sin z, ch z, sh 2.

O3zuavennd 4.2.5 [lira ¢yHkiis, ska y HECKIHIEHHOCTI Ma€ 1CTOTHY OCODJIN-
BICTDH, Ha3UBAETHCA IIJIOI0 TPaHCIEHIeHTHOIO.
Bynp-sika 1ija TpancienjgenTa (yHKiis [ HeoOMerkeHa 1 He Ma€ T'DAHMIL

g fle)

OzunavenHs 4.2.6 OyHkIlisd, gKa He Ma€ y Bciit KoMiiekcHii miomuni C iHmmMxX
0CODJIMBUX TOYOK, OKPIM IIOJIIOCIB, HA3UBAETHCS MEPOMOPQHOIO.

[Tpukamamu mepomopdHux pyHKIIIH € panioHaJ bHl PyHKIIT ﬁ:gg (TobTO0, Uac-

TKa JBOX MHOrO4JIeHiB), tgz, ctgz, thz, cthz.

TBepmkenns 4.2.11 Mepomoppra dynkuisa mae ne 6iAbUL HIKHC 3ATYEHHY MHO-
AHCUHY MONNCIE.

HoBenenns. Yepes P 1mo3HaumMO MHOXKHUHY IIOJIFOCIB JIOBIJILHOI (hiKCOBaHOI
MepomopdHol dpyHkIii. OcKibKu 00’ €iHAHHSA 3/IIU€HHOI0 YNCJia CKIHYCHHUX MHO-
JKUH € He OLIbII HIXK 3JIiYeHHOI0 MHOXKHHOIO, TO JOCHTH JOBECTH, IO KOXKHa 3
vmuoxkun P, := P({z: |z] <n}, n € N, ckinuenna.

HoBegemo, 1m0 KoyKHa, 3 MHOXKHMH P, ckindenHa. [Ipunyctumo, 1mo ogHa 3 mux
MHOXKUH P, HeckiHueHHa, TOOTO, iCHY€ IOCJIIJOBHICTH IIONAPHO PI3HUX IOJIOCIB
2 € P,. Ockinbku muoxkuna {2 @ |z| < n} € KOMIakTHOW0, 3 M€l TOCTIIOBHOCTI
MOYKHA BUJILIUTH T/1I0C/I0BHICTD, 3012KHY J10 JiesKol Touku a, |a| < n. e o3una-
Jae, M0 TOUKA ¢ € HeI30JIbOBAHOI 0CODJMNBOIO TOUYKOK (PIKCOBAHOI MEPOMOPQHOI
(yHKIIT, 110 cylepeunTh 0O3HAYEHHIO IIbOI0 KJacy (OyHKITIA.

Teopema 4.2.12 Mepomopdna pynxuia, axa e Mac y po3wupeniti KoMniekcHit
naowuns C iHwWuT 0cobAUBUT MOUOK, OKPIM NOAIOCIE, € PAULOHAALHOIO.

JloBeaeHHs. 3ayBaknMO, [0 MHOXKWHA, TTOJIOCIB MepopMopdHOT pyHKIT f
3a YMOB TeopeMHu cKiHdeHHa. JlificHOo, mpUIycTHMO, IO iCHY€ MOCJiIOBHICTH IIO-
HapHO Pi3HUX HOJIOCiB JaHol dyHKIl. Ockisbku MHOKKMHA C € KOMIAKTHOIO, 3
IE€T TOC/IIIOBHOCT] MOXKHA, BUJIIJIUTH IITOCJIJOBHICTD, 3012KHY JI0 JIesIKOT TOUKH
a € C. lle o3nauae, 110 TOYKA @ € HEI30JbOBAHOIO 0CODJNBOIO TOUKOIO (PyHKIILT f,
110 CYIIEePEUYUTh YMOBI TEOPEMH.

Orxe, &yHKIA [ MoXke MaTW JIAIIE CKIHYEHHY MHOXKHUHY —ITOJIOCIB
ai, as, ..., a, € C i, MOXKJIMBO, Il TOJIIOC Y HeckindeHHocTi. Hexail, gp— rosjoBHa
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qacTuHa psaay Jlopana GyHKINT f y TPOKOJIOTOMY OKOJII TOUKM ag, k= 1,...,n, a
g— rosiosna vactuna pagy Jlopana dyukuii f y mpokosoromy okos HECKIHICH-
HOCTL. 3a o3HadeHHsIM 4.2.2 11 yHKIIT MalOTh HACTYITHUN BU/I;:

k k k

o C—mk c—mk+1 C*l
gk(z) — (Z — a/k)mk + (Z — a/k)mk_l + (Z _ a,k) )

g(z) = ot + 2V 4z,

Orxke, Gynkiisa ¢(z) = f(2) — g(2) — > gr(2) € amamiTuarO0 y pO3NTHpEHiii
k=1

KOMILJIEKCHIM 11omuHi. [HImMMu cjioBaMu, BOHA € OOMEXKEHO 111JI0I0 (PYHKIIIEO.
3a reopemoro JliyBins ¢(2) € kKoHcTaHTO0. [I03HAYMBINN 1I0 KOHCTAHTY CHMBOJIOM
co, OTPUMAEMO JIJTst (PYHKINT f HACTyIIHE TOJaHHSA:

n my k

f( )_clz + ¢_ zzl 1+ +Clz+CO+ZZ

k=1 i=1

Z_—ak), (4.2.5)

TOOTO, (PYHKINA [ € parioHaJbHOIO.
3ayBa>KeHHﬂ 3. Pipnicrs (4.2.5) € moganusm pauloHaﬂme dbyukmii f = Q’
ne P i ()— MHOrowieHu, cymoro il 1ijol YacTHHH clz + ¢ - Zz T+ c1z+ ¢yl
k:

HAUTTPOCTIIHUX JIPOOIB 1=1,...my,k=1,...,n, e ap— HYJi 3HAMEHHUKA,

(z ak)Z ’
(), a mj— TX KpaTHOCTI.

4.3 JIummkn

[ToustiTrst Jiniika 0yJio BBejieHO ppaHIly3bKUM MaTemaTukoM Kol sk iHCTpy-
MEHT JiJist OOUMCJIEHHST IHTerPaJIiB.

Hexait dbynknis f(2) e ananituanoio B 3amkHeniit obiacti G C C 3a BUHATKOM
TOYOK a1, ..., a, € G. Ilobyayemo koma v,, := {z : |z — a;| = r;}, mo micrarbes B
obstacti G 1 1101apHO HE lepeTUHAIOThCA MixK cobo10. Posristnemo 6araross’ssmy

obmacts G 3 Mexero G = G U, Un,- Ockinbkn dynknia f(z) e anani-
TUSHOW B 3aMuKaHHi obsacti G, 3a Teopemoro 3.3.3 (Komi syist 6aroross’sisuol

obJracti)
/f dz—Z/f (4.3.1)

’le

BayBaH{HMo 1110 34 H&CJILILKOM 3.3.2 3 T€OpeMH 3.3.1 (Komri myist romorormanx
KpI/IBI/IX) IHTerpasiy B IpaBlil 1aCTHHI PIBHOCTI (4 3.1) Ha 3ajeXKaTDH BLJL PAJLyCIB 7
KL 7,,. TakuM 9MHOM, KOXKHUHN 3 IIUX IHTErpaJiiB 3aJ1e2KNTh JIUIIE BlJl XapaKTepy
0coBIMBOCT ¢yHkil B Touni a;. Tomy npupojiHUM € HACTYIIHE O3HAUYEHHS.
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O3znauvenns 4.3.1 Jlumkowm res,—, f(z) dyukuii f(z) B i1 i3onboBaHiit ocobiusiit
TOYI ¢ HABUBAETHCS BEJIMINHA

resf(z) 2m/f

ne v =9z : |z —a|l = r}— kouo jgocrarabo MaJgoOro pajiyca.

Ax moxkazap Kol icHYIOTH pi3HOMaHITHI €IOCOOM OOUMC/IEHHS JIUIIKIB, sIKI
He 1oTpebyoTh obuncieHHs iHTerpaay B o3HadenHi 4.3.1. Toxi meit imTerpas 3
osnadennst 4.3.1 MoykHa 00UMCaINTH 3a JOTTOMOTOI0 JutiKa. Crocodbn o0IncIeHHst
JIMIIKIB OyJ1yTh pOSFﬂHHyTI Jasti. 3a JIOTIOMOT'OI0 O3HAYEHH:T JIMIIK TEOPEMY Ko-
i ist 6araToss’sg3u0l obsmacti (30kpeMa, piBHicTh (4.3.1)) MOXKHA TpEICTABATH
HACTYITHUM YUHOM.

Teopema 4.3.1 (meopema Kowi npo auwwiru). Hxwo dynwuia f(2) e ananimu-

wnoto 6 samrnenit obaacmi G C C 3a GUHAMKOM CKIHYEHH020 YUCAGL TMOUOK
ai,...,ap, € G, mo

/f(z)dz = 27 g res f(z). (4.3.2)
Z=aj
oG
3mict Teopemu Kot mpo JMIKM MoJsira€ B TOMY, 1110 BOHA, OOUUCIEHHST TJI0-
OaJIbHOI XapaKTEePUCTUKU, KPUBOJIHIHHOIO 1HTErpaJly y3/I0BXK Mexki 00s1acTi, 3B0-
JINTH JIO0 OOYNCIeHHS JIOKAJbHUX XapaKTEPUCTHK, & caMe, JIUIIKIB Y CKIHUeHHOMY
YUCJI 130JIbOBAHUX OCODJIMBUX TOYOK, IO MICTATHCS B OBJIACTI.

Cnocobmu o04YucIeHHd JININKIB.

Hacrtynna Teopema jae yHiBepcaJbHUi CIIOCIO OOUMC/IEHHS JIMIIKIB, He3aJe-
YKHUH BiJT TUITY 130JTb0BAHOT OCOOJIMBOI TOUKH.

Teopema 4.3.2 Jluwox dynxuii f 6 i3oavosaniti ocobausit movwut a € C dopies-
o0

woe xoedivienmy c_y pady Jopana Y. cu(z —a)" dynxuii f (npu (z —a)7t)
n=—00
6 NPOKOAOMOMY 0KOAT MoK @, MobMo,

resf(z) = c_1.

JloBegeHHs. 3a O3HAUYEHHSAM 130JIbOBAHOI OCOOJTMBOI TOUKH cbyHKuiﬂ f amna-
JITHYHA B JIedKOMY TIpOoKojoTomy okoii {z : 0 < |z — a| < R} miei Toukwm.
O6epeM0 r < R. Toal psj Jlopana ¢ynxuii f PIBHOMIPHO 30Ira€rbCs Ha KO-
m oy = {z : [z —a| = r} sa snacrusicrio 2 panis Jlopana. Tomy fioro
MOXKHA 1HTerpyBaTH MOYJIEHHO Y3JIOBXK TIHOTO KoJia. IIpoinTerpyBariy piBHICTD

f(z) = Z cn(z — @) y3/10BK KoJIa 7y, 1 BpaxyBaBIlM O3HAUCHHS JINIIKA 1 1PH-
n=-—00
kJjaj; 1 3 posaiiny 3.1, orpumaemo

gesf( 2mi /f 27m/ Z cn(z —a)'dz =
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1 o0
2— Z / z—a)"dz = c_q.

Teopema joBejieHa.

BpaxoByrouu, 1110 JUIs yCYBHOT TOUKH ¢gyHKIIiT rosioBHa yacruna i psijy Jlopana
B MPOKOJIOTOMY OKOJIi 1€l TOUKHM JIOPIBHIOE HYJIO, & ToMy 1 c_1 = 0, 3 Teopemn
4.3.2 orpumyemMo

Hacainok 4.3.3 fHxuwo mouxa a € C ¢ ycysnoro drs pynkuii f, mo

resf(z) =
zZ=a
, ) .
puknag 1. O6uncinmn [ 22dz, [exdz, [ 222dz, ne v = {z : |z| = 1}.
gt gi! gi!

Baznauumo, 1o dyukis 25 anajuiruuna B ojuuudnomy kpysi {z : |z| < 1}

3a BunaTkoM Toukn 0. Tomy 3acrocoBytoun teopemu 4.3.1 1 4.3.2, orpuMaeMo

sin z , sin z ,
I = 5 dz = 21 - res 5 =27 - c_q,
zZ z=0 2

ga!

ne c_1— koedinient mpu z ! pary Jlopana

sin 2 1 z 23 2P

T TR

z
T00TO, c_1 = 1. OTKE, [} = 271.

Amnanoriuno, 3acrocoBytoun Teopemu 4.3.1 1 4.3.2 1 pozsunenust GpyHKIIil e: B
psia JIopana e: = % + 2,17 + 3,17 + ..., MAEMO feédz = 27m1.

!
3acrocoytoun Teopemy 4.3.1, nacainok 4.3.3 1 Bpaxopyioun, mo Touka 0 s

bynxmii *= SZ ¢ yeyBHOIO 3a Teopemoro 4.2.1, ockimbku lim 22 = 1. orpumaemo
z—0
sin 2 , sin 2
dz = 21t - res =0.
Z z=0 2

At

OO6uyuciieHHsa JUMOIKIB B TOJIIOcax (DyHKITII.
TBepmxkennsa 4.3.4 Arxwo mouka a € C e npocmum nomocom pynrkuii f, mo

resf(z) = lim(z —a) f(2).

HoBenennsi. dAxmo ¢yukiisi f mae npocruit nmosoc B touni a € C | To 3a
osnadeHHsM 4.2.3 11 psij; Jlopana B 1IpOKOJIOTOMY OKOJII II€T TOYKU MA€E BUJ

f) =+ ez —a)", e £0.
n=0

Z—a
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JomHoXKa09n 00K/IBl YaCTHHH I1€] PIBHOCTI HA 2 — @, IEPEXOIAIH JIO I'PAHUIL [IPH
Z — a 1 3aCTOCOBYI0UN Teopemy 4.3.3, OTpPUMYEMO

lim(z —a)f(z) = c.1 = resf(z).

Hacuimok 4.3.5 Hexat f(z) = ?8, npuvwomy dynxuii f1 1 fo anarimuuni e
mo”ui a, fl(a) # 0; f2( ) — O f2( ) ?A 0. Too:

fi(a)
resf(z) = :
/) =@
HoBenenus. B cuny nachijgky 4.2.8 3a yMOB JlaHOTO HACHAKY DYHKISA f Ma€e
B TOUIN @ MPOCTHUii mojtoc. ToMmy 3a TBepaKeHHAM 4.3.4 MaeMo

. fitz) . Az file)
resf(2) = lim(z —a) f;(z) = lim 25 — fz(a) '

Z—a

Ipukaan 2. O6uncaurn [ ctg zdz, ne v :={z: |z — 2x| = 1}.

gl
: __ COSZz
Baznauumo, 1o Gynxiis ctg z = S22 B kpysi {2 : [z —27| < 1} € ananiruanono

3a BUHATKOM Touku 27. Kpim Toro, gyukuii fi(2) = cosz i fa(z) = sin z zaj0-
BOJIBHAIOTH B TOUI @ = 27 yMOBHU HacJ/Ka 4.3.95. Towmy, 3acTOCOBYIOUN TEOpEMY
4.3.1 (Ko nipo Jmamiku) i Hacaigok 4.3.5, orpumaemo

, COS 2 CoS 2 _
ctg zdz = 271 - res — = 211 ( ) = 271i.
z=2m SIn 2 sin’ 2/ z=2x

gl

TBepmxkenns 4.3.6 Hrxuwo mouka a € C ¢ noarocom nopadky m daa dymruii
f, mo
1 dm—l
resf(z) = lim z—a)"f(2)].
resf(2) = (g i oy (2 = )" (2)
HoBenenHns. dAxmo yukiis f mae mosoc nopsaaky m B Touri a € C |, To 3a
osnadeHHsaM 4.2.3 11 psiy Jlopana B TpoKOJIOTOMY OKOJII I[IE€T TOYKU MAE BUJ

f(Z):m—F—F(Z_a)—{—;Cn(Z—Q), C_m#o.

[Ticst jomHOXKeHHs 11i€l piBHOCTI Ha (2 — )™, MaTUMEMO

(z—a)"f(2) =c_pm+ ... Fc1(z—a)™ 1 + Z cu(z —a)"™™.
n=0

[TpoiudpepenniroBasiim orpuMany piBHicTh m — 1 paziB, OTpUMaAEMO

dciﬂ;_—l (z=a)"f(2)] = (m=Dley + > (n+m)...(n+ ey(z — a)" ™.
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Z[JIH 3aBEPIICHHA JIOBCJICHHA TBEP/IXKCHHA 4.3.6 3aJIUIINI0CH ePeHTH B OCTaH-
Hiil piBHOCTI 710 TpaHuili po z — a, nopiiutw i Ha (m — 1)! 1 BpaxyBaru, 1m0
c_1 = res,—,f(2) 3a reopemoro 4.3.2.

Hacaigok 4.3.7 Hexat f(z) = (Zh_(—zgm, npuvomy Pynkuia h anasimuvna 6 mo-
i a i h(a) # 0. Todi
h(m—l)(a)
(m—1)1"

HoBenennsi. B cuty Teopemn 4.2.5 3a yMOB JlaHOrO HAaCHiAKY (hyHKIs f Mae
B TOYII @ 1oJifoc nopsiiiky m. Tomy, 3acrocoBytoun Tepipkents 4.3.6 1 Bpaxo-

BYIOUM HeNepepBHICTH MOX1IHOT R(™=1) anamitudrol ¢ yHKIIT, 0JIpa3y OTPUMYEMO
dopmyny nacaiaka 4.3.7.

el #) =

IIpuknaan 3. O6uuncanTn f sz sdz, ey :={z:|z— | =1}.

sin z
z—7/2
YHOIO 32 BUHATKOM TOUKHA 7/2, a dyHKIlisl Sin 2— aHaJiTHYHA CKDi3b, NPHIOMY
sin7/2 # 0. Tomy, 3acTocoByioun Teopemy 4.3.1 (Komri mpo smmikn) i Hacigok
4.3.7, oTpumaemo

BaznaunMo, 1m0 (PyHKIIis on7ap B kpy3i {z : |z — 7/2| < 1} e ananiru-

dz =271 - res —— = 211 = —T1.

/ sin z sin 2 (sin” 2)=r/2
(Z — 5) z=7/2 (Z — %)3 2!

JInmiok y HEeCKiHYEeHHOCTI.

O3znadvenns 4.3.2 Jlumkowm res,— f(2) dynkiil f(z) B 1T i30ap0BaHiit ocobimsiit
TOYIl 0O HABUBAETHCS BEJUIMHA

s g [ 0

ne g = {z : |z| = R}— K0J10 j10CTaTHBO BEJIMKOIO pajiiyca.

3ayBaxkenHa 1. Harojiocumo, 1o koJio ’y}}l € OPIEHTOBHOIO MEXKEIO0 1POKO-
gororo okosy {z : R < |z| < oo} meckinvennocri. Ile moHicTiO Bijnosigae
o3Havennio 4.3.1 jimmika jJjisi CKIHUeHHOI TOYKM, B SKOMY BIJIIOBLIHUN 1HTErpaJI
TaKOXK OepeTbCsl Y3/I0BXK OPIEHTOBHOI MeXKi IMPOKOJOTOI'O OKOJIY, aJie CKiHYeHHOT
TOYKH.

3a nacnigkom 3.3.2 3 teopemu 3.3.1 (Ko ajis roMoTOmHMX KpHBHX) iHTe-
rpaJ B o3nadenHi 4.3.2 He 3aJjiexkuTh BiJ| pajiycy R kousa yg. Takum dunowm, 1ieit
1HTerpaJl 3aJexKuTh JIMile Biji xapakrepy ocobsinBocTi (pyHKIIT B TOUIl 00.

Hacrymaa Teopema € anajorom teopemu 4.3.2 Jisl HeCKIHIEHHOI 130JIbOBAHOI
0CODOJIMBOI TOUKH.
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Teopema 4.3.8 Jluwor gynkuii f 6 1304006a11l 0c00AUGLT MO 0O JOPIGHIOE
(0.9]

Koedivienmy c_q (30 anarxom minyc) pady Jdopana > c 2" dynwuii f (npu zt)
n=—oo
6 NPOKONOMOMY O0KON HECKIHYEHHOCE, Tobmo,

Tes f(z) = —c1.

JloBegeHHs. 3a 03HAUEHHSIM 130JIbOBAHOI OCOOTUBOT TOUKN 00 (PyHKIIA f aHa-
JiTHYHA B JlesIKOMy Tmpokosioromy okosi {z : 7 < |z| < oo} meckimdennocri
Obepemo R > r. Toxi psin Jlopana dbyukmii f piBHOMIpHO 30iraeThcst Ha KOJI
vr = {z : |z| = R} 3a Baacrusicrio 2 psiuis Jlopana. Tomy iforo moxna inrerpy-

o0
BATH TIOYWICHHO Y3/I0BXK 1BOT0 Kosta. [Ipoinrerpysamu piBuicts f(2) = Y. ¢,2"
0

y3JI0B2K KOJia YR, BpaxXyBaBIlIU O3HAUYEHHS JIMIIKA B HECKIHUEHHOCTI 1 NMpukJaj 1
3 po3ainy 3.1, orpumaemo

—Jes f(2) 2m/ Us 2m/ Z ez =

o

1
=5 Z cn/z”dz:c_l.
i

n=—oo
YR

Teopema noBejieHa.

3ayBa>KeHHﬂ 2. 3a nacaigkoMm 4.3.3 s CKIHYEHHOI YCYBHOI TOYKH @ Mae€
Micre piBHICTH res,—, f(z) = 0. Jlist HecKiHUeHHOT TOYKM 151 PIBHHICTH HE BUKO-
HYETHCS.

.. . 1 . .
IMpuknan 4. [diiicno, Gynxiis f(z) = 2 mae ycysHy 0coOAUBICTL y HECKiH-
aqerHocti. Ajte 3a Teopemoro 4.3.8 res,— f(2) = —c_1 = —1.
TakuM 9uHOM, PYHKIIIsT MOYXKE MATU HEHYJIBbOBU JIUIIOK Y HECKIHUEHHOCT1 Ha~

BITH SIKIIIO HECKIHUYEHHICTH HE € 0COOJINBOIO TOUKOIO.
Hacaimok 4.3.9 frxwo mouxa 0o € nyaem nopadky m oaa gymuxuii f, mo

. c_1, Aaxuwom=1;
resf()—{O’ Aaxwo m > 1.

JoBenenns. fkino d)yHKLuH f mae HYJIb HOPAJIKY 1M B TOYIIl OO , TO 3a O3Ha-
JeHHAM 3.7.1 BoHa B OKOJII HECKIHYEHHOCTI JIOIyCKae TOIaHHd

Com Com—1 —m—2
f(Z) = om -+ ZTTH-I —|——|— m+2 +, C_m#o.

3a Teopemoio 4.3.8 3 1bOro MojaHHsT BUILIUBAE HaCJIi,zLOK 4.3.9.

IIpukaaa 5. O6uucaIuTH JUIIOK TeS,—s—=, k € N.
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1

1
ES . . COS
= zik pu z — 0o. Tomy 3a HacaiakoMm 3.7.2 GyHKITISI 7= Mag

B HECKIHYEHHOCTI HyJib k—10 nopsijiKy. 1ol 3a nacJjijikom 4.3.9

COS% _ {—1, skio k = 1;

0, gk k > 1.

res
Z=00 Zk

Teopema 4.3.10 (Kowi npo nosny cymy suwkis). drxwo dynkuia [ mae 6 wom-
naexchitt naowsunt C cKINYEHHY KIADKICTD 0CODAUBUT MOYOK 1, A9, ..., Gy, MO
NOBHA CYMG NUWKLS Uiel Pynkuii dopisHioe HYyA10, MoOMO

n

S res f(2) + res f(z) =

Z=ag
k=1

HoBenenns. fkimo ¢ynkmisi f mae B Komiiekcuii momnmai C cKiHdeHHY
KLJIBKICTH OCOBJIMBUX TOYOK A1, 02, ..., Ay, TO icHye Take R, mo |agy| < R jus
k= 1,2,..,n Hexait yp := {z : 2| = R}. Toni, 3acrocoByiouu osnaueHus
JIUIIKS, Y HECKIHIEHHOCT] 3 ojHoro 6oky i Teopemy Ko mpo JUmKkn — 3 IHIIOro,
OTPUMAEMO

~res f(2) = 5 / 7z dz—Zng;kﬂz),

0 PIBHOCUJILHO TBEP/PKEHHIO TEOPEMU.

1
IMpuknazg 6. O6uncanru [ := [ wmedz, ae e = {2 1 2] = 2}
72
1
Baysaxumo, 1o byskiis f(z) = (Zf%)g € aHAJITUYHOIO y BCil KOMILIe-

KCHIfl TIJIONMMHI 3a BUHATKOM YOTHPBHOX KOPEHIB 2 = (4 —1) . = €xDp 1”2”

k = 0,1,2,3, 1a Toukn 2z = 0, skl po3MilleH] y BHYTPIIIHOCTI KOJI& 2. To—
My, 3aCTOCOBYIOUH cnouarky teopemy Komi npo jmuku, a norim reopemy Ko
PO MOBHY CYMY JIMIIKIB, OTPUMAEMO

1 4
= /(z‘*eTzl)zdz = 2m ;erif(z) = —2mi - zrfﬁof(*”)-
72 =

Ockinbru f(2) ~ Z—ls, 10 3a HacaiaKoM 3.7.2 dyukiisa f(z) Mae B HECKIHIEHHOCTI
HyJib 8-10 nopsiyiky. Tomy 3a Hacsigkom 4.3.9 [ = —27i - res,—o f(2) = 0.

4.4 O6Guncienus inrerpaiis [~ f(z)dz i fo% R(cosx,sinx)dx

OcCHOBHUM 1HCTYMEHTOM OOYMCJICHHST KPUBOJIHIHUX 1HTErPaJIiB y3/I0BXK 3a-
MKHYTHX KpuBUX € Teopema 4.3.1 Ko npo aumku. Aje 3a T0IOMOTOI0 JIUIIKIB
MOXKHAa, 0OUMC/IIOBATH TAKOXK 1HIII TUIIM IHTerpaJiB. B HacTyHiil TeopeMi HaBee-
Ha 3arajbHa cxeMa 00uMCIeHHs HeBacHux inrerpais suay [~ f(z)dz.
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Teopema 4.4.1 Hexat ¢ynwuia [ 3ado6osvmac nacmynmi ymosu:
(0.9]
1) icnye inmeepan [ f(x)dx

—o0
2) pynwuia f(z) e ananimuunoro 6 samwnenii nisnaowuni {z : Im 2 > 0} sa
BUHAKOM CKIHYEHH020 YUCAG MOY0K ag, Im ap > 0;

3) lim [ f(z)dz=0, de Cg:={z:Im 2z >0, \z| R}.
R%OOCR

Tooi o
/ f(x)dx = 2mi Z res f(z). (4.4.1)
—00 ar:Im a;>0 e
JToBeneHHs. Ho6y)1yeMo 3aMKHyTy kpuBy Vg := [— R, R]|J Cg. 3aznaunwmo,
mo 3a yMoBm 1) hmRﬁoof f(z = [* f(z)dz. Ockinbku 3a ymoBow 2)

TeopeMu HyHKIsA f(z) Mae CKiHUEHHE THCIIO OCO6JII/IBI/IX TOYOK Q Y BEpXHIil TiB-
nJIoMuHi, icHye Take [ > 0, 1m0 BCl BOHW MICTATHCS Y BHYTPIITHOCTI YR 1 TOMY
mae micre piBhicts {ay @ ap € intygp} = {ag : Im ax > 0} (%) 1 BuKOHYOTHCS BC
ymoBu Teopema 4.3.1 Ko npo Jiniiku. 3a i€ TeopeMoro

if(x)d:c+/f(z)dz/f(z)dz2m’ > res f(2).
-R Cr YR

ap€intyp

[Tepexojstun B 1ift pisnocti 1o rpanuni upu 2 — 0o, i spaxosyioun ymosu 1) i 3)
TeopeMu 1 piBHicTH (%), orpumMaemo (4.4.1).
Hacrynma sema MicTHTD yMOBY, IOCTATHIO JIJIs BUKOHAHHS YMOBH 3) TEOPEMH.

JIema 4.4.2 frxwo npu docmammuvo seauvuxr R dynxuia f nenepepena na mmo-
orcuni {z : Im z >0, |z| > R}, npunomy icuyroms maxi C,6 > 0, wo

C
|f(2)] < BEE 2| > R, (4.4.2)

mo euKonyemuvea ymosa 3) meopemu 4.4.1.
Boxpema, ymosa 3) meopemu 4.4.1 uronyemvca 0Aa payionarorur GyHKyit

P,
f(z) = 5 ((Z de P, 1 P,— mnozouaeny cmenenis n i m 6i10n06i0H0, Nputomy
m—n > 2.

JoBenenns. [lepie TBepzKeHHSA JIeMH O/Ipa3y BUILIUBAE 3 HACTYITHOI OIIHKH

C
[ 1@\ < [ < [ e -
Cr Cr Cr

C C wC
:Rl—i-(s/‘dz':Wﬂ-R:ﬁ
Cr

75



st parionanbaux Gyukmiii f(z) = ]]j”((zz)), JUISL SIKUX 1M — 1 > 2, Mae MicIe
aACUMITOTHYIHA PiBHICTH f(2) ~ Z% npu 2z — 00. 3 i€l piBHOCTI oJpas3y BUILIU-
Bae ominka (4.4.2). Kpim Toro, Oymb-sika pirionaibHa (DyHKI[S HemepepBHA HA
vuokuai {z : Im 2z > 0, |z| > R} npu jmocratabo Besukux R.

Orke, st parionanbuux QyHKIA f(z) = I}SL((?)’ JUIS IKAX ™ — N > 2, TAKOXK

BUKOHYEThCsT yMOBa 3) Teopemu 4.4.1.
3 reopemu 4.4.1 1 gemu 4.4.2 onpasy oTpuMyeEMO

Hacainok 4.4.3 Hexat pauionanrvra GyHryin }[:”(é)) 300080NDHAE YMOBU.!

a) mnozounen P, ne mac diticnuz xopenie;  b)m —n > 2.
Todu

[ Pux) | Pu(2)
dr = 2 )
/ ERE AP DR Lson e
—00 ar:Im a;>0
IMpuknazx 1. O6unciurn [ = | x%ﬂda:.

Ouesu 1o, paiionaibia Gynkiis f(z) = 3a/J0BOJIbHSIE YMOBU HACJILIKA

1
2441
4.4.2. 3 4OTUPHOX KOPEHIB 2} = expz’”:ﬂ, k =0,1,2,3, moorounena z* + 1y
BEpXHiil miBIJIONMHI po3MmilieHi 2y 1 21. Tomy 3a Hacsijkom 4.4.2 Mmaemo

I:= / ilex = 27 (resf(z) + resf(z)) :

:L'4 Z=17Z( 7Z=71
—0o0

Ob6uncaumo res,—,_f(z). OueBuHO, MO TOYKH 2); € MIPOCTUMHU TOTIOCAME Jijist (DY H-
kil f(z). Tomy 3a nacaigkom 4.3.5 mMaemo res,—, f(z) = L — —Z Takuwm un-

43 T4
nom, I = =2 (z) + 21) = V2.
Amnagoriano Teopemi 4.4.1 TOBOIUTHCS

Teopema 4.4.4 Hexat ¢ynxuis [ 3adososvhsc nacmynmi ymosu:
o
1) icnye iwmezpan [ f(x)dx;

2) pynruyin f(2) € anarimuunoro 6 3amrnenit nienaowuni {z : Im z < 0} 3a
BUHATEOM CKINYEHN020 YUCAG Mook ag, Im ay < 0;
8) lim [ f(z)dz=0, de Cg :={z:1Im 2z <0, |z| = R}.
R—o0 C=

Todi o
/ f(x)dx = —2mi Z res f(2).
o ar:Im ap<0 o
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O6uucsenns nepersopeas Pyp’e ffooo g(z)e“dux.

Hacrynna snema € anamorom jiemn 4.4.2.

Jlema 4.4.5 (2Kopdan).
1) Hexat a > 0, ynruia g nenepepsna na muoscuni {z : Im z > 0, |z| > R}
i
lim max|g(z)| =0,

R—o00 zeCgr

de Cp:={z:Im 2z >0, |z| = R}. Todi

lim /g(z)emzdz = 0.
R—o0
Cr

2) Hexati v < 0, pynruia g nenepepena na muoorcuni {z : Im z <0, |z| > R}

lim max|g(z)| =0,

R—o ZEC_

de Cr :={z:Im 2 <0, |z| = R}. Tod:
R

lim [ g(2)e'“*dz = 0.

R—o0
Cr

HoBenenns. Jlosenemo yemy s o > 0. g a < 0 joBeeHHsT aHAJIOTIYHE,
[lounemo 3 oriHKHT

[ o@reds| < maxlg(al [ 1ea.
zeCr

CR CR

Ockinpku i Touok 2z € Cpg mae Micne nojanna z = Re, t € [0, ], TO 3a-
crocoBytoun Gopmyrny 2.2.2 Eitnepa i Bpaxoyoun pisaicts || = 1, x € R,
3HAXOJIMO

‘62'04,2} _ | piaR(cost+isint) 1aR cost{ e—aR sint _ 6—aR sint

€ :|€

3acTocoByrOUn saJi d)opMyJIy 3.1.4 ULt 00YMC/IEHHs] KPUBOJIIHIITHOTO iHTErpaJy i
BPaxXOBYIOUM CUMETPIIO CHMHYCOIM BIJIHOCHO LPSMOI & = 77/2, OTpUMaEMO

/2

/|€iaz||dz‘ :/6QRSinthYf:2R/€aRSintdt.
Cr 0

0
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OCKiJIbKU CHHYCOLTa OIyKJIa JI0BepXy Ha mpoMikKy [0, 7/2], To6T0, BUKOHYEThCs
HepisuicTb sint > %t, t €10,7/2], 10

/2

) ) —aR%t
/ || dz] < 2R/e—a3wfdt —9R (6 R2> =2 (1—ehy,
—aR= o

Cr 0 0

VB

Takum 9UHOM, MAEMO OIIHKY

[ o)) < maxlge) - T (- e

zeCr
Cr

Qlﬁ

3 KOl 0JIpa3y BUILJIUBAE TBEPJKEeHHs Jiemu Jiisd o > 0.

Teopema 4.4.6 I. Hexati o > 0, a pynruis g 3a00804vHAE HACTNYNHE YMOGU:
. . 0 y
1) icuye inmeepan [~ g(x)e' " dx;
2) pynxuia g(2) € anarimuunoto 6 samrnenid nisnaowuni {z : Im 2 > 0} sa
GUHATEOM CKINYEHH020 “YUCAG TOY0K Ay, Im ap > 0;

3) hm max\g( ) =0,

2€Cgr

de CR = {z :Im 2 >0, |z| = R}. Todi

(0.9]

/g(x)emxdxz%ri Z res g(z)e'”. (4.4.3)

oo ar:Im ap>0

II. Hexatli o < 0, a ¢pynkuyia g 3a006040H1A€ HACMYNHT YMOBU:
1) 4 ; o0 iazd .
) icnye inmeepan [~ g(x)e* dx;
2) dynxuia g(2) € anarimuunoto 6 samrnenid nisnaowuni {z : Im 2 < 0} sa
BUHAMKEOM CKINYENHO020 YUCAG MO0k a, Im aj < 0;

3) lim max |g(z)| =0,

R— ZGCR

de Cy :={z:Im 2 <0, |2| = R}. Too
R

o

/ g(x)e" ™ dr = —2mi g res g(2)e'*”. (4.4.4)
Z=ax
ap:Im ar<0

—0o0
Boxpema, opmyaru (4.4.3) i (4.4.4) maromov micue daa payionarvroi Gynkyii

g(z) = f;”((zz)), AKX 300060AbHAE YMOGU:

a) muozounen Py, ne mae diticnur xopenie;  b)m —n > 1.

Hosenenns. Hexait a > 0. Posragnemo dynknio f(z) := g(z)e'®. 3a na-
nomoroio Jjiemu 2Kopjana HEBayKKO OAUMTH, IO 3a YMOB JIAHOI TEOPEMH BOHA,
3a/10BoJIbHsie yMoBH Teopemu 4.4.1. 3 1iel Teopemu BurinBae piBHicTh (4.4.3).
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BOerMa, pallonaJibHa ®YHKHIH g(Z) = P—(Z)’ JJIA AKO1 BHKOHaHYIOTbCH YMO—

BE &) 1 b), 09eBUIHO, 3a7I0BOJIbHSIE YMOBHU JIAHOT T€OPEMHU 1 TOMY Jijist Hel TaKoXK
Mae micrie pisaicTs (4.4.3).

Y Bunajky a < 0 piBaicTb (4.4.4) BuniuBaio 3 reopemn 4.4.4 1 apyrol yacTunu
jgemu zKopjiaHa.

. ’ o0 .
OOOG‘II/ICJIeHHSI KOCHUHYC 1 cuHyC nnepeTBopeHb Pyp’e f_oo f(x) cos axdz i
7 f(x) sinaxdz.
o .
3a dopmysoro Eitnepa e* = cos z + i sin z MaeMo
o0 o0 o0

/f(w)eio‘xdx: /f(x) Cosozxdx—l—i/f(x) sin azdz.

—00 —00 —00

Hexaii dbyukuis f(z) piiicnosnauna. Toji 3 janol dhopmysin orpumMmyeMo

o0 oo (0.0] oo
/ f(z) cos axdx = Re / f(x)e**dx, / f(z)sin axdr = Im / f(x)e““d.
—0o0 —0o0 —0o0 —0o0
. o eiz+e—iz .
N 3araJlbHOMy BHIRJKY 3a JI0IOMOTOI0 dbopmyn Eiinepa cosz = “—5— i
sinz = = obuunc/ienns Kocunyc i cunyc nepersoperb Qyp’e 3B0AUTHCA JI0
O00YHMCJIEHH JIBOX [1€PETBOPEHD CDyp’e.
ITpuknazn 2. O6uncautn I := f z;fﬂg dz, a > 0.
0
Bpaxosytoun napricrs dyHKIil 7575 1 A1CHO3HAYHICTD DYHKIIT —57—s, OTPH-
MaEMO
o (0 ¢]
T sinx 1 rsinx
;. Rl =g S pdr=g5-Im [ ———d
r°+a 2 r°+a r°+a
0 —00
3a jonomororo Gopmyin (4.4.3) i rBepykennst 4.3.4 3HaiigemMo
m . . .
1 1z 1z > ,—a y
xe ze L. ze .aie e
———dr = 2mi - res ——— = 2mi lim —— =2mi—— = —.
-+ a z=ai 2= 4 @ z—ai 2 + ai 2a1 e?
—00
CXD .
rsmax _
Taxum drHOM, f > +a2d$ Sea -

. . 27 . .
OGuucsenns inrerpasis Buny [, R(cost,sint)dt, ne R(x,y)— paunionasn-
Ha (PYHKIIiS JIBOX 3MIHHUX.
OcHoBHa ijiest 00UnC/ICHHST IHTErPaAJIiB TAKOIO THITY — 3aMiHa 3MIHHUX 2 = €

it
7
t € [0,27]. [Ipu Taxiit 3amini Bifpizok [0, 27| BigoOpaKaeThCst B OAUHUTHE KOJIO
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|z| = 1, T06TO 3aMHYTY KpUBY, iHTErpas y3J0BXK KO, MOXKHA OOYUCIUTH 32
Jioriomororo Teopemu Kot npu sk, Maemo

1 1
+ z : < z

z
dz = 1zdt, cost = , sint = s
2 21

Takum 4rHOM, 1iCJIsi TaAKOI 3aMIHM 3MIHHMX OTPUMAEMO

7 _ 1 z+ % z— %
/R(Cost, sint)dt = / Ri(2)dz, Ry(z):= ER ( SRREDT > :
0 |2]=1
2m
IMpuknamg 3. O6uncanru { 172ag;x+a2, 0<lal <1
[licng saminm 2 = e mMaemo
27
j / dx _ / dz _
/ 1 — 2acosx + a? a (1—2a z+a2>
1 dz 1 dz
:;/ a(z2+ 1)+ a?z _g/aZQ—z(l—l—aQ)—i—a

|2|=1

3 1BOX KopeHiB 3HaMEHHUKA, 2] = G 1 29 = l , IepIuii MICTUTHCS Y BHYTPIITHOCTI

OJIMHUYHOI'O KOJI& \z| = 1, ipyruii —y SOBHlLHHOCTl Tomy, 3acTOCOBYIOUM TEOPEMY
Ko 1ipo siuiiku i Hac/ijiok 4.2.5, orpuMaemo

1 2m
I = —27 - res — 91 _
z=a az® — z2(1 + a?) + a 22— (1+a?)),_, 1—a?
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Poz i 5

AHaJIITIYHE OPOJIOBXKEHHS

Tepmin anajiitTudna (PYHKILs, 3aCTOCOBYBABCs B 110IIEPEJIHIX PO3JilIaxX BUKJITO-
YHO JIJIsl OJIHO3HAUHAYHUX aHAJITUIHUX PYHKINN. Taki PyHKII, K BIIOMO 3 T€O-
pemu 3.6.5 PO eKBIBaJICHTHI IiJIXO/IM JIO O3HAUEHHs aHAJITUIHOI (DYHKIII, Xapa-
KTEPU3YIOTHCS BIACTHBICTIO PETYIIAPHOCTI. 3a 1i€10 BJIACTUBICTIO 6y/1b SIK& OJTHO-
3HauHa aHajiTuuHa B obsiacti G dyukiis f(z) B jiesikomy 0KOJil JIOBLILHOT TOUKM
zp obmacti G pesicTaBuMa 36LKHIM crenenesnM paiom f(2) = Y07 g (2 —20)"

Pa3oM 3 TUM y KOMILIEKCHOMY aHaJIi31 BayKJIMBY POJIb BiIIrpaloTh Oararo3nadHi
anayiTuani dyuknii. [Tpuknagamu rakux Gynkiii € /z, Lnz.

Jlst crpoiierHst TepMiHOJIOTIT O/HO3HAYHAYHI aHAJATUIHI (DYHKIT HA3UBAIOTH
peryJjisipHuME, a OaraTo3HauHi aHaiTu4dHl PYHKIIT — aHAJITUIHUMHU.

Anamituuni GyHKIIT OTPUMYIOTH 3 PEryaspHUX 3a JOMOMOIOI0 OIeparii aHa-
JITHYHOTO IIPOJIOBXKEHH:A. Pe3yibraToM Takoro mnpojoBKeHHs MoxKe OyTu Oara-
TozHauHa PyHKIidA. Jasi OygayTh po3riisiHyTi BUJM aHAJITUIHOTO MPOJOBXKEHHS 1
3’sicoBaHa IIPUYMHA MOYXKJIMBOI DAraTo3HavHOCTI OTPUMAHOI (PYHKILT.

5.1 Bwuam aHAJITHYHOTO MPOJOBXKEHHH

BakuBy poJib B MUTAHHAX aHAJITHIHOTO ITPOJIOBXKEHHS BiJirpae TeopeMa
3.7.4 equnocti jis peryaspuux ¢ynkmiit. Haragyemo 11 popmyoBaHHs.

Teopema 5.1.1 ( edunocmi das pezyApnuL éymcuzu) quo bynxuia | peey-
aaprua 6 oonacmi G C C, a muoorcuna it nysie mae 6 Uil 0baacmi 2paHuHy
mouky, mo gyuruia f momooicno dopisrioe nyato 6 obaacmi G.

Oznauennst 5.1.1 (6e3mocepeIHbOro AHATITUIHOIO TTPOJIOBKEHHST ).

Hexait byukiis fy perymisipaa B obsacti Gg, a GyHKIisa fi perysisipaa B obacti
G, npuyomy neperun nux obsacreit Go () Gy mictuth obactsh Gj.

ko fo(z) = fi(z), z € G§, ro dbynxuio fi nasusaiorsh GesocepeiHiv ana-
JITHIHUM TPOJIOBKeHHAM DYHKIHT fi 3 obsacti Gy B obacts G (depes3 obacThb
G}), 1 nasnaxu, Gynkuio fo — 6esnocepejiHivM aHAIITUIHAM TPOJIOBKEHHAM (DyH-
ki fi 3 obmacri Gy B obmacts Gy (1epes obmacts G).
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Teopema 5.1.2 ( npo edunicmo be3nocepednvozo anarimuumnozo npodoeicenn).

Hexati pynxuia fo peeyaapna 6 obracmi Gg, a G1— maxa obaracmsb, uo nepe-
mun Go [\ G1 micmums obracmo Gy. Sxuo Geanocepedne ananimuune npodos-
oicenna pynxuii fo 3 obaacmi Go 6 obaacmv Gy (uepes obaacmo G) moocause,
mo 6010 eduHe.

HoBenennsi. Hexait f11 fo— OGesnocepenni npoposxkennst pyHKIT fi 3 obacti
Go B obnacts G (uepes obnacth GY). Toni 3a oznauennsiv 5.1.1 Gynkuii fi i f2
pery/isipai B obuacri G, upuiomy fi(z) = fo( )i fa(2) = fo(z) B obmacti G
OT2Ke, MHOXKWHA HYJIiB perJIHeHOl B obsiacti G'1 dyHKIil fi — fo MicTUTB 00J1aCTH
G}, a ToMmy Gynb-fiKa TOUKa T1i€l 06IACTI € TPAHMYHOIO JJTsl MHOKUHU 1i HYJIIB,
Tomi dbyukmii f1 1 fo ToTroxkui B objacti G; 3a Teopemoro 5.1.1 eauHOCTI JJIs
peryJisipHux (pyHKIIi.

Oznatvenns 5.1.2 (aHATITHIHOTO MPOJOBKEHHS Y3/0BXK HU3KH 00IacTeil).

Hexait Gy, Gi,...,G,— Hu3Ka obsacTeil, siKa, 3aJI0BOJILHSIE YMOBY: MEPETHH
G () Gy1 MicTuTh 00/1ACTD Gl k= 0,1,..n — 1. Hexaii B xoxmuiit odnacti Gy,
3aJaHa peryiasapHa, (byHKLuH fk, IPUIOMY ka € be3rocepe/IHIM aHAJITUIHIM IIPO-
JIOB>KeHHsIM DYHKINT f

Toai dbyukiio f, HaSI/IBaIOTb AHAJITUIHNAM MPOJIOBXKEHHAM (DYHKIT fi y3/10BK
JTaHOl HU3KN 00JIacTeil.

Huzka objacreii, sKa 3aJ0BOJIbHAE YMOBY JAHOTO O3HAYEHHSI HA3WBAETHCS
JIOTTYCTHMOIO.

3 Teopemu 5.1.1 1 o3Hauenus 5.1.2 onpasy BUILIMBAE

Hacainok 5.1.3 Hexat ¢pynxuia fo pezyaapna 6 obaacmi Gy, a Gy, Gi,...,Gp—
donycmuma Hudka obaacmet. HAxuo anarimuune npodosorcenns ynkuii fo
y3dosotc danoi nudxu obaacmets mostcause, mo 60H0 €JuHeE.

Ipukaax 1. Hexait fo(z) = > 072" f2(2) = D0 (=1)"(z —2)". Un ¢
dbyHkIig fo 6e3mocepeHIM aHAJITHIHIM MpojIoBxKeHHIM DyHKIT fo? Yu € dyn-
KISt fo aHAJITHIHAM TPOJOBYXKeHHIM (DYHKINT fj y3/10BK HU3KW 00IacTei?

3ayBaKIMO, 10 CyME 000X psJiB JIOPIBHIOITL f1(2) 1= % aJie MepIIni psij
3biraernes B kpy3i G := {z : |z| < 1}, Toxi gax kpyrom 36ixkHOCTI ipyToro € Gy 1=
{z: [z —2] < 1}. Orxe, obnacri susnauenns dynkuiit fi i fo ne neperunatorscs,
a TOMY BOHU HE MOXKYTb OyTu 663HOC€peILH1M NPOJIOBXKEHHSIM OJiHA OJHOL. Aute
AKIO Jlofaru e oxuy obsactb Gy := {z : 0 < |z — 1| < 1} i peryasipuy B
Hiit dbyskiio fi(z), ro dbyskiis fo Oymge aHATITHIHEM TPOJOBKEHHIM (DYHKIIT
fo ysmomxk nusku obnacreit Go, G, Go.

Oznatvennd 5.1.3 (aHAJITHIHOTO MPOJIOBKEHHS y3/I0BK KPHBOI ).

Hexait y— smopsiikoBana kpua (quB. osnadenns 1.4.1) 3 modarkom y To-
i & € C i kinnem y touri & € C 1 B Touni &) 3ajilana peryJisipHa (pyHKILis
fe,(2). @ynxuis fe,(2) HA3UBAETHCS AHAJITHYHO [IPOJIOBAKYBAHOIO Y3/I0B2K KPUBOT
7, SIKIIO Ha It Kpusiii 3a1an0 cimeiicrBo perynspuux Gyukuiit { fe fee, 1m0 Heme-
PEPBHO 3aJIEXKUTH BiJ| MapaMerpy £ € v y TOMY CeHCi, 1o iCHy€e Taka HellepepBHa
Ha KpUBIii vy QyHKITIs go(z) sIKa [JIs KOXKHOTO § € 7y 3a/I0BOJIbHSIE YMOBY:

fe(2) = @(z) st Beix 2 3 Jesikoi gyru KpUBOT 7y, M0 MiCTHTB TOUKY &.
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TBepmxkenusa 5.1.4 Hrxwo pynwuia [ peeyrapna 6 obracmi G, mo eona anani-
muuHo npodosoicysana y39006aic 6ydv-akoi Kpueoiy C G, npuvomy pe3ysbmamom
npodosorcenns € cama Pynryis f(2).

HoBenenns. Jliiicro, st goBiabaol KpuBol 7 C G 1 JIOBIIBHOT TOUKEM £ € 7
nokJsazieMo fe(z) := f(2) 1 p(2) := f(2), 2 € 7. Toni Bci Bumorn ozuavents 5.1.3
BUKOHYIOTBCSI.

Teopema 5.1.5 Anarimuune npodosotcenns y3doeotc kpusoi 3600umuvcs do ana-
MMUYH020 NPOA0EAHCEHHA Y300621C HU3KU 00AaCNE.

,Z[OBe,Z[eHHSI Hexait v— kpuBa 3 1104aTKOM y TOYI 2y, & fo— peryJisipHa y
TouIll 2y (pyHkig. Posropaemo (byHKuuo fo B psan Teitnopa B okoJii TOUKH 2. Lleit
psit sbiraeTbes B jesakoMy Kpysi Ko = {z : [z — 20| < r}. Hepes 5 nosuaunmo
3B'sI3HY JIyTy KPUBOI 7, 3 IOMATKOM y TOUIL Zp, AKa MICTUTBCs B KPYy3i K 1 Hexait

z1— Kineup ayru . st koxuol Touku § € o y saxocti Gynkuil fe 3 o3nauenns
5.1.3 BizbMeMo po3BUHEHHS (GyHKIIT fi B psaj Teitiops B oKoTi TouKM £, a B IKOCTI
hyHKIIT ¢ 3 IbOTO O3HAYEHHS — (PYHKIHIO fj.

€ 1Bl MOXKJIMBOCTI:

1) »xozen 3 pauis Teiinopa fe, € € v9,& # 21, ne Micturh B Kpysi 361kHoCTI
TOYKY 21,

2) TOUKa 21 MICTUTBCST B Kpy3i 301KHOCTI OIHOTO 3 THX PSIiB.

Y mepiomMy BUIAJIKY aHAJITHIHE [POJIOBXKEHHS y30BXK KPUBOI 7 JTajii TOUKH
21 HEMOYKJINBO.

YV jpyromy BunaJky y sikocti fi(z) BisbMemo cymy fe TOro psy Teitsiopa,
AKUi 30iraeThbcsd B TOYIN 2. Llicasd 1obro mpooBXKUMO BUKOHYBATH aHAJOTIUHI
POIEIyPH 13 3aMiHOIO TOYKH Z( Ha TOUYKY 27.

Ao TPOJOB/KEHH s dbynukIl foy Y3II0BXK KPUBOI 7 MOXKJIWBE, 33 JIONOMOTOI0
I[AX [POLE/YP, BHACIIOK KOMIIAKTHOCTI KpUBOT Y i iemu leitne- Bopeﬂﬂ (byHKLuH
Jfo OyJie anaIiTH1HO IPOJOBKEHA Yy3J0BK KPUBOI Y 32 CKIHUEHHE 1MCJI0 KPOKIB.

3 Teopemu 5.1.5 1 HacaiAKy 5.1.3 BUIIMBAE

Hacaigok 5.1.6 dxwo anarimuune npodosorcenus danoi peaysapnoi Gymruii
y3doeotc danoi Kpueo mootcause, mo 6010 €JuHe.

Teopema 11po0 MOHOAPOMIIO.

Tenep 3’sicyeMO IPUUIUHY MOXKJUBOI 0AraToO3HAUHOCTI aHAJITUIHOI'O MPOIOB-
JKEeHH4.

Jlema 5.1.7 Hexatli v— kpusa 3 nowamrkom y mouwuyi 2y ¢ KIHUEM Y MOYUL 2|
L 6 mowyl 2y 3adana peayaapua gynruia fo. Arxwo anasimuune npodosoceni
bynruii fo yadosorc kpueoi v mootcause, mo 60H0 ModtcAuGe Y300691c 010b-AKOT
Kpue6oi, 20Momonnoi vy i docmamnsvo bau3vkoi do nei.

HoBenenns. Kopucryiounch Teopemoro 5.1.5 3aMiHUMO aHaJiTUYHE TIPOIOB-
YKEHHSI y3JI0BYXK KPUBOI 7y aHAJITUYHUM IPOJIOBXKEHHSM Y3JI0BXK HU3KU 0bJIacTei
Gy, G1,....G,,.

Hexait v, — kpuBa 3 MOYATKOM y TOYIN 2y 1 KIHIEM y TOUI 21, TOMOTOTHA 7,
10 IIPOXOJIUTH Yepe3 KOXKHY 3 IUX obj1acTeil.
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Kopucryouncs tBepmkentsam 5.1.4, B Mexkax KoxkHOI 3 obsacteit G Here-
pPEPBHO JIePOPMYEMO JIyT'y KPUBOI 7Y B JIyI'y KPUBOI 71, HE 3MIHIOIOYN PE3YJIbTaTy
QHAJITUIHOI'O TTPOJIOBXKEHHS.

TakuM YUHOM, aHAJITHYHE MPOJOBXKEHHs (DYHKIIT fi y37T0BXK KpUBOI v Oyjie
3aMiHEHO Ha aHAJJITUYHE IPOJIOBXKEHHd Ii€l GpyHKIT fi y3/0BK KpuBoi 1. Ilpn
IIbOMY Pe3yJIbTaT MPOIOBXKEHHST HE 3MIHUTHCS.

Teopema 5.1.8 (npo monodpouiro).

Hewati vy @ y1— eomomonmi 6 deaxiti obaacmi G xpusi i S = {7s}selo,1]—
CIMEUCME0 KPUGUT, U0 MICTIATNOCHA 6 obaacmi G 1 3adaromnv nenepepeny deghop-
MAUI0 KPUBOL Yy 6 KPUBY V1.

H?{:ugo pezyaapha byrruia anarimuuno npodosscysana Yadosoc 0Ydo-AKoi
Kpueoi cimeticmea S, mo pe3ysvmam npodosocenmns He 3aenHcumy 610 Kpueoi
danozo cimeticmsa.

Hosenenns. Hazsemo kpusi 7s,,7s, € S eksiBasentnumu (vs, ~ 7s,), AKII0
PE3YJIBTAT TPOAOBKEHH y3/I0BK LUX KPUBUX OJ{HAKOBHUIL. Orxe, B 1iif TepMiHO-
JIoTiT Tpeba JI0BECTH, 10 BCl KPUBI ciMeiicTBa S eKBIBaJIECHTHI.

3 siemu 5.1.7 BuILIMBAE, 110 Ys ~ Yo WA JIOCTATHBO MaJII/IX S.

[Ipunycrumo, mo me BCl KpUBI eKBiBaJieHTHI 1 Hexail s* := inf{s : 5 = Yo}

3a JIEMOIO 0.1.7 s* > 0. dcno, mo Vst * 0, 00 iHakIe 3a Jjemo 5.1.7 5 ~ v
ist s > §* (mocTaTHRO 6II3BKHX 10 §°) 1 roui inf{s : v = v} > s*

Omxe, g Y. Ase Toji 3a jgemoio 5.1.7 v o vy st § < §* (,ZLOCTaTHbO
OJU3BKUX JI0 S§*), M0 TAKOXK CYNEePeInTh O3HAUEHHIO S*.

TakyM 9MHOM, OTPUMaHAa CYIEPEdHICTh JOBOJUTH TEOPEMY.

Hacninok 5.1.9 Hexald G— o0dnose’asna obaacmo, a fo— peeyaapha 6 mo-
wui 29 € G gﬁymﬁum H%ugo anaimuHe npodoeofcemm bynruri fo moocause
y3dosorc 6Ydv-aK0i Kpueoi, wo micmumuoca 6 obaacmi G, mo pe3ysvbmamom npo-
do6oHCEHNA € PEYAAPHA PYHKULA.

HoBenenns. PikcyeMo JOBLIbHY TOUKY 21 € (GG 1 J0BejeMo, 10 aHAJITHIHE
IIPO/IOBXKEHH S (byHKLul fo B TOUKY 21 He 3aJI€2KUTDH BiJI BI/I60py KPHBOI, 1110 MiCTU-
Thest B 00acTi G 1 3’€JiHy€e TOUKM 2 1 21 Miitcro, Oyab-sIKi 1Bl KPUBI 3 MOYATKOM
y TOUIl Zg 1 KIHIEM Yy Toqul 21, WO MicTsIThCsI B 00J1acti (G, TOMOTOIIHI MIXK CO-
0010 BHACJIJIOK OJIHO3B ‘a3nocti obaacti G. Tomi 3a TeopeMoio mMpo MOHO,ILpOMlIO
pe3yabTaT aHAJITUIHOIO IPOJIOBXKEHHs (PYHKINI fj B TOUKY 21 HE 3aJIe2KUTh Bil
BUOODPY KPHUBOI.

BucaoBok. Bararoznadhicrb aHaJiTUYHOIO HPOJOBXKEHHS MOXKJIMBA JIMILIE
IIPU IIPOJIOBXKEHHI y3J0BXK KPHUBHX, sIKi 00XOJIATH TOUKHU, Uepe3 AKi aHaJiTUUHEe
IIPOJIOBXKEHHST HEMOKJIMBE.,

5.2 AwnamitudHi QyHKIIIT

Oznauvennd 5.2.1 Exementom nazupaerhes mapa (G, f), 1m0 CKIaJa€Thes 3
obnacti G 1 perynasipHoil B 1iit obsacti yHKIl f.
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O3zHadenHd 5.2.2 AnamiTu4aHoo (DYHKIIE HA3UBAETHCS CyKyHHlCTb eJIeMEeHTIB
(Gas fa), KOXKHWIH 3 SIKUX € aHAJITHIHIM [TPOJIOBYXKEHHSIM OY/1b-5IKOTO 1HIOTO eJie-
MEHTY JIaHOL cykytnocri. Peryssipni (byHKLLll fa, 0O BXOJIATD B €/ICMCHTH aHaJIl-
TUYHOI (DYHKIIIT, HA3WBAIOTH PETYIIPHUMU TLIKAMU Ii€l (PyHKITI.

IMpukaaz 2. a) Y mwiomuni 3 pospizom C, := C \{z : argz = a} posris-
HEMO perysisiphi risku kopenst f, 1= {/|z| expi®==2= (supasa 4 posainy 2.3), je
€ [0,27), a < arg, z < « + 2m. OueBHIHO, IO KOKHA 3 TUX TJIOK f,, MOXe
OyTu oTpuMaHa 3 Oy/b-4KOI 1HIIOI TIIKH f,, Oe3mocepe/THIM aHATITUIHUM TPOJIOB-

YKEHHSIM.
Cykynnicts enementis (C,, f,), o € [0,27), yrBoproe ananirnuny GyHkifio /2.

b) V¥ HJIOH_H/IHI 3 pospisom G, a € R, posruisinemo peryispui riJKn jiorapu-
dma Ly = In|z| + iarg, z (supasa 4 posuiny 2.3), ne o < arg,z < a + 27.
OquH;LHo 110 KOXKHA 3 1UX I'VIOK Ly, MOxKe OyTn orpuMaHa 3 Oyjib-sKOI 1HIIOL
risiku L, 6e310cepe/iHiM aHaJITUIHIM TTPOJIOBXKEHHSIM (SIKIIO |y —ig| < 27) abo
AHAJITHIHUM [POJIOBYKEHHSAM Y3JI0BXK HU3KM obsacteil (Ko |a; — ag| > 2m).

Cykyunicrs esementis (Cq, Ly ), a € R, yrBopioe anaiituuny dynkiio Lnz.

Buginenus peryjasgspHuUX TiJIOK aHAJITUIHUX (DYHKITIN.

Osznavenns 5.2.3 (rinku anagitnanol Gynxnii B obmacti).

Hexait G— obacrb. CykKynHicTh yCix eJIeMeHTiB, SKi € aHAJITUIHUM MPOJ0B-
YKEHHSM JIAHOIO €JIEMEHTY y3J10B2K KPUBUX, SIKI MICTATHCs B 00s1acTi (G, HA3UBAIOThH
IJTKOIO aHaJITUIHO! (PyHKITT B obsacTi G.

Ozuatvennda 5.2.4 (anagituanol B obsmacti GyHKIT ).

Ao aHaJiTUYHE MPOJIOBXKEHHS JAHOTO €JIEMEHTY MOXKJIUBE Y3J0BXK OyJib-
SAKOT KPUBOI, siKa MICTHTBCs B 00macti G, TO OTpuMaHy MiC/st BCIX TAKMX POJOB-
YKEeHb I'JIKY aHaJATUIHOT PYHKIIT B o6acti G HA3UBAIOTH AHATITHUHOIO dyHKIIi€r0
B JaHiit obsacti G.

3a JI0IoMOroro 1i€l TepMiHoJIoril TeopeMy 5.1.8 Ipo MOHOAPOMIIO, TOUHIIIIE Ha-
caiiok 5.1.9 3 i€l Teopemu, MOXKHa CPOPMYJTIOBATH HACTYITHUM THHOM.

Teopema 5.2.1 (npo Monodpoumo)
Qynxyis, anarimuuna 6 00n036 as3nit obaacmi, ¢ pe2ysaphoro 6 uitl obaacmi.

3ayBaxkenHd 1. [Ile pa3 narosiocumo, 110 11e HEe HOBa Teopema, a JIWIe iHIe
dopmyioBants Teopemu 5.1.8.

Ha niit reopemi 06a3yerbcst HACTYITHUN aJIlOPUTM BUJILJIEHHS PEryJIsiPHUX I'JIOK
AHATITUIHUX (DYHKIIIH.

Hexait 3aana anangitunana hyHKINS B CKIHUIeHHO3B s13HI o0sacti G.

1) [posesemo po3pisu, 1o neperBopoioTh 00JaactTh G B 0HO3B 3HY 06JIACTb.
tst bOTo 3’€IHAEMO BOBHIITHIO MEXKEBY KPUBY 7Y obsiacti G 3 KOXKHOIO 13 BHY-
TPINIHIX MEXKEBUX KPUBUX V1,..., Yp_1 M€l 00JACTI 38 JOMOMOTOI0 PO3PI3iB Y3/I0BXK
KOPJIAHOBUX KpUBUX [, k =1,..,n — 1, mo nonapuo ne nepernnaiorhest. [Ipose-

JIEHHST [IMX PO3PI3iB mepeTBopuTh obJacth (G Ha 0HO3B s13HY 00JiacTh (.

2) 3adikcyemo B jeskiit Touri a € G enement (G, f,) maHol aHATITUIHOL
dbyukmii. 3a Teopemoro 5.2.1 1eii eJieMeHT OPOJIXKY€E peryisapHy B obsacti G dpyH-
Kiiifo 'y 3a JIONOMOro aHaJiTHIHOTO TpojioBxkeHHs ejgementa (G, f,) y3710BK
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ycix kpuBux obsiacti G 3 mouarkom B Touni a. Oyukiiis [', € peryaspHoro rijkoro
JIaHOT aHaJIITUIHOT (DYHKIIIT.

PizHi ejlemenT# J1aHOT aHAJITUYIHOI (DYHKIIT IIOPOJKKIOTH Pi3HI PeryJ/isipHi riJj-
KHI 34 JIOMIOMOT'0I0 OIMCAHOTO aJITOPUTMY.

TaukMm YUHOM, B OJIHO3B s3HIN 0bOJiacTi aHaJiTU4IHA (DYHKIIS PO3IIAJIa€ThCs
(po3pizaeThest) Ha peryssipHi TiIKH.

SayBakeHHs 2. a) Pospisu, 110 11epeTsopoioTh jlaty baraross’ssmy 00Jaacrb

G Ha 0J1H03B’s13Hy 00/1acTh G MOXKHA IPOBECTH Dararbma pisHuMu crocobamu. To-
My 1 JaHy aHaJITHIHY (DYHKINIO MOYXKHA OaraTbMa pi3HUME CIOCODAMU pO3pi3aTn
Ha peryJjspHi TJIKH.

b) Ilicas npoBejenHsi po3pisiB peryssipHa ijka JaHOl aHAJITHIHOI QYHKILT
OJIHO3HAYHO 33/Ia€ThCsl 32 JIOOMOIOIO 3a/latHsl 3HAUeHHs B JeAKii (ikcopaniii
touril obsacti G.

IMpukaazn 3. a) Posrisinemo ananitnuny B 1803 s3uiit obracti G = C\ {0}
byukuio /z. s sujinenns 1T peryjsipaux TiJIoK POBEJEMO PO3PI3 y3/10BXK
npomensi {z : argz = a}. B pesysibrari orpumaemo 010038 s131y obsiacts C, 1=
C \{z : argz = «a}. B nuiit obnacri GyHKiisg /2 po3aaeThes HA N PETYISIPHX
riJIOK

21k
(Vz), = Wexpiu, a<p<a-+2m, (5.2.1)
n

ge k=20,1,...n— 1.

b) Posrusinemo anasituany B Bo3s’s3niii obsiacti G = C\ {0} dyukuio Lnz.
Jlist Bugtisien st 11 perysisipHux ok y3J0BK npoMenst {z @ arg z = a} nposejieMo
pospis. Orpumaemo oano3B a3y obaacts C, = C \{z : argz = «}. B mii
obsiacti pyHknig Lnz po3maerbesa Ha 3/iUeHY KiJIbKICTh PeryJspHX I'lJIOK

(Inz), :==Inr+i(p +27k), a<e <a+2m, (5.2.2)

ne k € 7.

BayBaxkenHsi 3. 3minowun « B dopmyrax (5.2.1) 1 (5.2.2), orpumyemMo Ho-
BUit HAOIp peryssapaux rijok. Cami pyry/asipHi TLUIKE B X (GOPMyJIax OJHOZHATHO
BU3HAYAIOTHCST HOMEPOM k. 3aMiCTh HHOI'O MOXKHA, BKa3yBaTH 3HAYCHHS, SIKE TTPH-
fimae rinka B (ikcoBamiit Touri zg € C,. 3a1aHHgM IILOI0 3HAUYEHHST OJIHO3HATHO
BU3HAYAETHCA HOMED k TlJIKU, & TOMY 1 caMa TI'iJika.

ITonsTTs TIPO PiMAHOBY MOBEPXHIO AHAJITUYHOI (DYHKIIII.

Bararosnauni anajaiTudni pyHKIT HE € PYHKINISIMA Y BJTACHOMY PO3YMIHHI ITHO-
ro cjaoBa. Aje BIIOMO, IO JIJIsT KOXKHOI aHAJITHIHOI (DYHKI MOXKHA TaK 3a/1aTH
obacTh BU3HAYCHHS (BOHA BXKe He Oyjie MAMHOXKWHOI KOMIJIEKCHOT TIIOTIHH ),
100 Ha Hii jaHa, aHaJiTHYHA PYHKIls cTajia OJHO3HAUHOW. Taki obJiacTi Bu3Ha-
YEeHHs! 1 HA3UBAIOTHCH PIMAHOBUMU OBEPXHSIMU aHAJITUIHUX (DYHKILINA.

Teopist piMaHOBUX TOBEPXOHBL HE BXOJUTDL JIO0 YHIBEPCUTETCHKOTO KYPCY KOM-
MJIEKCHOTO aHaJIi3y. ToMy MU 0OMEeKMMOCS ITPUKJIAI0M TTOOYI0BOIO PIMAHOBHX MO~
BepxoHb GyHKIH /2 1 Lnz.
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ITpuknan 4. PosragneMo n OJHAKOBUX €K3eMILISIPIB KOMIIJIEKCHUX TLIONUH
3 pospizom C \{z : argz = 0}. [lozuaaumo ix Gy, Gy,...,G,—1 1 3agaM0 Ha TUX
MJIOIMHAX BIJIITOBIJIHI pETyJsipHl MKW KOPEHS

2k
fr = (\"/E)k = ﬁexpzu, 0 <@ <2,
n

jge k= 0,1,...,n — 1. 3a3Hauumo, 10 3HAYEHHS TI'JIKU fj Ha HIKHBOMY Oepesi
po3pizy HJIOLHI/IHI/I (G 30iraeThcs 31 3HAUECHHSAM TIIKU f1 Ha BEPXHBOMKY oepesi
po3pisy mwiomunn G1; 3HAUCHHS TUIKK fi HAa HIKHBOMY Gepesi po3pisy IIIONUHY
(G, 30iraerbcs 31 3HAYEHHSAM TLIKKA fo Ha BEPXHBOMKY Oepesi po3pisy WJIOLIUHY
Gg, , BHAYEHHSI TIJIKN [, Ha HIKHBOMY Oepesi pO3pisy momMHA (G} 30iraeThest
3i 3HAYCHHSIM TLIKH fr11 Ha BepxHBLOMKY Oepesi PO3PI3Y 1I0MMHY Grit; HApeLIT]
3HAUEHHH TJIKK f, 1 Ha HIKHLOMY Oepesi p03p13y mwiomuiun G, 30iraerbes 3i
3HAUYCHHAM TIKHU fo Ha BEPXHBOMKY Oepesi pospisy IJIOMUHN Go.

Buxosian 3 1[boro cKJjeiMo BiIMOBIIHUM YnHOM po3pisu mionmi Gi. A came,
HYKHII Oeper po3pisy mionuin G — 3 BepxHiM beperoM pospisy miormmuan G,
kE =1,...,n — 1, a mmxkHiit 6eper po3pizy miomuaun (G, 1 CKJIEIMO 3 BepXHIM
o6eperom po3pizy mnommuau G.

OrpuMaHa TaKMM YMHOM IIOBEPXHsI HA3MBAETHCS PIMAHOBOIO IIOBEPXHEIO KOpe-
Hst /z. Bona ckjieeHa 3 m muiomus (JucTiB), TOMy 11 HA3UBAIOTH N-JIUCTOIO.

Amnastoriano Oyjiyerbesi pimanoBa 1noBepxtsi jorapudgma Lnz. Tiibku Bona Oyjie
CKJIeEHA 3 HECKIHYEHHOI'O 4hcJia Takux ke JuctiB G, k € 7, Ha g9Kux 3ajaHi
BIJIIIOBITHI PeryJsspHi T'JIKU Jorapudma

(Inz), :==Inr +i(p +27k), 0< ¢ < 2m.

Hnsa 11 HO6y,ZI;OBI/I HUXKHIN Oeper po3pisy mnomuau G Tpe6a CKJIEITU 3 BEpPXHIM
6eper0M pozpizy mwironwmin Gy, k € Z. OrpuMana HECKIHIEHHO-JINCTA TOBEPXHSI
1 € piMmaHOBOIO TTOBepxHEIO Jiorapudgma Linz.

I30sb0BaHI 0CO0/IMBI TOYKM AHAJITUIHUX (DYHKIIIN.

OsnpauenHs 5.2.5 Touka a € C Ha3uUBAETHCSI 130JIbOBAHOIO0 OCOOJIMBOIO TOUYKOIO
aHAJITUIHOT (DYHKIIIT, SIKIIIO ICHYE TaKuii IIPOKOJIOTHH OKIJI II€] TOUKH, 110 JesIKHi
eJIEMEHT JIaHOT aHaJITUIHOI (PYHKIIT MOXKHA aHAJITUIHO POJIOBXKUTU Y3JI0BXK
OyIb-sIKOI KPUBOI, 1[0 MICTUTBLCS B IIBOMY IIPOKOJIOTOMY OKOJII.

[Tpuknagamu Takux To4oK € Touku 0 i oo s dynkniit /z 1 Lnz.

Oznaygennga 5.2.6 Hexaii a— i3o/1b0BaHa 0c00JIMBa TOUKA aHAJATUYHOT (DYHKILI.
O0x010M HABKOJIO TOUYKH @ Oy/|eMO HA3MBATH AHAJITUUHE HPOJOBAKEHHS! JESKOrO
eJIEMEHTY JIaHol aHAJITHIHOI (DYHKILI Y3/I0BK 3aMKIYTOI KPHBOI, IO MICTHTH ¥
CBOI#f BHYTPIITHOCTI TOYKY @ 1 HE MICTUTbH IHIIUX OCOOJMBUX TOUOK.

Oz3nauennga 5.2.7 Hexail a— i30/iboBaHa 0c00JIMBaA TOUYKA aHAJATUYHOI (DYHKILI.
[Ipr 06x0/11 HABKOJIO TOUKK @ € JIBI MOXKJIUBOCTI:

1) 00xi/T HABKOJIO TOYKU @ MPUBOJUTH JIO MOUYATKOBOTO €JIEMEHTY (3 SIKOTO T10-
IUHAJIOCH AHAJITHIHE POJIOBKEHHS );

2) 00XiJ] HABKOJIO TOYKHU @ TPUBOJUTH JIO IHINIONO €JIEMEHTY.
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Y mepuoMy BUIAJIKY TOUKa @ € 130/1b0BAHOI0 0COOJIBOIO TOUKOI0 OJIHO3HATHOIO
XapakTepy, dAka, sK BiIOMO 3 posalry 4.2, Moxe OyTu yCyBHOIO, MOJIOCOM a0
iCTOTHO OCOBJIHBOIO.

Y JIpyromy BHUNAJKY TOUKA ( HA3UBAETHCA 130JIHOBAHOI0 OCODJIMBOIO TOUYKOIO
OaraTo3HavYHOrO XapakTepy, ab0 TOUKOI PO3raJly>KeHHs.

O3navenHs 5.2.8 Touka posrajiyKeHHsi a MOXKe OyTH OJIHOIO 3 JIBOX THIIIB:

1) icnye ckiHYeHHE YucI0 0OXOJ/IB HABKOJIO TOYKK @, 10 HPUBOJUTH JIO MOYa-
TKOBOT'O €JIEMeHTY;

2) Hifike CKiHUEHHE YHCI0 OOXOJIB HABKOJIO TOYKU @ HE TMPOBOJUTH JIO MOTa-
TKOBOT'O €JIEMEHTY.

Touku po3raJjiy>KeHHsI [1ePIIOr0 TUITY HA3UBAIOTh TOYKAMU PO3TaJIyKEHHS CKIH-
YeHHOTO MopsAaKy. [Ipu 1boMy HaiimenIe 1ncyio 00XoiB, 110 IPUBOIATE 0 IMOYa-
TKOBOT'O €JIEMEHTY Ha3UBAETHCs MOPSJIKOM PO3TaJlyKEeHHs.

Touku posraJiy:KeHHs Jpyroro TUIy Ha3UBAIOTHCA TOUYKAMHU PO3TaJIyKEeHH He-
CKIHYEHHOTO TOPSIKY, 200 JIOrapudPMIdHUMNA TOUKAMEU PO3TaJIy KEHHS.

IMpukaax 5. a) Touka 0 g GyHKIl w = {/Z € TOYKOW PO3TAIYIKEHHS
n-ro nopsiyky. Jiiicro, 3adikcyemo oje i3 3HaYEeHbL KOpeHs wy = /T expi£ B
JIOBLIbHIA Toumi 29 # 0 1 3p06I/IMO 00x1J1 HaBKOJIO Hysst. OCKIIBKKA B PE3ysbTarTi
00X0JTy MOJIYJIb T YHCJIa 2y He 3MIHUTHCS, a HOro apryMeHT ¢ 30LTbIMUTHCA Ha

27, TO 3HaquH51 wp nicsst 00xoy nepeije B 3HauYeHHs wp = /T exp ZM =
Wy exXp z— Acno, mo wy # wy. 3a o3HadeHHAM TOUKa ) € TOUKOIO PO3raJsLy KeHHS.

chm{ k obxojis 3HavdeHHsi wy nepeijie B 3HaYEHHsI Wy = /T exp Z“OH”]{ =
wo expzM Acno, mo wy # wo jst k=1,2,...,n — 1, a w, = wy. OTKe, TOUKA

0 € TOUKOIO PO3TaJiyKEeHHS MOPSIJIKY 7.

Ock1npKn 00x171 HaBKOJIO TOUYKY () 0HOTACHO € 00XOJ0M HABKOJIO HECKIHUCHHO-
cri, TO ToYKa 00 JiIA QYHKIIT {/Z TAKOXK € TOUKOIO PO3TAIYKEHHS N-T0 MOPSIJIKY.

b) Touku 0 i co gyst dyukmil Lnz € jjorapudMidHEME TOTKAME PO3TAJTy XKEHHS.
[iticno, 3adikcyemo ojiHe i3 3Ha4UeHb jorapudma wy = Inr+1¢ B JIOBUILHIN TOYII
2o # 0. [Micas k 00xo/1iB 3HaueHHs wy nepeiijie B 3Hadents wy = Inr +i(p+ 27k)
Acno, mo wy # wy ans goBitbHOrO I1i0oro k # 0. Orxe, Touka 0 € jorapu-
(bMITHOIO TOUKOIO PO3TaIyKEHHs, TOOTO TOYKOI PO3raJlyKeHHs HECKIHIEHHOI'O
OPSIJIKY.

Ockliibku 00x1)1 HaBKOIO TOYKU () 0HOYACHO € 00XOJIOM HaBKOJIO HECKIHYCH-
HOCT1, TO TOUKa 00 Jisd PYHKINT Lnz Takox € jorapudMidHOI TOUYKOI PO3Tay-
JKEHHSI.

Hpuknazn 6. Suaiitn isonsosani ocobimsi roukn byuknii f(z) = 2+ /2 i
3’sICyBaATH 1X XapaKTep.

OCKITBKH 71T KOYKHOTO 3 KOPeHIB 0co0anBuMu € Toukn 0 1 00, TO 1 IS JaHol
(byHKIIT 1Ii TOUKK € 0COOJIMBUMU.

BadikcyeMo ojiHe i3 3HaYeHb KOXKHOTO 3 KOPEHIB v/z 1 /z B JIOBLIbHINA TOYM]
2o # 0 1 mosHaumMo ix depe3 wy 1 wq BLANOBIAHO. 3pobumMo k 00XO/iB HABKOJIO
HyJIs. SHAYEHHS S) ‘= Wy + Wy cbyHKui'l' f(2) nicasi k 06xojiB HABKOJIO HyJist

3MIHUTBCS Ha S = Wy eXP z—k: + w1y exp z—k HeBaxxko mepeBipuTH, 1o s # Sg
upu k= 1,2,...,5, 1 TiIbKH 36 = Sp.
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Orxke, ayst dyukiil f rouka 0 (i pasoM 3 HEIO TOYKA 0C0) € TOYKAME PO3TAJTY-
YKEHHSI TIIOCTOTO TTOPSIJIKY.

IIpuknan 7. Suaiitu i307ap0Bani ocobusi Toukn dynkmi f(z) (= V22— 11
3’dCcyBaTH 1X XapakTep.

OckibKY TKOPEHEeBUil BUpa3 JIOPIBHIOE HYJIIO B TOYKax +1, i TOUKHM 1, Kpim
TOTO, TOUKA 00 € 0coOmuBUME TOUKaMu GyHKIIT f(2).

Hocaigumo Touky 1. [y nboro mpejacraBuMo JaHy (PYHKINIO Y BHIVISAJL J10-
oyrky f(2) = vz — 1v/z + 1. Badikcyemo one i3 3Ha9€HL KOXKHOTO 3 KOPEHIB
Vz—11+/z+1 B joBiabniit Touni 2y # 0 1 nozHaumMo X 4epes wy 1 w; Bij-
moBigHO. 3pobuMo 00Xij] HABKOJIO TOYKHU 1, MpKU SKOMY TOUYKa —1 3aJUIIAEThCs
30BHI KPUBOI 0OXOJTY. Tom BEKTOpP 2z — 1 3poOUTH MOBHMUIT 00EPT 1 TOMY #OrO ap-
ryMeHT orpumae npupicr 2m. Ilpu npomy Bekrop z + 1 3poOuThb JHlIe KOJIUBAHHS
1 IOBEPHEThCs B II0YATKOBE II0JIOXKEHH, He 3pOOUBIIYU IIOBHOIO 00epTy, 1 TOMy He
orpumae npupocty. Orxe, mics o6xo;Ly HABKOJIO TOUYKHU 1 3HAUYEHHS S( := WyWq
dbyukiil f(z) mepeiige y 3HaueHHsT S1 = Wy expiQ—”wl = —wow; = —S8p, TOOTO,
y mporuiexie sHatents. Toxl mcist apyroro o6xozny HaABKOJIO HYJIA 3HAUCHHS
dbyHKINT f 3HOBY 3MIHMBINM 3HAK JOPIBHIOBATHME Sg. TaKWM 9WHOM, y TOUIN 1
dbyukiis f mae TOUKY POSIally KeHHst JIPyroro nopsjiky.

Anajoriano, 3’1COBYeTLCs, 1O v TOUI —1 (DYHKINS f TAKOXK Ma€ TOUKY PO3-
raJiy>KeHHs JIPYTOro MOPsJIKY.

Hocaigumo Touky 00. 3adikcyemMo ojHe 13 3HaUYeHb KOXKHOTI'0 3 KOPEHiB v/2 — 1
i vz 4+ 1 B goBuibHIM Toumi 2z # 0 1 mo3HAUMMO X Yepe3 wy 1 wy BIATIOBIIHO.
3pobrMO 00Xi/1 HABKOJIO TOUKH OO, IIPU IKOMY 00118l TouKa 1 1 —1 3ajuInaioTbes
y BHyTpimHocTi Kpupoi obxojy. Toui obujsa Bektopu 2z — 11 z + 1 3pobsaTh
MOBHUET 00epT 1 TOMY X apryMeHTH oTpuMaioTh mpupoctn 27. OTxke, mic/st 00Xomy
HABKOJIO TOUKK 0O 3HAa4YeHHs Sg := wowy GyHKil f(z) uepeiije y 3nadenus §; =
Wy expi%ﬁwl expi%7T = wyw; = Sg, TOOTO HE BMIHUTHCA. TOMY TOYKa OO JIJIst
dbyHkIil f 3a o3HAYEHHAM 9.2.7 € 130JIbOBAHOIO OCOOJTMBOIO TOTKOIO OJTHO3HATHOT'O
xapkrepy, dki Oy Kiaacudikosani B posaiii 4.2. Ouesuno, mo v 22 — 1 ~ z upu
z — oo. Takum umbHoM, 3a Kpurepiem 4.2.7 y Touri oo dyHKiss f Mae npocrtuii
IOJTIOC.

- . . . . 1 Z+1 .
BupaBa. 3naiitn i30/b0BaHl 0c00MBI TOYKM (DYHKILIH T Ln== i

3’CyBaTU 1X XapaKTep.
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Pozaia 6

KondopmHi BlgobpakeHHs
eJeMeHTapHUMU (PYHKIIAMNI

OzHaveHHsI KOHPOPMHOI0 BiJIoOparkeHHsI HaBeieHo B po3/iiii 2.7. Jljs 3pyaHo-
CT1 TTOBTOPUMO Il O3HAUYCHHSI.

Osznauenns 6.0.1 Bijobpaxenns dyuxiieio w = f(z) nasusaerncs kondopu-
HEM B TOMI[l 2, AKIIO BOHO 36epirae KyTH MDXK KPUBUMH, IO MPOXOJATE “epes
ITI0 TOUKY 1 Ma€ cTaJnii KoedinienT JIHIRHOTO pO3TATY B IIi#l TOUIN Y Oy/Ib-AKOMY
HAIPAMKY.

3 1pOr0 O3HAYUEHHsI, HACILIKY 2 TBep/pKeHHs 2.7.1 1 TBeprkernst 2.7.2 BUATLIN-
Ba€ JIOCTATHSI YMOBa KOH(POPMHOCTI B TOYIII.

TBepmxkenns 6.0.1 Bidoopaocennsa dynxuicro f(z), wo 3adososvuae ymosy
f(z0) # 0, € Kondopmmum 6 mouyi z.

Oznauenns 6.0.2 Binobpaxkenns w = f(z) Ha3WBAETHCs OIHOIUCTAM B 00J1ACTI
(G, K10 OY/Ib-sIKY Iapy 21, Zo PI3HUX TOUYOK 00JsiacTi G BOHO IEPEBOJUTH Y Iapy
pi3HUX 00pa3ziB.

[HiuMu csioBamu, ojHosIMCTe Bijtobpaxenns w = f(z) — 1e Glekiliss MHOXUHU
G ua f(G). Orxke, 1J1sT OHONUCTOTO BiIOOpAYKEHHsT iCHY€e 0bepHeHe Bi10OparkeHHsT

7 f(G)— aG.

Osnavenns 6.0.3 Bijnobpaxennst w = f(z) HasuBaerbes kKonGopMHUM B 00J1a-
cti (G, SKINO BOHO OJHOJIACTE B Il obsacTi 1 KondopMmue B KOXKHIMA 1T ToqIl.

6.1 JIpoboso-miHiiina yHKITIS

Qyuniga Bugy w = %, Je a,b,c,d— JOBLIbHI KOMILJIEKCHI 4KCJia, HAa3UBaE-

ThCst IPOOOBO-JIiHITHOW. Bynemo BBaxkaTh BUKOHAHOW yMOBY ad — be # 0 (x), 60
1HaKIIle W € KOHCTAHTOIO.

Axmro ¢ = 0, dyukiis w e giniiiroo w = Az+B. Y posaii 2.7 Oy/1o 3’scoBaHo,
1o Jiiniitna QyHKIIsE 3BOJANTHCS JI0 BUKOHAHHS HACTYIIHUX [I€PETBOPEHb: 1) MOBO-
por Ha KyT arg A; 2) miniitauii posrar B |A| pasis; 3cyB Ha BekTOp B.
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Haasti 6yemo BBaxkartu ¢ # 0.
L . . d - - dy . .
,HOB.I/ISHa‘H/IMO ,ZLpO6OBO—JIlHII/IHZ dbynknito y Touni —¢ pisnicrio w(—%) =00l
y Touni 0o nokmagemo w(oo) = 2. Orxe, BoHa BU3HAYCHA Ha PO3MIMPEHiil KOM-
miexkcnii mromuni C.

Teopema 6.1.1 /Jlpoboso-siniting @Pynkuis 63G6EMHO-00HO03HANHO 1 B3AEMHO-
nenepepero 6idoopasicae C na C.

az+b

cz+d
b—dw : a . . .
—. 3a 1ieo GopMyJIol0 KOXKHOMY W, W # +, W # 00, BiJNOBiJla€ PiBHO OjiHe

3HaUYeHHS z. KpiM TOro, 3riJiHo 3 JOBU3HAUYEHHAM TOUI W = % BIJITIOB1JTa€ 3HAUE-

HHS 00, a 3HAYEHHIO OO — BIJIIOBIIA€ —%.

BrzaemHua 0JlHO3HATHICTH JPOOOBO-JIIHIHHOTO Bi0OparkeHHs JI0BEICHA.

HenepepsHicTh M0BLILHOIO BiI0OpaskKeHHs W B TOUKAX 2 F# —‘EZ 1 2 # 00 ove-

az+b d
cz+d” c

sunaderst. Ockiabkn obepHeHe BioOparkeHHsT 2 =
BOHO 34, JIOBEJICHUM HellepepBHeE.

Teopema nopejieHa.

Hocaijinmo KoHMOPMHICTL BijobpakeHHs JIpoboBO-sIiHiiiHOI0O (yHKIIi€o. [o-
HATTSI KOH(POPMHOTO BijIoOparkeHHst OyJ10 0O3HaUYeHe B CKIHYEHHIH TOYI JIj1st (DY H-
KIif, 1110 npuiiMaioTh CKiHdeHHI 3HadeHHst. AJjie OCcKiJbKN JIpoOoBa JiiHlliHA (DyH-
KIlisl BUBHAUCHA 1 NpuiiMae 3HaUEHHs Ha PO3MINPEHii KOMIIJIEKCHIH II0NuHI, Tpeda
JIOBU3HAUHUTH IOHATTsI KOH(POPMHOCTI B TOUIII 00 1 B TOUII 2, SIKa BIJOOParKaEThCsl
y HECKIHYEHHICTb.

JoBenenns. Po3s’s3aBiym piBHAHHSI W = BIJTHOCHO 2, OTPUMAEMO 2 =

1 2 = 0O BOHA BUILJINBAE 3 JIOBU-
b—dw

cw—a

BUJIHA 3 (DOPMYJIH W = A B TouKax z = —

TaKOXK JIPOOOBO-JIiHIlHE,

Osnadvenns 6.1.1 Bijobpaxennsi f(2) HasuBaerbcsi KOHDOPMHUM Y TOULT OO,
SIKIO BigoOpaskennst f (%) kordopmue y Tour 0.
Bijobpaxxentsi, jyist sikoro f(2p) = 00, HA3UBAETHCsE KOHMOPMHUM y TOUIL Zp,

SIKIIIO BiJIOOParKeHHst f(lz) KOH(OPMHE y IIiif TOYI 2.

Teopema 6.1.2 /Ipo6oso-ainitina dynrxyis xondopmno eidobpascae C na C.

oBeaenns. 3a reopemoro 6.1.1 npoboBao-riniiiaa (GpyHKIlsST OJHOJNCTA B PO3-
HIUPEHI KOMIIJIEKCHIN TIJIONUH].

3aJuiuniochk JoBect i1 KOHGOPMHICTb y KOxKHIK Tourni 2z € C. g Touok
z # —% 1 2z 7 0O BOHA BUILJIMBAIO 3 TOT'O, 10

, «a(lcz+d) —claz+b)  ad—bc
e o R e PR

BHACITIIOK TBepKenHs 6.0.1 1 ymoBu (%).
HoejieMo KOHGPOPMHICTH JIPOOOBO-JIIHIKHOIO BiJIOOparkKeHHs W y TOYIl OO,
3a ozHauennam 6.1.1 g nporo Tpeba J10BeCTH KOH(MOPMHICTH BiJoOpasKeHHsI
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a/z+b _ a+bz -
c/z+d ~ ct+dz

,, v blc+dz)—d(a+bz)  bc—ad
B = N R ST

wi(z) == w(%) y Touri 0. Maemo wy(z) =

Omrxke, w)(0) # 0 Baacsijok ymosu (x). Tomy 3a rBeppkenns 6.0.1 BijobparxeHtsi
wy Koupopmue y Touri 0, TobTO, BijjoOpakeHHsT w KOH(MOPMHE § TOUII 00.
Hacamkinerpb, j1oBejieM0O KOH(MOPMHICTH JpOoOOBO-JIIHIHHOIO BijIoOparkKeHHs w

y TOUI 2 = —%. 3a oznauenusM 6.1.1 g 115010 Tpeda MOBECTH KOH(MOPMHICTH
BiTOOparKeHHs wo(2) 1= ﬁ y miit Tourni. Maemo ws(z) = % 1

claz+b) —a(cz+d)  cb—ad
(az + b)? ~ (az +b)?

wy(2) =

Orxke, wé(—%) # 0 Bracaimok ymosu (*). Tomi 3a TBepkentst 6.0.1 Bimobparken-
HsI W9 KOHMOPMHE y TOUIT —%, a TOMY y IIiif TouIi 1 BijtoOparkeHHsI w KOHMOPMHE.
Teopema nopejieHa.

HeBarkko mnepeBipuTH, 10 Cyneprio3ullis JpoOOBO-JIIHIHHUX Bi0OpPaXKeHb €
JIpOOOBO-JITHIHUM B1JIOOparKEHHSIM.

Teopema 6.1.3 Cyxynnicmo ycix JIpoboso-Ainilinux  61000pasicent Yymeoproe
2pyny 6L10HOCHO CYNEPno3ulti 6idobpactcens.

BnpaBa. /loBectu Teopemy 6.1.3 mepeBipuBIIN aKCiOMU T'PYIIH.

O3znavenns 6.1.2 Kosjom y mmpokomy cenci (a60 KOJOM Ha PO3IMUPEHiil KOM-
mekcHiil monmHi C) HABKBAETHCS KOO ab0 MPsIMa.

Teopema 6.1.4 (%pyeoea eaacmusicms) pu dpoboso-ainitnomy 62806pa9+cenm
KOAO 6 UWUPOKOMY CEHCE 81000PAHCAEMBCA 8 KOAO 6 WUPOKOMY CEHCI.

HoBenenns. /s ¢ = 0 Teopema oueBu/iHa, 00 JiHiliHE BiIOOpaskeHHs 3BOJIH-
ThCsI JIO TTIOBOPOTY, PO3TSTY 1 3CYBY.
Hexaii ¢ 2 0. Toai MmaeMo TOTOXKHICTH

az+b a bc — ad

cz+d ¢ clez+d)

3 AKOl OTPUMYEMO TIOJAHHH

az+b_A+ B
cz+d 2+ C’

e A: =% B:= bc ud = d . 3 IILOTO TOJAHHS BUAILIUBAE, IO JPOOOBO-JIIHIAHE
Bi;L06pa>KeHHH € cynepno3l/mle}o HACTYIHUX BiJI0OpakeHb
1
wi=z2z+C, wy=—, w3=A+ Bws.
w1
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Ilepie i ocranne 3 1MUX BiJIOOparkeHb JIHINHI, JIJIsd SKUX TeopeMa O4YeBHU IHA.
OrKe, 3aJIMIIIIOCH JIOBECTH TEOPEMY JIJIsI BIIOOpParKeHHS W = % 3adikcyemo

KOJIO B IIIUPOKOMY CEHCI Ha IJIONIMHI 2. ZK BiJIOMO 3 aHAJITUYHOI TreoMeTpil, Horo
PIBHSIHHST Ma€ BUJ

a(x? + %) + bz + By +7 = 0.

Sanuiemo ue plBHHﬂHH B KOMILJIEKCHI popmi. CKOPUCTABITUCH OUEBUTHUMU PiB-

HoctaMu T2 4 y? = 27, v = Z“, Yy = 27, MaTHUMEMO
z + Z zZ—Z
azZ + [y 52 +~v =0,
- B B 8
_ 1 2 1 2\ =
gy 72 e —0
azzZ + 2+2i z 4+ 5 2 Z+ ;
abo .
azZ + fz+ Bz +v=0. (6.1.1)
BuaitjieMo 00pa3 mbOro KOJIa B IIMPOKOMY CEHCI IpU BiOOpaxKeHHI w = %

Ockinbkn 2 = 1 Z = . orpumaemo
w w

YW + fw + B+ o = 0.

Ile piBHSAHHA Ma€ TaKuii »xKe BHJL, K i pingnus (6.1.1). OTxe, BoHO 3aj1a€ KOJIO B
ITIPOKOMY CEHCi Ha IJIONINHI w.
Teopema JioBejicHA.

3ayBaxkeHHd 1. {k 3’scyBaTu Mo came OyJie 0OpazoM 3a1aHOTO KOJIa B TITHPO-
Komy cercl S npu Bijobpazxenni w = =57 Kosio un npsima? o6 naru sianosiap
Ha TIe 3allUTaHHs Tpeda NPUIHHITH 10 YBaru, 1o >KOJIHe KOJIO He IPOXOIUTh depes
TOUKY 0O, & Oy/b-siKa IpsiMa IIPOXOIUTH Yepe3 HeCKIHUCHHICTb.

OrKe, sIKIIIO KOJIO B IIMPOKOMY CEHCl S IPOXOJIUTH Uepe3 TOUKY —%l, sIKa, BiJI-
00paXkaeThCsl y HECKIHYEHHICTH, TO 00pas3oM S Oyjie npsMa. fKINo 2K KOJIO B IIu-

POKOMY CEHCI S HE NPOXOJIHUTH 4epe3 TOUKY —‘Ei, TO fioro obpazom Oyje KoJio.

O3zuavenHs 6.1.3 Touku 2z i 2" Ha3WUBAIOTHCSI CUMETPUYHUME BIJTHOCHO KOJIA Y
pajiiyca R 3 EHTPOM y TOUI] @, AKIIO BUKOHYIOTbCS YMOBH:

1) BoHM pO3MilIeHI HA OJJHOMY [POMEHI 3 BEPIIUHOI Y TOYIl @;

2) |z — al|z* — a| = R2.

3okpeMma, a* := 00, oo™ 1= a.

OCKiIbKE 32 MEepIo yMOBOW o3HavdeHHs arg(z —a) = arg(z* — a), To BHACJII-
JI0K pisrocTi arg(z —a) = —arg (z — a), maemo arg (z — a) - (z* —a) = 0, 0610,
(z —a)- (2 —a) > 0. Toxi 3a apyroio ymosoto oznadenus (z — a)- (2" —a) = R2.
3BiICK OTPUMYEMO

RQ
(2 —a)
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k

3okpeMa, Jiisi TOUKKH 2, CUMETPUYHOI JO TOYKHM 2 BIJIHOCHO OJMHUYIHOI'O KOJIA
1

{2z |2] = 1} maemo 2" = =.

I'eomeTpuaHMii criocidé mMoOyI0BM CUMETPUYHOI TOYKM . SIKINO TOUKA 2
MICTUTBCA y BHYTPIIIHOCTI KOJIA 7, TO IPOBOJUMO IPAMY 2b 1 az 5o 11 mepetuny
3 KojioM ¥ B Touti b. [Torim depes Touky b TPOBOJMO ,ZLOTI/I‘{Hy JI0 KOJi1a, Y JI0
1T 1epeTuiy 3 HPAMOIO aZ. [Is1 Touka neperuHy i € TOYKOIO 2* CUMETPUIHOIO JI0
TOYKHU Z BIJTHOCHO KOJIa 7.

AKIo ToYKa 2z MICTHTHCA Yy 30BHIIIHOCTI KOJa 7y, TO TOOY/I0Ba CUMETPUIHOI
TOYKN BUKOHYETHCS ¥ 3BOPOTHBOMY TOPSIJIKY.

CumeTpuaHicTh HO6yILOBaHaHOI y TaKmit crocib TOYKM B 000X BUIA/KAX BUILIH-
Ba€ 3 1101I0HOCT] TPUKYTHUKIB abz 1 abz™.

Hacrymra gema MiCTHTH KpATEpiii CAMETPUIHOCTI TOYOK 2 1 2* BITHOCHO KOoJIa.

Jlema 6.1.5 Touxu z 1 2% € cumempuunumu 610HOCHO KOAG Y MOJL & MINDKU
modi, Koau 6Ydv-AKe KoA0 Y WupoKomy cenct S, uo npoxrodumov wepe3 mouku z
i 2%, € opmozonasvrum Ao KoAa Y.

oBenenns. Hexait Touku z 1 2* € cUMETpUUHUME BiJIHOCHO KoJia . Opro-
TOHAJBHICTD TPsAMOT 22* JI0 KoJia 7y € HACIKOM TOTO, IO T TPIMa MPOXOIUTH
gepe3 MEeHTP @ KOJIa 7y 33 03HAUYEHHSIM CUMETPUUIHUX TOYOK.

Hexait 7' — kos0, mo npoxogurs yepe3 Touku 2z i z*. IIposegemo 3 nenrpa a
KOJI& 7Y JIOTHUHY JI0 KOJIa Y, 0 JIOTUKAETHCs JI0 1IbOTO KOJIa B TOUI €. 3a BiJIOMOIO
3 eJleMeHTapHOI MaTeMaTHKN BJIACTHBICTIO KBaJpaT NOTHYHOI |a — c|? mopismioe
706y TKy ciunoi Ha ii 3oBHimmHI0 YacTumy, To6to, la — c[*> = |a — 2*|ja — z|. 3
iHII0r0 OOKY, T11e#l JIOOyTOK 3a O3HAYEHHSIM CUMETPUYHUX TOUYOK ,D;OpiBHIOG R?.
Taxum uunom, |a — cf* = R?, TO6TO BIJIPI3OK ac oTudHOI J10 Kojia 7y € pajiycom
koJia . Ile oznauae, 1mo y I v

Hexait Ternep 6y,sz sIKe KOJIO Y IIMPOKOMY CEHCI, 1110 MPOXOJUTH Yepe3 TOUKH
z1z2% € OPTOrOHAJIBLHUM JIO KOJIA 7. BBizLCH BUILJIMBAE, 110 TOUKHU 2 1 z* JexKaTh
Ha, OJTHOMY TIPOMEHI 3 BEpIIUHOK B HeHTpl a KoJa . Ba(bchyeMo JaJTi JIOBLIBHE
KOJIO, 1O MPOXOJIUTD {epE3 TOUKH 2 1 2 1 3HOBY NPOBEJEMO 3 LEHTPA @ KoJIa 7y
JOTHYHY JI0 KOJIa ', 0 JOTUKAETHCA J10 IHOro Kosa B Touni ¢. Ockinbkn v L+,
TO |a — ¢| = R. 3H0BY CKOPHCTAEMOCs THM, 0 KBaapatT gotuunoi |a — c|? = R?
jlopisrioe 100y TKy ciunoi na ii sopnimmio yacruny, ro6ro, R* = |a — 2*|la — z|.
Lle o3nauae, 1m0 TOYKK 2 1 2* € CHMETPUIHUMHI BIJTHOCHO KOJIA 7.

Jlema noBejieHa.

Teopema 6.1.6 (npunyun 36epescenns cumempuynur movuok) Ipu dpoboso-
ATHITHOMY 61000PadCEHHT MOYKU, CUMEMPUNHTE GIOHOCHO KOAG 8 WUPOKOMY CEHCI,
61000paNCAIOMBCA 6 MOYKU, CUMEMPUYHL 81OHOCHO 00PaA3a Ub020 KOAA.

,ZLOBe,ueHHﬂ Hexait Toukm z i 2" cumeTpudHi BIJIHOCHO KOJla B LIMPOKOMY
cenci e ‘w(z)— joBisbre ipoboso-yiiniiiie BijoOpakens, w i w*— obpasn TOUOK
2 1 2* BignosigHo npu Bijobpaxenni w(z). 3a Kpyrosoro B.HaCTI/IBlCTIO JIPOOOBO-
niniitnoro sinobpazxenus (reopema 6.1.4) obpasom w(y) =: 9 Kosa B MUPOKOMY
CEHCl 7Y € BHOBY KOJIO B IIIMPOKOMY ceHci v/
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s moBeieHHs CUMETPUIHOCTI TOYOK w 1 w™ BIIHOCHO KOJIa B ITIPOKOMY ceHcl
~' 3a nemoro 6.1.5 nocuTh ,ZI;OBeCTI/I 110 Oy/b-siKe KOJIO B TITUPOKOMY CEHCI Y1, IO
IIPOXOJIUTH Y€PE3 TOUKU W 1 W™, € OPTOroHaJIbLHUM J10 7.

BadikcyemMo JTOBLILHE KOJIO B IITUTPOKOMY CEHCL Yy, IO MPOXOJUTH Yepe3 TO-
ykn w i w*, 3a3HaunMo, 10 3BOPOTHE BiobpaykeHHs w1 j10 JpoboBo-siHiitHOro
BisoOparkents € Takoxk npoboso-miniiaum. Tomy obpasom w1 (1) =: vy Koma
B IIMPOKOMY CEHCl Y1 P HBOMY 3BOPOTHBOMY Bi0Opazkenul Oy/ie 3HOBY KOJIO B
ITUPOKOMY CEHCI 7Yy 3a TIEI0 K prI‘OBOIO BracTuBicTio (Teopema 6.1.4). Ockinbku
71 MPOXOJIATD {EPE3 TOUKH W 1 w*, To itoro Hpoo6pa3 (HpI/I BiT0OpaxkeHHi w) Yo
npofijie uepes Touky z i 2" . A ockinbku 2z 1 2* CHMETPUHI BiIHOCHO KOJI& B INPO-
Komy cenci 7, To 3a semoro 6.1.5 79 L . Toni ix obpasu 11 = w(y) 1 v = w(v)
TaKOXK OPTOI'OHAJIbHI Mi2K c00010, 60 3a Teopemoro 6.1.2 jpoboBo-Jiiniiine BijiobOpa-
xenms € koudopmunm Ha C, 30KkpeMa, 36epirae KyTu MiXK KPUBIMI.

Teopema nopejieHa.

IaBapiaHTHICTHP AHTAPMOHIYHOTI'O BIJHOIIIEHHS YOTHPHOX TOYOK MPH
Apo0OoBO-JIiHIITHOMY BiIOOparKEHHI.

O3HayenHsa 6.1.4 AnrapMOHIYHEM BiJHOIIEHHSIM YOTUPHOX TOUYOK Z, 21, 29, 23

Ha3UBAETHCSI B1JIHOIIIEHHSI
Z— 21 k3 — Z

2 — 2y 23— 29
Teopema 6.1.7 /Ipoboso-nrinitine 6idobpascernma 00HO3HAYNHO BUSHAMAEMDCA 34

MPLOMA MouKamu 21, 22, 23 € C ma ix obpazamu wy, we, w3 € C 3 pienanua

Z—z2 Z3—Z  W—w W3—w (6.1.3)
2 — 29 23—Z29 W—Wy W3— Wy o

Inwumu crosamu, anzapmoniune 6I0HOWEHHA YOMUPLOT MOY%OK 30€Pi2acmb
npu dpobo6o-AIHITIHOMY 61000PANCERHT, MOOMO € THBAPIAHMOM Ub020 61000PaHCe-
HH.A.

oBenenns. /loBejemMo criodarKy iCHyBaHH:A JpOOOBO-JIIHIHOTO BijIoOparkKeHHs],
1o 3aJ10BosIbHsAE piBHsiHHs (6.1.3), TOOTO, 3a/aHy TPIfiKy TOYOK 21, 29, 23 BiJ-
obpaxkae y 3aJilaHy TPIKY TOYOK Wi, Wa, Ws3.

Posrisnemo HacTymHi JiBa JpoOOBO-JIHIHHUX BiTOOparkKeHHsI

Z— 2 R3— Z

gl = : ) 52 =

2 — 29 23— 29 W —wy W3 — Wy

w—w W3 —uw

dcno, 110 §1 D21, 20,23 — 0,00,1,a & - Wy, Wa, W3 — 0, 00, 1, TobTO, Bij0Oparke-
HHSI 51 TPIKY TOYOK 21, 29, 23 B1;L06pa>1<ae y Tpifiky 0, 0o, 1 a B1;L06pa>KeHHH &
TplI/IKy TOYOK W1, W, W3 — Y TY XK Tpiiiky 0, 0o, 1. Tomi CyHepHOSI/IHIH BiJI0OpaskeHb
&1 o & Tpiiiky TogOK 21, 22, 23 Bl,uo6pa>Kae y TPIfiKy TOYOK Wi, Wsy, W3.
Hosesemo renep eaunicrs BljoOpaxenns, WO 3ajany TPLiKy TOUOK 21, 22, 23
BIJIOOparKae y 3a/1aHy TPIKY w1, wsy, ws. Hexait w— Take Bimobpakenns. Jlopese-
MO, IO W = §2 o &. Ilo-nieprne, 3ayBaskumo, 1110 JPOOOBO-JIiHIlHE BijloOpaskKeHHsi
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f = &owo &t Tpiiiky Touok 0, 00,1 Bigobpaxae y Ty camy Tpifiky. OcKiib-
kn f(0o) = 0o, To BimoBpaxenus f minifine, Tooro, f(z) = Az + B. Ockiibkn
f(0) = 0, to B = 0. Hapewri, 3 ymosu f(1) = 1 maemo A = 1. Orxke, Bij-
obpaxkenust f € ToroxkHuM BimobpazkeHusiM I. Tomi 3 piBagnHS [ = & 0w 0 §f1
orpuMyeMo w = &5 1 0 &y,

Teopema joBejieHa.

OcKiTbKH KOJIO (prr) B IIIIPOKOMY CEHCl 33J1a€ThCsl TPIHKOIO TOIOK (MexkeBuM
KoJioM), TO 3 Teopemu 6.1.7 ojipa3y BUILIMBAE TaKWil HACIIJIOK.

Hacaigok 6.1.8 bydv-axe xoao (kpye) 6 WUPOKOMY CERCT MOJNCHA 61000pasumu
6 6y0b -AKe THUWE KO0 (KpY2) 6 wupokomy cenci 3a donomozoto dearozo dpobogo-
MHITH020 61000PAANCEHHA.

HpI/IKJIa,a 1. 3naiiTu 3arajabHU BIJ IPOOOBO-JIIHIKHOIO BiIOOparKeHHs BEpX-
rpol miBmromunn {2z : Im 2z > 0} wa omunmaaunit kpyr {w : |w| < 1}.

Hexait w— mykane ;[p060B0 JliHifiHe BigoOparkeHHs. 3a MPUHIIMIIOM BIlJIIIOBI/I-
HOCTI MexX (ToepeMa 7.4.2) pijicHa npsiMa BiIoOpaykaeThCs Ha O/IMHUYHE KOJIO.
Ockinbku ApoboBO-JiiHiliHA (DYHKISA OJHOJNCTA HA POIITMPEHIH KOMJIEKCHIH T110-
mrai (Teopema 6.1.1), icmoye Taka Touka a, Ima > 0, mo w(a) = 0. Toxi 3a
IPUHITATIOM 36epe}KeHHH CHUMETPHIHHUX TOUOK (Teopema 6 1.6), Touka @, o crMe-
TPUHA JIO TOUKM @ BIHOCHO JificHOT npsMOl, BigoOpaxaernes y Touky 0 = 0o,
mo cumerpudta o Touku 0 (HeHTpa OJMHUYHOIO KOJIa) BIJIHOCHO OJIMHUYHOTO
KoJia. TakuMm UMHOM, BiJOOpaXkeHHS W Mae BU/I

zZ—a

w=k —, Ima>0, keC.
z—a

OCKiJIbKY 32 MPUHITUIIOM BiIOBIIHOCTI MeXK (Teopema 7.4.2) Touka 0 BijoOpazka-
€ThCs B JIESKY TOUKY OJMHWIHOTO Kosta {w : |w| = 1}, 1o

1= [w(0)] = = |kl

0—
0—a
Takum anHOM, k = €Y, 16 o € R, a 3arampruit Bu ApoboBO-TiHIHHOTO Bigobpa-
xenust w : {z:Imz >0} — {w: |w| < 1} 3amaerses bopmystono

WZ—a

w = ¢ —, Ima>0, a€R.
Z—a

Ilpukaan 2. 3uaiitu 3arajbHuit B APOOOBO-JIIHIHHONO BiIOOPaXKEHHS W :
{z:]z] <1} = {w : |w| < 1}.

Hexait w— mykane jpoboBo-jiHiiiHe BijoOpaskeHHst. 3a HPUHIMIIOM BiJIITO-
BiiHOCTI Mex (Toepema 7.4.2) ommmmune Koo {z : |z| = 1} BimoOpakaeTbes
na opunuine Koo {w : |w| = 1} Ockinbku jpobopo-iiniiina dbynkmis ojo-
JIMCTa Ha POBIIUpEHlii KomJiekcHiil mromuni (Teopema 6.1.1), icHye Taka TOUKa

a, la| < 1, mo w(a) = 0. Toxi 3a upuHIMIOM 30EPEKEHHSI CUMETPUIHUX TOUOK

(Teopema 6.1.6), Touka (@), mo cuMeTpUUHA IO TOUKH @ BiJJHOCHO OJMHUYHO-

ro kosa {z : |z| = 1} (dbopmyaa 6.1.2), Bimobpakaerbes y Touky 0% = 0o, 1m0
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cumerpudHa 710 Touku 0 (MeHTpa OJMHIIHOTO KOJIa) BIHOCHO OJIMHUTHOTO KOJIA
{w : |w| = 1}. Takum qunOM, BiJJOOpaXKEHHST W MA€E BUJI

Z—a Z—a

w=k—-—vg=k=——, |a/<1, Kk €cC.
z—z az — 1

OCKIIbKH 38 HIPUHIUIIOM BIJIIIOBIIHOCTI MeXK TOYKA 1 BIJOOParKaeTbCsi B JIEAKY
TOUKY OjiuHUUHOro KoJia {w : |w| =1}, To

1
1=\w(1)\: ]Cll I‘]ﬁ‘.

Takum unnom, k; = €', 1e o € R, a 3araabHuil Buj 1poboBo-JiHifiHoro Bigobpa-
xenust w: {2 |z] <1} = {w: |w| < 1} 3amaernesa dbopmysoo

w = eia%, la| <1, «a€R.

3ayBakeHHd 2. SKINO Ipu 3HAXO/XKEHHI JIpOOOBO-TIHIHHOTO BiOOpasKeHHs,
Mo 3a710BOJIbHsAE piBHsAHHA (6.1.3) jeski 3 TOYOK 21, 29, 23, Wi, Wa, W3 JIOPIB-
HIOIOTb HECKIHYEHHOCTI, Tpeba BpaxyBaTH HACTyIHY obcraBuHY. By/ib-ska 3 1ux
TOYOX BXOJAUTH B piBHsiHHs (6.1.3) /Biul, O/lMH pa3 y YuCeIbHUK, JAPYIUil — y 3Ha-

menHukK. Hexait, nanpukiaj, z; = 0o. Posrisinemo Jipiod %, MO0 MICTUTH TOYKY
z1. Ockinbku =L — 1 1pn 21 — 00, TO PO3B’A3YI0UN PIBHSAHH (6.1.3), Tpebda
PIBHUIN 2 — 21 1 23 — 21, IO MICTITh TOUYKY 21, 3aMIHUTH Ha 1.

IMpukaaz 3. a) 3uaiiru poboBo-JiniiiHe BijoOpazkeHHs W, 10 33J[0BOJIbHIE
ymoBr 00 — 1, 1 — 00, 2 — 2; b) 3naiiTu 06pa3 mepInoi 4BepTi MpH MHOMY
BiI0OparkeHHi.

a) 3a reopemoio 6.1.7 BioOpayKeHHsi, 1110 BajlaHy TplI/IKy TOYOK 271, %2, 23 BIJ-
obpazkae y 3a/jaiy TPIiiKy TOUOK w1, We, W3 ICHYE, €lMHE 1 HOro MOXKHA 3HAUTH 3
piBmsins 6.1.3. OCKIJIbKY 27 = 00 1 W9 = 00, TO 3 YpaXyBaHHAM 3ayBayKeHHs 2
116 PIBHSAHHSA MaTHMe HACTYIITHUI BULJISIT

11 w-1 2-1
2—1"2—1 1 =~ 1 °

3 mbOro PIBHAHHA OTpUMyeMO w = —*7. Hepaxkko nmepesipuTi, 1Mo 3Haiijiene Bi-

oOpaXkeHHsT 3a/10BOJILHSIE YMOBH 3a,/[a4i.

b) Buaitjemo obpa3z nepmol usepri Gy = {z = z +iy : x > 0,y > 0}.
Ockinbku Mexka obstacTi G CKIIaIa€ThCst 3 JIBOX MPOMEHIB, OJIMH 3 sIKUX MICTUTHCs
Ha JIIMCHI Ocl, IHITUI — Ha YysBHI, TO ClIOYATKY 3Haii1eM0O 00pas3u JIiiCHOI 1 ysIBHOI
MpsAMEX. 3a KPYroBow BiacTuBicio (Teopema 6.1.4) obpasamu 060X mpsamux Oyjie
KOJIO Y TIIHPOKOMY CEHCI.

SHaiigemo obpas jiiicHOT [PAMOTL. Ockiiby 1151 IPSIMa MTPOXOJINTH YePe3 TOUKY
1, mo BiOOPakKAETHCsA y HECKIHUEHHICTD, TO BPAXOBYIOUM 3ayBaKeHHs 1, pobu-
MO BHMCHOBOK, III0 00pa30M JIiiiCHOI Oci 6y,zLe npsiMa. i JIerKO 3HAHTH 3a JIBOMA
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TOYKAMH, 0 € oOpas3aMu JBOX JOBLIbHO B3SITHX TOYOK Ha JiiicHiil oci. Aje B
JIAHOMY TIPHUKJIAJIl 116 MOXKHa 3p00uTH 0e3 00UNC/IeHb, SIKIIO TPUIHSITHA JI0 yBaru,
110 3HadijieHa PyHKIIS w = ﬁ JUtsd JicHUX 2 npuitMae jificHi 3Hadenns. OTxke,
obpa3oM JiiicHOl ocl € JiiicHAa BiCh.

SHaitjieMo obpas ysaBHOI IpsaMoi. OCKIIbH 15 IPsAMa He IPOXOJIUTh Yepe3 TOUKY
1, 1m0 BijI0OpaXkaeThCsi y HECKIHYEHHICTh, TO BPAXOBYIOUM 3ayBarkeHHs 1, poOuMo
BUCHOBOK, II0 00pa30M ysIBHOI oCl Oyje KoJ0. 3HaijeMo CrovaTKy Horo meHTp
a. st 1poro Jjo ymMoBH 1 — 00 3aCTOCYEMO HPUHINIL 30EPEXKEHHST CUMETPUIHUX
090K (Teopema 6.1.6). 3rimHo 3 muMm npuHnHIOM Maemo 1* — oo*. fcwo, mo
1" = —1 (ryT maeTbest Ha yBasi cuMmerpis BigHOCHO ysBHOI oci). Kpim Toro, 3a
oszHadeHHsiM 6.1.3 MaeMo 00* = a (TyT MaeThcs Ha yBa3i CHMeTPist BIHOCHO IITy-
KAHOI'O KOJIa), Jie a— HeHTp miykanoro koJia. Omke, —1 = 1* — 00* = a, 10670,
a=w(—1)= % Buaiijemo renep pajiyc koua. st bOro J10CHTH 3HANTH JIesTKy
TOUKY KoJsia. OCKIJIBKI B KOJIO BIJIOOpParKaeThCs ysiBHA IIPsAMa, TO, HAIIPUKJIAJ, TO-
uka w(0) = 0 MicTuTbCs Ha mykanoMmy koui. Orzxke, paaiyc kona R = [0 —a| = 3.

Buaiigemo renep Dy = w((Gy). Sazuaunmo, 1Mo 3Haiijeni obpasu JiificHoT oci
(miiicra Bicw) 1 yasnoi oci (koo {w @ |w — —| :}) posbusatoTh mIOmMHY W
na 4 obmacri Dy, i = 1,..,4, a ix npoobpasu (JiiicHa 1 ysiBHA 0Ci) TaKOXK pPO3-
OUBAIOTH IJIOHMHY 2 Ha 4 obnacti Gz, 1 =1,...,4. Tomy 3rijino 3 UpUHIUIIAMU
30epekeHHsT 00J1acTi i Bl,ZLHOBLZLHOCTl MexK (TeopeMa 7.2.2, 7.4.2) Ta 3 ypaxyBsa-
HHSIM OJTHOJIUCTOCT1 JIPpOOOBO-JIIHIHOIO BiJIOOparKeHHsI (TeopeMa 6.1.1) obsacTsb
(G1 BijgoOparkaerhest B OjiHy 3 obsacreit D;, moznaunmo 11 Dy. 1106 3uaiiTi 1o
00JIacTh JIOCUTH 3HATU OJIHY TOYKY IIyKaHol oOjiacti. BisbMmemo Touky obsiacri
(1, mampukiag, Touky 1 + 4. [i obpaz w(l + i) = 1 — ¢ micTuThest B IIyKaHiit
obaacri Dy. Tenep ouesuino, mo Dy = {w : Imw < 0, |w — 3| > 3}, 6o came 5
it 0bacTi MICTUTHCST TOYKa, 1 — 4.

IMpuknaz 4. a) 3uaiitu jpoboBo-JiniiiHe BijoOpazkeHHs W, MO 33J[0BOJIbHIE
ymoBu 1 — 0, —1 — 00, 2 — 1; b) 3naiiTu obpa3 obmacti G := {z : |z| < 2} mpn
IIbOMY BiJIOOparKeHHi.

a) 3a reopemoro 6.1.7 Bijobpasken s, M0 3aaHy TPIiKy TOUOK 21, 29, 23 BiJI-
obparkae y 3aJlaHy TPIKY TOUYOK Wi, We, W3 ICHYE, €IMHE 1 HOr0 MOXKHA 3HANTH
3 piBHsiHHs 6.1.3. AJjie B jlaHOMY NPUKJIQ/l 3 HEPHIUX JIBOX YMOB BIJIOMI HYyJI 9H-
ceJIbHUKA 1 3HAMEHHHUKa MIyKaHOol JpoboBo-miHiitHOT (hyukil. O1xKe, 115 PyHKIIIA
w Mae BUI w = k=, ne xoedimient k jierko 3uaiit 3 Tpernol ymosu. MaeMo

z+1
2—1 k
l=w(2) =k—— =2

Takum unnom, k = 3, w = 3—;%

Buaiimemo Temep obpas mexi obmacti G, Tobro, koma K = {z : |z] = 2}.
OckiJIbH 11€ KOJIO HEe MPOXOJUTH Yepe3 TOUKy —1, 110 BIJI0OparkaeThCsa Y HECKiH-
YeHHICTb, TO 3riJIHO 13 3ayBarkeHHsi 1 obpaszom kosa K Oyie KOJo, MO3HAUNMO
itoro K’. Bnaiijilemo cnodarky itoro nenrp a. s mporo jo ymosu —1 — 0o 3a-
CTOCYEMO TPUHIUT 30epekeHHsT CUMETPHIHUX TOYOK (Teopema 6.1.6). 3rigao 3
nuM npunnunom maemo (—1)* — oo, Buaiiiemo (—1)* (tyr MaerTbes na yBa-
31 cumerpis BigrocHo Kosta K). 3a osnauenusiv 6.1.3 Touka (—1)* micrurhes Ha
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npomeni (—o0, 0] i 3ajoBobuste ymosy |(—1)*—0|-|—1—0| = 22. 3Bijcu orpumy-
emo (—1)* = —4. Kpim Toro, 3a oznadennsim 6.1.3 Mmaemo 0o* = a (TyT MaeThest
Ha yBasi cumerpis BijHocHo kosa K'). Orxke, —4 = (—1)* — oo* = a, 10670,
a = w(—4) = 5. Buaiigemo remnep pajiyc koia K'. Jlns nporo gocuth 3HaiTH
JIesIKy TOUKY 1150ro Kojia. Ockinbku B K010 K Biobpazkaernest Koo K, obepeMo
TouKy Ha Kosi K, wanpukias, Touky 2. Tomi Touka w(2) = 1 MicTuThest Ha KOJI
K',. Orxe, pajiyc nporo koja R = |5 — 1| = 4.
Buaitjiemo, napewri, D := w(G). 3rijgno 3 upunnunamu 36epexkennst obJia-
CTl 1 Bi,ﬂ;HOBi,ﬂ;HOCTi Mex (teopema 7.2.2, 7.4.2) Ta 3 ypaxyBaHHIM OJJHOJHCTOCTI
JIpOOOBO-JTIHITHOTO Bl,Z[O6pa}KeHHH (TeopeMa 6.1.1) obsacts G Bl,ZLO6pa}Ka€TbCH
abo y BHyTpimmuicts koaa K', abo y itoro sosnimmicrs. 1106 3'acysatu ne, jo-
CUTH 3HATU OJIHY TOUYKY LuyKaH01 obsiacti D. Bisbmemo Touky obsacti G, Hanpu-
kJia, Touky 0. [T 06paz w(0) = —3 mictursbes B obsmacti D. Tenep odeBusino, 1110
D ={w:|w—>5| >4,}, 60 came B 1iit 06s1acTi MiCTUTHCST TOUKA —3.

6.2 CreneneBa (pyHKIlId Ta KOPiHb

. CreneneBa pyHKITid.

Oyukmnisg w = 2", n € N, € peryaspHoio y BCiit KoMmriekcHiit mroruai. OckKiib-
kn w'(z) = nz" ! # 0 npu z # 0, To BimoOpaxenns crenenesoro (ByHKIIE €
KOHGOPMHUM y BCiii KOMIUIEKCHIN TutoniuHi 3a BuHsTKOM (1ipu n > 1) roukn 0
3T1HO 3 TBEPJKEeHHAM 2.7.3.

TBepmxkenns 6.2.1 (ocnosni eeomempuum earacmusocmi gynkyii w = 2").
Qynryia w = 2" 3diticnioe nacmynni 6i000pacicenta:

1) w: {z argz = o} — {w:argw =np}, p€R;

2)w :{z:|z| =r} = A{w : |Jw| ="}, r >0, npuwomy koau mouka z
np0622a6 koo {z 1 |z| = 1}, mouka w npobizac xoro {w : |lw| = 1"} n pasis.

HoBenenns. 1) [lapamerpuune piBHSHHS TPOMEHs {2z : argz = ¢} Mae Buj
z=re%, r e 0,00). 3a dbopmyoio Myappa oTpuMyeMO PIBHAHHA 06pa3a, IbOro
npomens. Bono sajaerbest dopmyiion w = pe™? p € [0,00), ge p = r" Ile —
mapaMeTpUIHe PIBHSIHHS MPOMeHs {w : argw = np}

2) [Mapamerpuune piBusHus Kota {2 : |2| = r} mae Bun 2 = re?, ¢ € [0, 27].
3a gopmysioro MyaBpa oTpuMyeMO piBHsAHHS 00pa3a 1boro KoJia. BoHo 3a1aeTbest
bopmyiono w = r"e, 1) € [0,2n7], ge ¢ = ne. le — napamerpuune piBHsHHA
Kosa {w : |w| = r"} TpOXO/KYBAHOTO N PasiB.

BayBaxkeHHs 1. 3a nepIro BIACTUBICTIO cTeneHeBa (DYHKIS 301IbITTye KyTH
3 Bepimuoio y Touli 0 B n paziB. Tomy BijjoOpakeHHsi CTeleHeBO (DYHKIIIE0
w = 2" ve € koudgopmuum y rouni 0 upu n > 1.

O6J1acTi OJHOJIMCTOCTI CTEIIeHeBOl1 (byHKIJ;i'l' 3a osnagenoaMm 2.7.4
obsacth G € 06J1aCTIO OJIHOJIMCTOCTI cTeneneBoi (PyHKIT To/l 1 TIILKM TOJ, KO
BOHA HE MICTUTb PI3HUX TOUOK 2] = 71l i 29 = ree’¥?, juis sKux 21 = zy. e

99



PIBHSHHS PIBHOCUJILHO CUCTEMI PIBHSHD 17 = T9, N1 = N9+ 2km, k € Z. 3Bincu

2k

Takum 4unom, obnactb G € 06/1aCTIO OJIHOUCTOCTI crenenesol gyHKIii Toj
1 TLIBKU TOJIl, KOJW BOHA He MICTUTBL DI3HUX TOUOK z; = re'Pl i zp = re'??,
APIyMEHTH SIKUX 1 1 @9 o s3aHi piHicTio (6.2.1). HaiiBaxkmupinmim npukiiaiom

Takol obsacti € obmacts DY := {z:a < argz < a + 2%}, TOOTO KyT BEJIMINHOIO

2 3 pueprmmHo0 B Toum 0. 3a JOMOMOrOI0 BIACTHBOCTI 1 (TBepmkenns 6.2.1),

3TIHO 3 TKOI0 (PYHKINA w = 2" 301IBIIMYy€e KyTH 3 BepinHoio y Touri 0 B n pasis,
IPUXOJUMO JIO BUCHOBKY, IO CTeleHeBa (DYHKINS 3/1HCHIOE BiI0OparKeHHS w
D — Cyp :=H{w : na < argw < na + 2w},

Taxkum drHOM, Bmo6payKeHHH CTETeHEeBOIO cbyHKuleIo € OJIHOJINCTUM B 0bJIacTi
D“ KOH(bopMHI/IM B KOXKHIfl To4nl 1i€l obJactii 1 BijiloOparkae 1110 00J1acTh B KOM-
HJIeKCHy mwiomunay C 3 po3pizoM y310BK mpoMensi {w : arg w = na}. Tum cammm
JIOBEJICHO HACTYIIHE

TBepmxkenns 6.2.2 Cmenenesa pynxuia w = 2" 3diticnioe xondopmmue 6i0-

obpasicenns obaacmi D == {z : a < argz < «a + %ﬁ} Ha KOMNACKCHY NAO-

wuny C 3 pospizom y3dosoc npomens {w : argw = nal, mobmo, na obaiacmo
Cho = {w : na < argw < na + 27}.

Kopiab w = {/z. Binobpakenus pery.JIﬂpHI/IMI/I riJIKAMU KOPEHS.

Dynkiia w = /2 € aHATITHIHOIO B BO3E A3Hil 06J1aCT1 C\ {0}. Ba Teopemoro
PO MOHOJIPOMIIO (TeopeMa 5.2.1) y 6y)_1b SIKifl OJIHO3B s13HIT 00J1acTI BOHA PO3IIa-
JA€ThCsl Ha peryasiphl rinkn. Jlus suglnenns 1 peryasipaux rinok POBEJIeMO
pO3pi3 y3/10BK 1poMens {z : arg z = a}. B pesysibrari orpuMaemMo 0jiHO3B sI3HY
obmacts C, := C \{z : argz = a}. B uiit obnacri Gynkuis w = /2 posnajae-
ThCsT Ha 1 PEryJIsSIPHX TTOK (MpUKJIaT 3 3 po3iay 5.2)

arg, 2 + 2wk

Vz), = Urexpi . a<arg,z < a2, 6.2.2
k o «

ne k=0,1,....,n— 1.
N H.HOIJJ;I/IHI W POBIIIAHEMO BIILHOBIILHI obsiacti Dy O,ZLHOJII/ICTOCT] 00epHEHOT 10
KopeHs1 crerneneBol pyHkil z = w". Bonn Saﬂ‘aIOTbCH CITIBBIJIHOIIIEHHSIMA

N a+ 27k a+2n(k+1)
Dy = w:T<argw< -

3a TBep/pKeHHAM 6.2.2 creneneBa QyHKIiA 2 = w" KoXKHY 3 1ux objacreit Dj
KOH(GOPMHO Bijiobparkae Ha obsiactb C,. 3BijicH 0Jpa3y OTPUMYEMO

Hacuainok 6.2.3 Peeyaapna ziaka xopena (3/z),, susnavena pisnicmio (6.2.2),
Kongopmro eidobpasicac obaacmv C, na obaacmv Dy
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Baysaxennsa 2. ¢k sinomo (upuksian 3 3 possiy 5.2), rinku (3/z), moxma
3aJlaBaTH, BKa3ylOun X 3Ha4YEHHsI B JIOBLILHINA Tounli obyacti C,. Busnauusiim
B AKy 3 obsacreit D} mnorpanmujio ne 3HaueHHdA, MOXKHA OJHO3HAYHO BUALINTH
PeryJIsipHy TLIKY KOPEHs.

IMpukian 1. Suaiitu obpas w(D) obaacri D := {z : |z| < 1,Rez < 0} npu
BijoOpaskenni gyukuieo w(z) = (£24)

z+1
. . tes . . 2
DyHKIlis W € CylHepuosuiiero ABox QyHKIi: wy(z) = i wy(wy) = wi.
Buaiigemo Dy := wy (D). Hust 1iporo criouarky sHaiijieMo obpas OJMHUTHOIO
korma K = {z : |z| = 1} 1 yaBuol mpsimoi, ki yTBOpIOIOTH Mexy obmacti D. 1

KOJIO 1 ysIBHA IIPsIMA IPOXOJIATDH Uepe3 TOUKY —i, siKa BiJI0OparkaeThCsl Y HECKiH-
yeHHicTh. OT2Ke, 1 KOJIO 1 ysiBHA IPsAMa BiJIOOPaXKAOTHCA B IPAMI, [EPIICHIUKY-
JISIPHI MK cODOIO OCKIJIbKY KOJIO 1 YsiBHA MPsiMa, OPTOTIOHAJIbHI, a JIpOOOBO-JIHITHA
dbyHkIist KOHPOPMHA y KOXKHIiT ToUIl 1 ToMy 30epirae KyTu mik KpuBumu. Oue-
BUJTHO, 1110 (DYHKIA wi(z) = Z— ma y#BHiii oci (TobTO MU TOUOK BULY 2z = 1Y,
Yy € R) npuitvmae niiicui 3uadenns. Orke, ysiBHA BiCh BIIOOPaXkKAETbCS B JiicHy
Bicb. OCKIJIbKM OJIMHUYHE KOJIO Bl;[06pa>KaeTb0ﬂ B OPTOTOHAJILHY JO JIHCHOI OCl
psiMy, JIOCUTh 3HAWTU OJIHY TOYKY Ii€l npsimol. Jljs 1boro 3HaiijgemMo obpas J1o-
BlibHOT TOUKM Kosta K, nanpuxias roukn i. Ockinbkn wi (i) = 0, To 0bpas kosa
K npoiizie uepes rouky 0. Orxe, koso K B1,ILO6pa}Ka€TbCH B YSBHY BICb.
Mificna 1 ysBHa& mpsami, 110 € 06pa3aMH y4BHOI Oci 1 Kojia K po30MBarOTh KOM-
MJIEKCHY TIJIOIMHY Ha YOTHPHU ODJIACTi, a came Ha YOTHPHU KBaJipaHTa. B ojuu

3 HUX 3UiIHO 3 npuHnunamu 36epexkerts obsacti 1 BiAnoBiiHOCTI MeX (Teope-
mu 7.2.2, 7.4.2) Bimobpasurbesa obsacts D. Ockiibku —% € D, 1o 11 obpas

MICTUTBCA B LIyYKaHOMY KBajpanTi. Maemo wl(—%) = —% + 2i. Ydeno, mo To-

IKa —% + 20 HajexuTh Jpyromy kpajgpanty {w; : 5 < argw; < w}. Orxe,

2
Dy :=wi(D) = {w; : § <argw;, < 7}.
Basummiiocs snaiitn w(D) = wy(D1). Ockinbku crenenesa dynkuis w = w}
301J1bIITy€e KyTH 3 BepiioHoo y Touni 0 BiaBivi 3a TBepprentsM 6.2.1, o w(D) =
{w:m < argw < 2w}

IIpuknan 2. Suaiitn 0bpas w(D) 06.HaCTi D := C\ [—1, 4] npu Bigobpaxenni

PETYIISIPHOIO TLTKOI0 KopeHst w(z) = KA 3a]1aHa YMOBOIO w(l) = ﬁ — z‘/Ti

z—l—z )

DyHKIisT W € CyNeprnosuIieo aBox GyHKIiii: wy(z) = i wa(wy) = /wy.
Buaiiiemo Dy := wi (D). st poro crnovyaTky 3HaiijiemMo obpas Mexi obJa-

cri D, Tobro, Biapiska [—i,i] upu BijoOpaxenui wy. OueBujno, 1m0 QyHKILsA

wy(z) = i—;z Ha ysBHI oci (Tobro st ToYoK Buay z = iy, y € R) npuiimae

jiiicHi 3nadennsi. OTrke, ysiBHa Bich BijioOparkaeTbcs B jiificHy Bich. Tomy obpa-
30M Bifpizka [—i, 4| Oyze gactuna mificaol oci. Okimbkn wy (i) = 0, wy(—i) = oo,
TO TEI0 JaCTUHOIO € OJINH 3 MpoMeHiM 3 Bepiunoio y To4uni 0. BpaxoByroun,mo
w1 (0) = —1, maemo wq([—1,1]) = [—00, 0]. Tomy obsacts D B criy 0HOIUCTOCTI

po6OBo JIHIHOTO BijIoOparkeHHs 1 311/iHO 3 HpUHIUIIaMU 30epexkeHHs 00JiacTi 1
BiIoBiTHOCTI MeK (Teopemu 7.2.2, 7.4.2) Bimobpasurbes B obaacts C \ [—oo, 0],
TOOTO, B KOMILJIEKCHY ILJIOIIMHY 3 PO3Pi30M Y3/I0B2K TIPOMeH] {wy rargw; =7
OT)Ke, Dy ={w: —7m<argw; < w}={{w : 7 <argw; < 37}
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Buaiigemo terep w(D) = wy(Dy). Ockinbku BLIIOOpaZKEHHs KOPHEM KBajlpa-
THUM 3MEHINye KyTn 3 Bepimunolo y rtouni 0 Bapiui, To mykannm obpasom e

abo mpapa niBmiomuHa {w : —7w/2 < argw < 7T/2} abo JiiBa HiBIUIOIIKHA
{w : 7/2 < argw < 37/2}. OckiabKu TijiIKa KOpeHsI B yMOBI 3a/Ia€ThCsT PiBHi-
crio w(l) = \f ‘2[, a TOUKA, i ‘2[, MICTUTLCSI B IpaBiii MiBILJIONIUHI, TO

w(D) ={w: Rew > 0}.

6.3 IlokazumkoBa (pyHKINg Ta Jorapudm

ITokazaukoBa dyukitisa. Oyukilis w = €° € perysisipHo0 y BCI KOMILJICKCHIT

o, puiomy (€)= e* # 0. Tomy Bijobpaskenns MoKasHUKOBOIO BYHKILE
€ KOH(GOPMHUM Yy BCiit KOMILICKCHIi MI0muMHi 3rijHo 3 TBepkennsaM 2.7.3.

TBepmkenus 6.3.1 (ocrnoseni zecomempuuni eracmusocmi gynkuyii w = €°).
Oynruia w = e° 30icHI0e Hacmynui 61000parcenHA:

Hw:{z:Imz=c} - {w:argw =c}, ceR;

2)w:{z: Rez = d} = {w: |w| = e}, d € R, npuvomy xoau mouxa 2
npobizae npamy {z : Rez = d}, mouxa w npobicac xoro {w : |w| = e} besniu
Pa3ie.

Hosenenns. 1) Ilapamerpuune pisusnng npamoi {z : Imz = c} mae uj
z=1x+ic, z € (—00,00). Ockinbku ¥ = e%e’ npudomy r 1= e* npobirae
npomitb [0, 00) Kosin x 1pobirae npsimy (—o00,00), TO piBHsiHHs 0Opa3a HPsIMOT
{z : Imz = ¢} sanaerncs dopmynoo w = re’, r € [0,00). lle — napamerpune
piBHsiHHsI IpoMeHst {w : argw = c}.

2) Ilapamerpuune pisusuHst mnpsimol {z : Rez = d} mae Bug z = d + 1y,
y € (—00,00). Ockinbku et = elel = reW ne r = e, To piBmaAnHs 06pasa
npamoi {z : Rez = d} szamaernca opmynoo w = re, y € (—oo 00). e -

mapameTpudHe piBHsHHSA Kosta {w @ |w| = 1} MPOXOKYBaHOrO Gesti pasis.

O6Js1acTi OAHOJIMCTOCTI MOKA3HUKOBOI (DYyHKIII. 3a o3HadeHHsIM 2.7.4
obiactb G € 00JIACTIO OJHOMCTOCTI MOKA3HUKOBOI (DYHKINI TOJI 1 TIJIBLKKH TOJI,
KOJIM BOHA HE MICTHUTH PIBHUX TOUOK 271 1 29, JJIsT AKUX €°1 = €72, 3 1[hOTO PIBHSTH-
HsI Ma€MO e*1~ %2 = 1, 10010, 21 — 290 = Lnl = 2kmi, k € Z.

Taxum aunOM, 001acTh (G € 00JACTIO OJIHOJUCTOCTI TOKA3HUKOBOI (DYHKIIIT TOTI
1 TIIbKYM TOJ1, KOJIM BOHA HE MICTUTh PI3HUX TOYOK 21 1 Z9, IO IOB’s3aHi PiBHI-
CTIO 21 — 29 = 2kmi, k € 7. 1{10 yMOBY 3aJI0BOJILHSIE T0OJI0CA, TIMUPUHOIO 27T, 110
narpaJiejibHa JiilicHii oci, ToOTO

“={z:a<Imz < a+27}.

O6pa3 1€l moJiocu 3HaiIeMO 3a J0MOMOrolo BiactuBocti 1 (TBepkenns 6.3.1),
3rJIHO 3 SIKOIO MOKa3HUKOBa (PyHKIs Bijobpaxae npsimy {z : Imz = ¢} y upo-
Mibb {w : argw = c}. Banosuumo nosocy ¢ rakumu nupsimumu {z : Imz = ¢},
ne ¢ € (a,a+ 27). Tomi ix obpasu {w : argw = ¢} 3aNOBHITH MJIOMIUHY 3 PO3PI-
30M y3510BK mpoMenst {w : argw = «}. Orke, mokazHuKoBa (DYHKIISA 3/ifiCHIOE
Bijobpaskennst w : [1¢ — C, = {w : a < argw < a + 27}.
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TaxuMm 9uHOM, B1;L06pa>KeHHﬁ ITIOKa3HUKOBOIO (byHKuleIo € OJTHOJINCTUM B 00JIa-
cri 11¢, KOHd)opMHHM B KOXKHI Toqul i€l obJracTii 1 BioOpaykae 1o 00JIaCTh B
komiuiekcHy 1oy C 3 pospizom ysjosxk npomensi {w : argw = «}. Tum
CaMUM JIOBEJCHO HACTYIIHE

TBepmxkenns 6.3.2 [lokasnukrosa pynkuis w = e 3diticnioe Konpopmme 610-
obpaoicenns nosocu 11¢ = {z : a < Imz < a + 27} Ha KomnaekcHy nao-
wuny C 3 pospizom y3doeoic npomens {w : argw = a}, mobmo, na 0baacmv
C, ={w:a<argw < a+2r}.

Jlorapudmiuaa (byHKulsI Bmo6pa>KeHHﬂ PeryJIapHIMY riJIKaMu JIO-
rapudma. Oynknis w = Lnz € anamiTu4yHOO B JIBO3B sA3HIi O6J1aCT1 C\ {0}.
3a Teopemoio mpo Monoapomiio (Teopema 5.2.1) y Oyab-siKiii onnosE’A3Hil 00/Ia-
CTi BOHA PO3HAAETHCS Ha Peryssphi riikn. Jls sujiaenns iT peryisspaux rijox
MMPOBEJIEMO PO3PI3 y37I0BXK MpoMeHst {z : argz = «}. B pesynbrari orpumaemo
onuo3B’ 3y obsacts C, := C \{z : arg z = a}. B miit obmacti dyskmis w = Lnz
PO3MAJIAETHCA HA 3JTUCHY KITbKICTD PEryJIsApHX TLTOK (MpuKIa 3 3 posaity 5.2)

(Inz), :==Inr +i(arg, z + 27k), « <arg,z < a+ 2m, (6.3.1)

ne k € 7.
Y nyommni w posrisnemo Bijnosini obaacti I ognonncrocti obepnenoi jio
jgorapudma Gyl z = €“. BoHu 3a/1a10ThCsI CIIIBBIIHOIIEHHSIMI

I ={w:a+2rk <Imw < a+2n(k+1}, keZ.

3a TeepazKennaM 6.3.2 mokasankosa yHKIiA z = e KoxkHy 3 nux obmnacreit 11}

koHhopMHO Bijlobpaxae Ha obsactb C, = {w : o < argw < a + 27}.
3BiJICH 0JIpa3y OTPUMYEMO

Hacuinok 6.3.3 Peeyasapua 2iaka sozapupma (Inz),, eusmauena pienicmio
(6.3.1), xongopmmo eidobpasicae obaacmo C, na obracmo 11T

Baysaxenns 1. Sk sijjomo (npuxsaz 3 3 posainy 5.2), rinku (Inz), moxmna
3a/laBaTH, BKa3y04u 1X 3HAYEHHs B JIOBLIbHIH Tounl obiacti C,. Busnaunpmm B
AKy 3 obsacreit 11 moTpanumio e sHaUCHHs, MOKHA OJIHO3HAYHO BUJIIJIUTU pery-
JIIPHY TLIKY ﬂorapn(l)Ma.

IMpuknan 1. 3naiitu o6pas w(D) nonocn D := {z : 0 < Rez < §} npn
BijIoOparkeHH] pyHKIie0 w = tg 2.

[TpesicraBumo yHKIO w = tg 2 y BUIVISL CyNEPIoO3uIlil eJieMeHTapHUX (yH-
KIIbI#, BUBUeHUX paninie. Maemo

. sinz  “5— et —1
W= s s L B
TakuMm 4urHOM, PYHKIISA w = tg2z € CYyNepHO3UINE€0 HACTYIHUX BiJI0OparKeHb:
wy = 21z, wy = e, wy = —zxzj

103



Buaiiemo covarky Dy = wy (D). ﬂiHiﬁHa dbyHKIisT wy = 202z 3A1HCHIOE PO3TSIT
B 2 pasn i nosopor Ha Kyt arg 2 = 5. Tomy Dy = {w; : 0 < Imw; < 7}.

Buaitjemo renep Dy = wo(Dy). Ba piiactuBocTio 1 (rBeppkenns 6.3.1) 1o-
Ka3HUKOBa (PYHKINSA we = e! BigoOparkae mpsmy {w1 Imw; = ¢} y npominb
{ws : argwy = c}. Banosuumo monocy Dy = {wy : 0 < Imw; < 7} Takumu
npsamumu {wy : Imw; = ¢}, ge ¢ € (0,7). Toui 1X obpasn {wy : argws = c}
3a10BHsATL 0bJacTb {we @ 0 < argws < 7}, T06TO BepxHiO HiBILIONMHY. OTXKE,
Dy = {ws : Imwy > 0}.

Buaitzemo, wapermri, w(D) = ws(Ds). CnouaTky 3HaiIeMO 00pa3 Mexi 0bJa-
cti Dy, TOOTO mificHOT TIpsiMOl Tpw BioOpaskeHHi w3. 3a KPYroBOIO BJIACTHUBICTIO
(teopema 6.1.4) e Gyje Koso B mupokoMy cenci. Ockiabku, Touka —1, 1o Bij-
00paXkaeThCsd Y HECKIHUEHHICTb, MICTUTBLCS Ha JI#icHIA mpawiit, T oOpaszom Oyre
npsima. OdeBujiHO, 10 PYHKISA w3y = —izz—ﬁ Ha JIMCHIN OCl TpUiMae CyTO ysiB-
Hi 3HadeHHs. OTxe, 06pa30M Mexki obsacti Do € yspHa npsima. Bona pozduBae
KOMILJIEKCHY IUIOIUHY Ha JIBY 1 paBy MIBIUIOMMHY. B oy 3 HUX 3PIHO 3 IpUH-
IATTaMHA 366pe)K6HHH obstacti 1 BignosigHocTi Mexx (Teopemu 7.2.2, 7.4.2) i B cuity
OJIHOJIKCTOCTI JIPODOBO-JIHIHOT (PYHKIIT BijI0OparxKaeThest O6HaCTb Ds. Ockinbku
i € Dy iws(i) = 1, To obpazom ws(Ds) € mpasa miBmIomuHa. TakKuM THHOM,
maemo w(D)= {w : Rew > 0}.

6.4 @ynkmiga 2KyKoBcbKOTro

st byHnkiis mae Bug w = % (z + %) Bona HOCUTBH iM’s1 POCIfICHKOTO MaTeMaTUKa
2KykoBcbkoro, 60 came BiH BIIepIlie 3aCTOCYBaB IO (DYHKINIO JJI OOYMCICHHS
MiHOMHOI CHJIM KPUJIa JIITaKa.

Teepaxenns 6.4.1 Bidobpasicenns dynruicio 2Kyxoscvrozo ¢ xondopmmnum 6
Kooicnith moywyi obaacmi C\ {—1,1}.

Hosenenns. Ockinbku 2w'(z) = 1 — Z2 z # 0, To dyukiis 2KyKoBCHKOTo
peryasipra B obsacri C \ {0}, npuaomy w'(z) # 0 mus z # +1. Toxi 17 koH-
dopmuicTs y Beix Toukax obmacti C \ {—1,1}, okpim Towok 0 i 0o, € naciigkom
TBeppkenns 6.0.1.

Hosejemo kondopmuicrs yukiil 2Kykoseskoro y rouni 0. Ockinbku w(0) =
00, TO 3a o3HaueHHAM 6.1.1 1T KoHdopMHICTb y Toull 0 piBHOCUIbHA KOchopM—

nocti byl f(z) = ﬁ y Touni 0. Maemo f(z) = 25, f'(2) = 2(1+z2)2,
f(0) = 2 # 0. Orxe, dbyukiis 2Kykosebkoro koudopMua y Touri 0 BHACTTOK
o3Hadenns 6.1.1 1 TBepjKenns 6.0.1.

Hosegemo xkordopmHicTh hyHKINT 2KYyKOBCHKOTO ¥ HECKIHIEHHOCTI. 3a 03Ha-
yeHHsiM 6.1.1 11 koHdOpPMHICTH y TOUIl 0O piBHOCUJIbHA KOH(MOPMHOCTI (DyHKIIIT
9(z) == w(i) y rouui 0. Ane g(z) = w(z) i ii xondopumuicrs y rouni 0 Bxe
JIOBEJICHA.

TBepxkenns 6.4.1 goBeneHo.

O6umacri oxmosucrocri ¢yHkuiil 2KykoBebkoro. 3a osuadeHusM 2.7.4
obnacth G € obaactio ogHosmcTOCTI (DyHKINIT 2KYyKOBCHKOTO TOJI 1 TIIBKHU TOJI,
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KOJII BOHA HE MICTUTDL PI3HUX TOUYOK 2z1 1 29, A TKHX (zl + Z%) = (z2 + 2—12) 3

[ILOIO PIBHSAHHS MaEMO 29 = 21—1 (%)

Touky 29, 10 TOB’sI3aHa 3 TOUKOIO Z1 PIBHICTIO (%), MOXKHA OTPUMATH 3 TOUKH
21 3a JAITOMOTOIO CYTIEPTO3UIIil JIBOX HACTYMHUX TEPETBOPEHHDL CUMETPIl BIJTHOCHO

AiiicHol oci (z = Z7) 1 cumeTpil BIZIHOCHO OJIMHUYHOIO KOJIA (22 = i) 1110 3a8/14€ThCsA
cbopMyJIOIo 6.1.2. TOMy KOXKHA 3 HACTYITHUX TOTUPHOX 0OIaCTeli: BepXHsT (HUXKHS )
MiBIJIONIMHA, BHYTPIHICTL (30BHINIHICTD) OJUHHMTHOTO. KOJIA {z : |2| = 1} me

MOXKYTh OJJHOYACHO MICTUTH TOYKK 21 1 22, 1110 OB si3aHi piBHicTiO (). LIi worupu
obJiacTi € HafiBakJiuBiuMu obJiactsamMu ojiHomcTocTi pyHKIT 2KyKoBehbKOrO0.

OcHoBHI reomerpuyHi BJjiacTuBOCTi (pyHKIiil 2KyKoBCchKOTO.
Hexait z = re'?. Tomi

1 : 1 . 1 1 1 1
w=> (rew 4+ _ew) =5 (7’ + ;) cos ¢ + 25 (r — ;) sin . (6.4.1)

r

Axmo w = u + v, ne u = Rew, v = Imw, 1o piBuicTs (6.4.1) piBHOCKHTIBHA
HACTYIHIM cucTeMl piBHOCTEM

1 1 1 1
u=g 7"+; cosg, v=g(r—— sin . (6.4.2)

TBepaxenns 6.4.2 Qynxuia 2HKyrxoscvkozo w = % (z + %) 3diticnroe nwacmyn
61000parceHA:

1) woao {z : |z| = r}, r # 1, — eidobpasicae 6 eninc €, 3 dorycamu 6 moxax
+1, wo 3adaecmuovca piensHHAM

2 2
u® v 1 1 1 1
_ — =1 a,. = —1r — b = = r — — 6.4.3
a? i b2 e = Ut) T r|’ ( )
de a, i b,— nisoci eainca &, npu yvomy odunuyune xoro {z : |z| = 1} eidobpa-

orcaemuca y 6idpisok [—1, 1], npowodocysanui deivi;
2) npominw {z : argz = go} ¢ € (—m, 7]\ {0, , +T 5}, — eidobpasicac 6 0dny 3
2inok eimepboau Iy, 3 sepuunamu 6 mowkar I cos @, wo 3adacmocs pieHANHAM:

u? v?

- —1, 6.4.4
cos?p  sing ( )

Kkpim moeo, g = [1,00] (npomins npoxodumucs 06iui y npomusesHcHUT HaNPAM-
kaz), I'y = [—o0, —1] (npomins nporodumvca 06iui Y NPOMUAEHCHUT HATPAM-
Kax), Fiw— YAGHT 0CI, NPOTOONCYCANT 3NU3Y 66EPT | 36ePTY 6HU3 6I0N06I0HO.

Hosenenns. 1) [Tapamerpuune pisusians kosia {2 : |z| = r} mae sug z = re'?,
p € 0, 27]. Toui obpas 1poro Kosa 3agaerhest pipHsanasM (6.4.1), abo CHCTEMOIO
piBastHb (6.4.2). Bukiogaiouan 3 1iel cucreMu mapameTp ¢ 3a J0MOMOroK TOTO-
xuocri sin? z + cos? z = 1, orpumyemo piBasiaHs (6.4.3) obpasa mporo kosa. Lle
— Bijjome piBusinns eqinca &,. Pisnicts & = [—1, 1] onpasy suniubae 3 (6.4.2).
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2) Ilapamerpuune pipugnns npomens {z : argz = (} Ma€ BUJ z = re'¥,
€ [0, 00]. Toxi 06pa3 1BOro MPOMEHsi 3a/Ia€ThCsl PIBHAHHIM (6.4.1), abo cucre-

Moo piBusHb (6.4.2). Bukioqaoun 3 i€l cucremu mapamerp r 3a JJONOMOIOI0

plBHOCTl a2 — b2 = 1, orpumyemo pisustas (6.4. 4) obpasa IbOro HPOMEHL. e —

BiJIOMe PIBHSIHHS r1nep6om/1 I',. Ockinbkn npominb {2 : argz = ¢} € 38’A3H0I0
MHOKHIHOIO, TO fioro obpas HpI/I HerepepBHOMY BiJIOOpaKeHHI TAKOXK € 3B’SI3HOIO
MHOXKHHOIO, TOOTO, OJIi€10 3 110K rinepbosiu I',.

Jpyra dacTuHa TBEPJKEHHsI 2 BUILIABAE OE3MOCEPEHbO 3 CUCTEMHU PIBHSHD
(6.4.2).

BayBakenHsd 1. [l josinbuol napu (£, 1,), 3a sunsarkom gsox nap (&1, )

i (&1,1), mae micue crnissignomenust &, L I'y, Tobro, eninc &, 1 rinepbosa I'y,
OPTOrOHAJIbHI MIZK €00010, OCKLIBKH TX poobpasu — koJo {z : |z| = r} i npominb
{z : argz = ¢} € oproronanbuumu, a sijobpaxenns dynkiieo ZKykoscbkoro
3a TBepKeHHsIM 6.4.1 € KOH(POPMHUM y BCIX TOYKAX PO3IIUPEHOI KOMIIJIEKCHOT
IJIOIIIMHA 38 BUHSITKOM TOYOK *1.

SayBakeHHd 2. fIka 3 JBox ruiok rinepbosin I', € 0bpazom ganoro npomens
{z:argz = ¢} serxo 3’icyBarn 3a 3HAKOM COS (0 13 cncremn pisasab (6.4.2). 3a
JIOIOMOTOIO Ti€l 2K CHCTEMH PIBHSIHB 3'5ICOBYEThCs HAIPAMOK IIPOXOJPKCHHS JIAHOT
riiku rinepbosiu 3a 3nakom sin . Orxke, 00pasom npomensi {z : argz = @} 3
nepiroi abo derBeprTol uBepti € Ipasa rijka rinepbosu I', (mpoxo/pkyBana 3HU3Y
BBEpX a00 3BepXy BHU3 BIIMOBIIHO), a 0OpasoM mpomenst {z : argz = ¢} 3 apyroi
abo Tperboi uBeprti € JiBa rijika rinepbonu I', (Ipoxo/rkyBaHa 3HU3Y BBEPX abo
3BEpPXy BHU3 Bi;LHOBi;[Ho)

Obpasamn npomenis {2z : argz = ¢} i {z 1 argz = —p}, ¢ € (0,7), € omna i
Ta 2K rlIKa rinepboiiu, ajne NPOXoXKyBaHa B PI3HAX HAIPAMKAX.

Baysaxkennd 3. Mae wmicre pisnicts & = &1 (sIK piBHICTH MHOXKUH ), aJie JIJIst

r % 1 1i eaincu npoxoAATECS B MPOTHICKHNX Hanpsivkax. Lpu > 1 eninc &,
IPOXO/UTHCS [TPOTH TOJAMHHMKOBOI CTPliKM, a 1pu r < 1 esinc & MpOXomUThCs
33 TOAMHHWKOBOIO CTpinkoi. LI daxTn Takoxk Jjerko 3’scyBaTi 3a JOMOMOTOM0
cucremu piBasaab (6.4.2).

Y HacTyIHEMY TBEP/>KeHH] 3’sicCOBaHi 00pa3n OCHOBHUX 00J1aCTeil OIHOJIMCTOCTI
npu Bijlobpazkenni ¢yukiiiero 2KyKoBcbKoro.

TBepmxkenns 6.4.3 1) Qyuxuia 2Kyroscvrozo Kongopmno eidobpasicae Kodcny
3 obnacmet {z : |z| <1} i {z:|z] > 1} na obracmo C\ [—1,1].
2) Qynruia 2Kyroscorozo Kongopmno idobpasicae seprmio (nusrcnio) nien.io-

wuny na obaacms C\ {[—oo, —1]J[1, o0]}.

Hosenenns. ¢k Oyno 3'scoano panine, Bei wornpu obnacri {2z : |z| < 1},
{z:]z] > 1}, {7z : Im2 > 0}, {2 : Im 2z < 0} € obnacrsamu onnosucrocti yHKiii

YKOBCBKOI'O 1 33 TBep/kertsiM 6.4.1 B Oyjib-sikiii ToUIl KOXKHOI 3 1ux obJiacreii
BijoOpaxkennsi ¢ynkiieio 2KykoBcbkoro € koudopmunm. Orxke, BijoOparKeHHsi
€0 PYHKINE € KOHMOPMHUM B KOXKHIHM 3 1ux obJiacTeil. 3aJuIInaocs 3HaiTn
obpas3u 1nux odJacTeil.

3raiigemo obpas BHyTpimHOCTI ojuHIIHOTO Kosta {2z @ |z| < 1}. Bamosnwumo Ti
kosamu {z : |z| = r}, r € [0,1). Ba TBepiKentsiM 6.4.2 06pa3OM KOXKHOIO 3 KiJi
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{z :|z| =r}, r € (0,1), € eninc &.. Komu r 3pocrae B npomixkky (0, 1) miBsich
a, ‘= % (7“ + %) eqinca &, HermepepBHO 1 MOHOTOHHO CIIaJIa€ BiJl 00 J10 1, a MiBBIChH
b, = %‘r — H — HemepepBHO 1 MOHOTOHHO crajiae Big oo o 0. Takum umHOM,
eqinen &, r € [0, 1), 3anoBusTs obaacrs C \ [—1, 1].
BuaiiyieMo 00pa3 30BHIIHOCTI OJMHUIHOIO KoJia {2 : |z| > 1}. BanoHumo Ti
kosamu {z : |z| = r}, r € (1,00]. Ockisbku mae micue piuicrs & = &1 (sk
T

piBHICTH MHOXKUH), TO edinicu &, 1 € (1, 00], 3ANOBHATD Ty X caMy MHOXKHHY, 1110

i enineu &, r € [0,1), TobT0, MHOXKHUITY C\ [-1,1].

BuaiizieMo 0bpa3 BepXHbOI MBIUIOMUHA {2 : Tm 2 > 0}. BamoBuuMo Ti pome-
wsivu {2 arg 2 = ¢}, ¢ € (0, 7). 3a TBepiukennsim 6.4.2 06pasoM KOKHOTO 3 MPO-
MeniB {z : argz = go} e oza 3 rijok rinepbosu I'y,. Ko ¢ 3pocrae B npomizkky
(0, %) upasi rinxu rinepbos Iy, sanosuioors npasy nismionmuy {z : Rez > 0} 3
p03p130M y3/I0BK ITPOMEHS Fo = [1, +o0]. Kpim Toro, 3a rBepxenusim 6.4.2 mpo-

Minb {2z : arg z = 7} BijloOpazkaeThesl B yABHY BiCh. Koo © 3POCTAE B MIPOMIXKKY
(§,7) aisi rinku rinepbos I'y 3anosuioors sy nismionmuy {z : Rez < 0} 3
PO3PI3OM Y3JI0BXK MPOMEHsI Fo = [—00, —1]. O1xke, KOU @ 3POCTAE B TPOMIKKY
(0, 7) rinku rinep6oa Iy, zanosniooTs obmacts C \ {[—oo, —1] [J[1, o] }.

Obpazom mHmkHLOI miBmionmhn {z : Imz < 0} e Ta )k cama 00JacTh
C \ {[~o0,—1]U[1, 0]} ockimkn obpasamu mpomenis {z : argz = @} i

zargz = —p}, ¢ € (0,7), € omHa 1 Ta XK TijKa rinepbosH, MPOXOJKYBAHA,

B DIBHUX HAIPIMKAX.

TBepmxkenns: 6.4.3 noBejieHe.

IMpukian 1. Buaiitu 06pas oguuuunoro mniskpyra {z : |z| < 1, Imz > 0}
pu BijoOpazkenHi ¢yHkiieo 2KyKoBCbKOro.

BamoBHuMO mBKpYT pajiycamu re'?, r € (0, 1), 3MIHIOIOTH KYT ¢ B IPOMIXKKY
(0, 7). Paniyc re'?, r € (0,1), micturbes Ha npomeni {z @ argz = ¢}, gxuii 3a
TBep/zKeHHAM 6.4.2 Bijjobpazkeerbed B ojy 3 Iijok rinepbosu I'y. Ilpu npomy
paJiiyc rew, r € (0,1), Bl,[l;06pa}Ka€TbC5I B YaCTUHY FlHep6OJII/I F@, 10 pOo3MiITe-
Ha B HUKHIN ITiBILIOIIIMHI, OCK]JIbKI/I B IIapaMeTPUIHOMY plBHHHHl 1iel rinepboJin
(6.4.2) ysiBHa vactuna v Big'emua jist 7 € (0, 1). Heaxko 3’sicyBaru, 110 4acTu-
nu rinep6ost I'y, (0, 7), sxi posmimieni B HykHif HIBIUIONMH], 3aI0BHATH HUZKHIO
HiBILIOIIUHY,

Takum umaoM, dyHKIisg 2KyKOBCHKOro KOH(MOPMHO BiJI0Oparkae OJMHUIHUN
miBkpyr {z : |z| < 1, Im z > 0} ma wauxknio nismiomuny {2z : Im z < 0}.

IMpuknan 2. 3uaiitu 06pas nojsocu D := {z : 0 < Rez < T} upu sijobpa-
YKeHH1 (pyHKI€0 w = sin 2.
[TpejicraBumo yHKIIO w = Sin z cynepro3uiieio pyHKIA, BABUEHUX paHIiIIIe.
Maemo
eiz . e—iz 1 6iz 1
w=snz=——7——=-|—+ =
21 2\ 1 e

]

Takum annoM, pyHKITA w = Sin 2 € CYyMepro3uIlieio HaCTyMHUX (PYHKINN w; = 12,

wy = e wg——zwg,w4—1 wg—l——
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Buaitgemo Dy := wi (D). Ockinbku BijobpaxKeHHs wy = 12 3/1#CHIOE TTOBOPOT
Ha KyT argi = 5, 1o Dy = {w; : 0 < Imw; < §}.

Buaiijemo Do = wi(D1). 3anosuumo nosnocy Dy := {w; : 0 < Imw; < §}
npavumu {wy : Imw; = ¢}, ¢ € (0,%). lpamy {w; : Imw; = c} Pynknia
wy = e Bijobpaxkae B npoMinb {ws : argws = c} 3a TBepiKennsim 6.3.1. I1i
MPOMEH] 3aI0BHIOIb Tepity uBepTh. OTxke, Dy = {ws : 0 < argwsy < %}

Buaitnemo D3 = ’UJ3(D2) OcKIIbKY BiJIOOpasKeHHsT w3 = —iws 3JIHCHIOE 110
BOPOT Ha KyT arg(—i) = —%, 10 D3 := {wz : —§ < arg w3 < 0}, To6ro, uersepra
YBEPTh.

Smaiinemo D := wy(D3). 3anosaumo obmacts D3 = {wz : —§ < arg wy < 0}
npomensimu {ws : argws = @}, ¢ € (—5,0). 3a TBepaKennam 6.4.2 (3 ypa-
XyBaHHsIM 3ayBaxkeHHst 2) obpas3om npomensi {ws : argws = @} € npasa riika
rinepbosn I',. Hepaxkko 6GauuTn, 1110 11i MyIKK rinepboJ1 3a0BHAT IPaBy IJIOIIH-
HY 3 PO3PI3OM y3II0BXK Tpomens [1, 4+o00].

Takum aunom, w(D) = {w : Imw > 0} \ [1, +00].

6.5 IIpmkiaaam modymoBu KOH(MOPMHIX BigoOpakeHb

OcHoBHOIO 3aJ1adero Teopil KOH(POPMHUX BiJI0OparkeHb € 00y 10Ba KOH(MDOPMHOIO
Bitoopaskennst w : G1 — Ga, ge G1 1 G9— 3ajani obsacri. HaitBaxkansimmomo
TEOPEMOIO, 1110 OIMCYE YMOBH iICHYBaHHS TAKOI'O BiJ0OparKeHHs €

Teopema 6.5.1 (Piman). Jaa 6ydv-axoi 0dnose asnoi obaacmi G, mesica axoi
MICTRUMD Wonatimenwe 961 mowku, icnye pezyaapna 6 obaacmi G ﬁym{:um AKG
konghopmmo eidobpasac obaacmov G na odunuunut kpye {z : |z| < 1}.

O3navennsa 6.5.1 JIBi obsacTi, KOXKHY 3 IKMX MOYXKHa, KOH(OPMHO BiI0Opa3suTH
Ha 1HIIYy, HA3UBAIOTHCs KOH(POPMHO €KBIBaJECHTHIMU.

Hacaigok 6.5.2 Bydv-axi 061 001036 a3Hi 00AaCME, MEHCT AKUT MICTIUMD ULO-
natmenuse d6i mouku, € KOHPOPMHO eKEIBANCHMHUMU.

st po3B’si3aHHsi OCHOBHOI 3a/1a4i Teopil KOH(POPMHUX BiJIOOPaXKeHb B KOHKPe-
THUX BHUIIAJIKaX BUKOPUCTOBYIOTH T€OMETPUYHI BJACTHBOCTI KOHKPETHUX BiT0Opa-
)KeHb. [Ipu 1mboMy BijjoOpakeHHs OYIyeThCs Y JIEKIIbKa KPOKIB, IK CYIepPIO3HIIis
KIJIbKOX OLIBIN TTPOCTUX BiJI0OparKeHb.

IMpuxkaaymx 1. Suaiitu QyHKINO, M0 3/11HCHIOE KOHPOPMHE BiIOOpaKeHHS W :
{z:Rez>0, |z—2|>2} - {w:Imw > 0}.

3ayBaxXuMo, 10 MexKelo BepxHboi mismionwau {w : Imw > 0} € npsama, a Ja-
cTuHy Mexi BijoOpakysanoi obsacti {z : Rez > 0, |z — 2| > 2} yTBOproe koo.
Tomy Tpebda "cripsmuru" e Kos10, TOOTO BifoOpaszuTn itoro B npsmy. [pn mpromy
1HIIYy 4JacTHHY MexKi BijoOparkyBaHol obJsiacti, — 1psiMy, Tpeda TakoxK BijoOpa-
suty B mpsaMy. Taky 3ajady MOXKHA pO3B’si3aTh 32 JIOTIOMOT 010 ,II;pO6OBO JIHIHOT
$ynxuiii, Bpaxosyiouu T Kpyrosy siactusicrs. s poss’ssanms uiel saga4i rpe-
Oa CriJbHY TOYKY 3a3HAUYEHWX KoJia 1 mpsiMol, a came Touky 0, BigoOpasmtu y

HeckiHdeHHIcTh. [Ipukiagom Takol GpyHKIN € wy = i
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Buaitnemo obpas obsacti D := {z: Rez > 0, |z — 2| > 2} npu Bigobpaxkeni
dyskuien w; = % st nphoro crovaTky 3Haijgemo oopas i1 mexi. O4eBuiHO, Ha
ySBHIN OCl PyHKIIIS Wi = % HpuiiMae cyTo ysiBHI 3HaueHHs. ToMy 00pa3oM ysiBHOT
oci € yapua Bich. Ockinbku kosto {z : [z — 2| = 2} e jgoruunum 10 yasuoi oci, a
JIpoOOBO-JTiHIiTHA, (byHKLuH 36ep1rae KYyTH MK KPUBUMH, TO 00Pa30M IHOI'0 KOJIa
€ napaJiesibHa JIo ysBHOI oci npsima. Jlis 11 3HAXO/RKEHHST JIOCUTH 3HANTUH OJHY

TouKy 1€l npsimoi. Obepemo, HampukIaa, TouKy 4 Ha KoJi, 11 0bpa3 wi(4) = %1

MICTUTHCs Ha HiyKauii npsmiin. Orxke, ng npsiva — {w; : Rew; = i} st npsima,
Pa30M 3 YsBHOIO BiCCIO 3a IpUHIKIIAME 30epexKeHHs 00/1acTi 1 BiJIIIOBIIHOCTI MexK
(Teopemu 7.2.2, 7.4.2) yrBOpIOIOTH MexXy miykaHoi obuacti Dy := wq (D). Takum
anaoM, Dy = {wy : 0 < Rew; < }1}

Binobpasumo Tenep nonocy Di = {wy : 0 < Rew; < %1} Ha 1ojocy Do —
{wy : 0 < Imwy < 7}, Ky BHACTIIOK TBepKeHHIM 6.3.1 MOKa3HUKOBa (DyHKITisI
w = e Bijobparkae B oTpibHY BepxHIO HiBmiomuuy. I1od Bijgobpasuru moJocy
D1 na nonocy Do Tpeba BUKOHATH HACTYIHI JIBa IEePEBOPEHHA: HOBOPOT Ha KyT 5
i po3rsr B 41 pasis. i nepersopenHs 3jificHioe JjinHiiiHa QyHKIS wo = 4miw;.

Orxe, mnykane koudopmue Bijobpaxenns w : {z : Rez > 0, |z — 2| > 2} —
{w : Imw > 0} 3;LiﬁCHfoe CYTIEPIIO3NIisT HACTYITHUX TPHhoX (BYHKINH: w; = +

2
4mi

wy = 4miwy, w = 2. Takum uuHOM, W = € = .

Ilpuknam 2. 3uaiitu GyHKINO, M0 3/1HCHIOE KOHPOPMHE BlJJOOPAXKEHHS W :
{z:Imz>0}\[0,ih] - {w : Imw > 0}, ne h > 0.
Cnovatky Bijobpasumo obsacts D = {z : Imz > 0} \ [O ih] Ha MOy 3

pOBPIzoM y3108K npomenst [—h?, 4+o0c]. s 1poro Tpeba BCi KyTH 3 BEPIIMHOIO
y touni 0 36imbiuT BABIUi. Take BimoOparkeHHsI 3/11iICHIOE CTeleHeBa (PyHKIIis
wy = 22. 3okpema, Biapizok [0,4h] BinobpasuThea y Biapizox [—h?2, 0], a npomeni
[—00,0], [0, +00] — y npominb [0, +00]. Orxe, Dy := wi(D) = C \ [~h?, +].

Tenep 3 ,ZLOHOMOFOIO 3CYBY Wy := W + h? 31iliCHIMO HACTYIIHE BijoOpasKeHHS

OTpI/IMaHa O6ﬂaCTb Dg — ue kyr {wp : 0 < argwy < 27} 3 BepmmHOIO Yy
rouni 0. o6 orpumaru Bepxuio nismwiomuny {w : 0 < argw < 7} 3aJuuUI0Ch
3MEHIIUTH HOro BJABIYI 3a JOIOMOIOK IAXONAMOL TLIKKM KOPEH:A W = /ws. [i
MOXKHa BUJIJIJINTHU, BKa3aBIK 11 3HaYEHHs B JIesiKiii To4Ill obsacti Dy, HANPUKIAI,

—1 =1
\/?aKI/IM YUHHOM, IIyKaHa (DYHKIIisS € CYIIEepPIIO3UII€I0 HACTYIITHUX PYHKIH w =
22wy = wy + h%, w = \Jws 10610, w = V22 + h2.

Ilpuknam 3. 3uaiiTu QyHKIIO, 10 3/11iCHIOE KOH(MOPMHE BiJIOOparKeHHS W :
C\ [~i,+i] = {w : Imw > 0}.

Cnouarky Binobpaszumo obsacts D := C \ [—4, +i] na obnacrs C \ [0, +o0].
Ile moxHa 3poduTH 32 JOIOMOrOK0 PobOBO-IIHIRHOT PyHKIIT, 110 BIIPIZOK [—z 1]

BiJJ0OpaXkae Ha MPOMIHD [O +oo] Hna IbOT'O OJIMH 3 KIHIIB I[HOTO Bl,ZLplSKa Tpeda
BijloOpazuTu B Touky 0, IHIIMI — B HECKiHYEHHICTb. Takiii yMOBI 3aJI10BOJIbHSIE,

HAIIPUKJIA]I, Bl,zgo6pa>KeHHﬂ wp = zfi st bynkiis Bijgobparkae Touky 0y TOUKy
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1. OT:ke, BHACJIIIOK O,Z[HOJH/ICTOCTI JIPOOOBO-JIIHIAHOT (byHKun BOHA Bl,[[06pa}Ka€
BiJIpI30K [—7, i| na npominn [0, +00]. Tomy 3a NPUHIMIIAME BUITOBLIHOCT] MeX i
3bapekeHHs 0bJiacTi (TeopeMI/I 7.4.2,7.2.2) dyukiist wy 3xificHoe BiI0OpaXKeHHst
obsacri D := C\ [—1i, +1] na 06.HaCTb C\ [0, +o0].

3aJuInaIoch, SIK 1 B IONEPeIHLOMY MPUKJIA/Il, 38 JTOIOMOIOI0 OJHIET 3 TI'lJIOK

KOpeHs W = (/w; Bijobpasutu mwiomuny 3 pospizom C \ [0, +00] HA BepxHiO
miBronmuay. TAKHM 9HHOM, MaeMO IIyKaHe BiTOOpazkeHHs w = 4/ —<5

IIpuxkaanx 4. Suaiitn QyHKIO, M0 3/1HCHIOE KOHPOPMHE BiIOOpakeHHST W :
{z:]z] > 1, z# [1,2]} = {w : Imw > 0}.
3a TBepkenuaM 6.4.3 ¢yuxuis KyKoBcbKoro wy = = (z + 1) BIJI0Oparkae

30BHIINHICTH OJMHUTHOTO Kosla w : {2z : |z| > 1} na 06.HaCTb C\[-1 , +1]. Ipu
nboMy Bijipizok [1, 2] Bigobpazkaernest y Bijipizok [wi (1), wi(2)], TobTo ¥ Bigpisok
[1,2]. Orxe, obnacts D = {z : |z] > 1, z # [1,2]} Bi,[LO6pa)Ka€TbC5{ B 00J1aCTh

1+1

C\[—1, 5] Haui, sk y npukiaai 3, 3a JOIOMOTo0 (DYHKIII ws : Bmo6pa—

KAEMO 110 00JIACTH B IJIOMMHY 3 PO3PIi30M C\ [0, 4+00] i motTim 3a ,ZLOHOMOI‘OIO
OJIHIET 3 TIOK KOpeHst w = /ws BiJI06Pa3uMO M0 IJIONIHMHY 3 PO3PI30M Ha BEPXHIO
niBmtonuny. TakuM TumnoM,

ITpuknam 5. 3uaiiTu GyHKINIO, 0 3/11CHIOE KOH(MOPMHE Bi0OParKeHHST W :
{#:Imz>0,0<Rez<h}— {w:Imw >0}, ne h > 0.

HOBepHeMo MIBIIOJIOCY {z Imz>0,0<Rez< h} Ha KYT & 1 pO3TArHeMo Ti B
7 PasiB 3a JIONOMOrOIO JTIHIHOTO Blﬂ‘06pa}KeHHH wy = Fiz. OTpI/IMaGMO iBIIOJIOCY

n
{w; : Rewy < 0,0 < Imz < 7}

Koxny 3 nisupsvux {w : Rewy <0, Imwy = ¢}, ¢ € (0, ), mo sanosuioors
10 TBMOJIOCY, MOKa3HUKoBa (yHKIiA wy = €' Bijjobpaxkae y 4acTuHy MpoMeHs
{wy : argwy = c}, mo micrurbea B opunnanomy kpysi {ws : |wa| < 1}, T00-
TO y PAJIYC [BOr0 Kpyra, sikuii MICTUThCsT Ha Tpomeni {wy : arg wy = c} meit
dakT JIOBOJIUTHCS TaK CaMo, fIK i Baacrusicts 1 TBepipkenns 6.3.1). LI pauiycu
3AlOBHATH BepXHill oaunuunnii miskpyr {ws : |z| < 1, Imwy > 0}.

3a mpukajgom 1 posmiay 6.4 dbyHKIis }KyKOBCBKOFO BiI0OparKkag 1ei mBKpyT

Ha HUKHIO niBmomuny. OTxe, Gynkuia w = —3 (w2 + w—Q) et mBKPYT BJI-

obpakae Ha BEpXHIO HiBILIONIMHY. TakuM YMHOM, MAEMO IIyKaHe BiI0OparkKeHHsI

1 . 1 1/ . 1 L[ s N 1
w=—-—— w —_— = —— [ — = —— (& = .
o\ 2wy 2 Ut 2 o riz

IIpukaamx 6. Suaiitn HyHKIO, M0 3/1HCHIOE KOHPOPMHE BiIOOpakKeHHST W :
{z:Imz>0,|z| <1, z#[0,0i]} = {w: Imw > 0}, ne « € (0, 1).
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3a npukiagoM 1 posuiny 6.4 dyukiis 2KyKoBcbKoro wy; = (z + ) Bij100pa-
xkae mBrpyr {z : Im z > 0, |2| < 1} Ha HUKHIO TIBILIONTUHY. HpI/I ILOMY BiJIPI30K
[0, ai] BimoOpazkaeTbest B poMinb [ai, —ioo] yaBHOI oci, jie a = wy(ad) = %(oz—é).

Toi dpyHKIisg wy = —w% B1JIOOPA3UTD 1[I0 HUKHIO IJIONIUHY 3 PO3PI30M y3/10BK
MpoMeHst [ai, —i00] ysiBHOT OCi Ha BEPXHIO MIBIIOMIUHY 3 PO3PI30M Y3J0BXK Bijl-
pizka [0, hi], ne h = —%.

JLst 3aBepiiierHst 1100y 10B1 HOTPIOHOIO BijloOOparkKeHHsi 3aJIMIIKI0Ch CKOPUCTa-
THCh PO3B’SI3KOM 3aJiadl 3 NPUKJIaIy 2.

Ilpuknam 7. 3uaiiTu QyHKIIO, 10 3/11iCHIOE KOH(MOPMHE BiJIOOparKeHHS W :
{z:Rez<0,0<Imz <7} [if azz]—>{w Imw > 0}, ge a > 0.

IIpu po3B’s3anHi 3a/1a4i 3 NIPUKJIAJLY O 6yﬂo 3’s1COBaHO, 1110 €eKCIIOHEHTa, Wy = €°
Bijobpaxkae nisnosiocy {z : Rez < 0,0 < Imz < 7T} Ha OJMHUYHUI TBKPYT
{wy : Imw; > 0, |wy| < 1}. Ilpu npomy ouesujino, 1o Bijpizox [if — ai, i)
BiT0OpaxkaeTbes y Binpizok [0, ad], ge o = e

TakuM YMHOM, IIOKa3HUKOBa (PYHKINA wy = €° BijoOparkae 3ajiaHy 00J1acThb
{z:Rez < 0,0 <Imz <7} )\ [if — ai,i5] Ha ogunuanHmil BKPYT 3 po3pizoM
{wy : Imwy >0, |wy| <1, wy # [0, ail}.

Jl1s1 3aBepIeHHs 100Y1I0BU IIOTPIOHOIO BiI0OparKeHHsI 3aJIMIIIIOCh CKOPUCTa-
THCsT PO3B’SI3KOM 3312491 3 MTOMEPEHLOIO TTPUKIIALY.

BnpaBa BHKopMCTOBy}qu reOMETPUYHI BJIACTHBOCTI eJIeMEHTapHX (byHKun/I
NePeBIPUTH, 1110 BCl BIIOOPaXKEHHs, K1 YTBOPIOIOTH CYIEPIO3UILT pOsB "I3KIB 3a-
Aad 3 npuknaiis 1-7 € xoudopmuumu. Tomy 1 yHKUIL, 110 € PO3B’A3KaMU HUX
3aJiad 3J111CHIOITH KOH(MOPMHI BijI0OpaskeHHSs.
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Pozmia 7

OcHOBHI TPUHIUIIN Teopil KOH(POPMHIX
BLJIOOpazKeHb

7.1 Ilpunmun aprymenty. Teopema Pyine

Hexait dynkiis f(z) peryisipua i He JOPIBHIOE HYJIO B IPOKOJoTOMY OKOJ (0 <
|z — a| < r rouku a # oo. Toxi dbyukiis Ln f(2) € aHaTiTHIHOO B IHOMY OKOJI
1 32 TEOPEMOIO PO MOHO/POMiI0 (TeopeMa 5.2.1) posnasaeThest B MPOKOJOTOMY
okouii 0 < |z—a| < r 3 po3pi3oM y37I0BXK JOBIIBHOTO PaJliyca Ha PEryJIsipHi MIKH.

Osznauenns 7.1.1 Iloxijua peryaspuol risku anasitnanol gynknii Ln f(z) na-
3UBAETHCS ﬂorapﬂchquOIO noxigaoto dyukil f(z), Tobro, sorapudmitna moxi-

nraa ynkuii f(z) gpopiBHioe

Osnavenns 7.1.2 Jlorapudmiunnm koM dynxnii f () B isosboBaiii oco-
GBI TOYI @ HA3UBAETLCS JUINOK 11 JorapndgMIYHOI TOXIAHOT B 11 TOUII.

3 o3HaUYCHHS] ﬂOF&pHMl‘IHOl HOX],D;HOI 3pOSYM1JIO 10 HYJII (byHKHll € 0COOJINBU-
MU TOYKaMH 11 JIOFapI/I(le‘{HOI HOXI,D;HOI TOMy d)yHKU;IH MO2K€ MaTUu HeHyijOBI/II/I
JIOFapI/I(l)MI‘IHI/II/I JIMIIIOK Yy CBOIX HYJIAX.

Jlema 7.1.1 Jlozapudmivnut suwok pe2yraproi Gynkuii 6 mouys, uo € Hyiem
wiei pynruii, dopisHroe nopAdky ubo2o HYAA.

Hosenenns. Hexait a— mynb nopsaky n, n € N, peryispHoi B Touni a (pyH-
kil f. 3a kpurepiem mopsijky HyJs (TBepikents 3.7.1) B okosti ToUKE @ DyHKITiSA
f nonyckae nogannst f(z) = (z—a)"h(z), ne h(z)— perynsipaa B TouI a HyHKITi,
npudomy h(a) # 0. Toxi

f'(z) _ n(z —a)" th(z) + (2 — a)"h'(2) _n R (2)
f(2) (z —a)*h(z) z—a  h(z)
W(z)

Ockiiibku dyHKIis + 7)€ berysspHoio B TOUIIl @, 38 TeopeMolo Teitjiopa 11 MOXKHa,

PO3rOPHYTH B OKOJII TOUKM @ Y 301:KHMI crernereBuil psji. OTxKe, MAEMO PO3BHHE-
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HHs jorapudmMignol noxiguol ¢gpyuknii f B psy Jlopana

) _ . ﬁ s ch(z —a)F
k=0

'(2)

3 1IbOr'0 PO3BUHEHHS 3a TBEPJKEHHIM 4.3.2 OTPpUMYEMO IeS,=apr;) = C-1 =M.
Jlema moBejiena.

Jlema 7.1.2 Jlozapugmivnud suwor peeyrapnoi gynkyii 6 ii noaroci, dopisHioe
nopAdKY U4b020 NOMOCA 31 3HAKOM MIHYC.

Hosenenns. Hexait a— mnositoc nopsijiky n, n € N, peryJjisipHoi B TPOKOJIOTOMY
okoJti Touku a ¢yukii f. 3ayBaXkKumo, 110

f'(2) d 1 9z 1
=——Ln—=-— ) g(z) = .
0 E=NTE T e YT
Ba TBepkennaMm 4.2.6 dyukiia g(z) = (;) Mae B TOYI @ HYJb TOPaKy n. s

3aBePIeHH JOBEICHHS JIEMU 3aJUINIOCH 3acTocyBaTn jemy 7.1.1.

Osnavenns 7.1.3 Oyukuis [ Hasusaerbes Mepomopdoro B obacri G, AKIIO B
it 0bs1acTi BOHA HEe Ma€ 1HITUX OCOOJUBUX TOYOK, OKPIM IOJTIOCIB.

Oynkiis [ HazuBaeThcd MEPOMOPQHOIO B 3aMKHeHii 0bJacTi G, sKII0 BOHA
MepoMmopHa B Takiit obsacti D, mo G C D.

Oznauenns 7.1.4 Cumposamu N(f) i P(f) nosnaunmo KijabKicrs Hysis (moso-
ciB) byl f obsacti G 3 ypaxyBaHHSIM X KPATHOCTEH, TOOTO KOKHUI HYJIb T1
oJiioc Oy/1IeMo paxyBaTH CTLIBKU PasiB, KUl Oro Mops oK.

Teopema 7.1.3 (npunuun apeymenmy). HAxwo Pynxyia f mepomopdua 6 3a-
mrneniti obaacmi G xomnaekcroi nAouguHY (G C C) i ne momosicra HYA10 6

obracmi G, a medxca yiei 0baacmi € 36°A3H010 CNPAMAIOGBAHON KPUBOI 1 HE Mi-
cmumb Hi HYM8, Wi nosocie dynkyii f, mo

N(f) = P(f) = QLM/ HOFN (7.1.1)
oG

f(z)

Hosenenns. Jlosejemo clouarky, mo QyHkuis f mae B obsacti G ckiHndeHHy
KIJIBKICTD TOJIIOCIB P1, P2, ..., Pn 1 CKIHUEHHY KIJIHKICTH HanB a1, A2, -..s Q.
Hiiicno, mpumyctumo, 1mo 00acTb (G MICTUTH OCJIIOBHICTD IIOJIOCIB (DyH-

kiii f. Tojl BHAC/IIIOK KOMIIAKTHOCTI MHOXKWHH G 3 11€1 11OCJI1JIOBHOCTI I1OJIIOCIB

MOXKHA, BUJJIATU 3012KHY JIO TOUKU MHOXKUHKA (G HIJIIOC/IIIOBHICTD 1 15l TOYKA, €
He130JIb0BAaHOI0 0COOJIUBOIO TOYKOIO PYHKIII f, 10 CymIepednTs 11 MepoMOp¢HOCTI

B 3aMKHeHiit obsacri G.
[Ipunyctumo Temnep, mo objgactb G MICTUTH MOCTIOBHICTL HYJIB @, (YHKINI

f. Toxi BHACIIIOK KOMTAKTHOCTI MHOXKWHN (G 3 IIET TTOCTIOBHOCTI HYJIIB MOYKHA,
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BUILIATH 3012KHY 710 TOUKA @ € G mianocaioBaicTb. OcKiabKy (DYHKINA HE MAE B

3aMKHEeHii obsracti G IHINKUX 0CODJIMBUX TOYOK, OKPIM TIOJIIOCIB, TO ICHYE IPAHUIIS

lim f(z). Bisbiie Toro, 1151 rpaHutist JOPiBHIOE HYJTO, OCKLIBKE TOUKA @ € TPAHUTHO
zZ—a

ans aynis dynkuii f. Orxe, Touka a € nynem dyHkuii f. 3a yMoBoIo Mexa 00s1acTi
HEe MICTUTH HYJIIB (PYHKIIT f TakoxK TOYKa a He MOXKe 30iraTucs 3 OJIHIEIO 3 TOYOK
D1, P25 -+, Pn- ToMy Bona Hasiexkurs obsacri D := G\ {p1, p2, ..., pp}. B uiit obsiacri
D dyukmia f perynaspHa i MHOXKMHA 1T HITIB Mae rpannuny Touky a € D. Tomi
3a TeopeMoro eauHocTi (Teopema 3.7.4) dyukuig f Toroxna Hysro B obsacti D.
3Bijcn ojpaldy BuriuBae, mo f = 0 B obsacti GG, 1m0 CynepednTh yMOBI TEOPEMHU.

Takum aunom, dyHkiiss [ mae B obnacti G CKIHUEHHY KUIBKICTH IOJIFOCIB

D1, P2y -, Pp 1 CKIHUEHHY KLIBKICTD HYJIB G1, G2, ..., Q. Togi dyHKIis g(2) := J;((ZZ))

€ peryisipHOI0 B 3aMKHeHi#l obsiacTi (G 3a BUHATEOM CKIHUEHHOI'O UKCJIa TOYOK,
1o MicTaThesd B obsacti G. OTKe, BUKOHAHI YMOBH TeopeMmu Kol mpo JIMIKu
(Teopema 6.3.1). BacrocoBytoun 1o Teopemy Ta Jjemu 7.1.11 7.1.2; orpumaemo

2maG f(2) £~ 2= £~ 1=px

Teopema noBejieHa.

I'eomerpuyHe popMysTIOBaHHS NPUHIKNA apryMeHTy. [Ipunycrumo j1o-
JIATKOBO JI0 yMOB Teopemu 7.1.3, mo mexa OG obnacti G € KyCKOBO-TJIAIKOO

kpuBoto. Hexait z = z(t), t € [, ], — napamerpuune pisusinns Mexi OG obsacri
G. Ton

g
PGy, [LEO) 0

f(z) f(z())
OueBHIHO, 1110 EPBICHOO JjIs HiIiHTerpaJibHOI (DYHKIIT B IIpaBOMY iHTErpaJi i€l

piBrocti € dynkiia P(t) := In f(z(¢)), ne In f(2)— nosBinbHa perymspra rijgka
gorapudma Ln f(z). Tomy 3a dopmysiown Heiorona-Jleiibnina

f'(2)

= ®(5) — &().

Ockinbrn Ln f(2) = In[f(2)| + iArg f(2), 10 juist Bunlienns peryssiproi rinku
jgorapudpma Ln f (z Y3II0BK Mexi obsnacti G JIOCATH BUJLIIATH HENEPEPBHY TLIKY
arg f(z) ysnosx i€l mexi. 3azuauumo, mo npupicr In | f(2)| y3nosx samkuyToi
kpuBoi OG jopisuioe myimo. Tomy

f'(2)

O(B) — P(a) = i{arg f(B) — arg f(a)} =: iApgarg f.  (7.1.2)
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Oznauvenns 7.1.5 Benuuuna Ay arg f := {arg f(5) — arg f(a)}, ne z = 2(t),
t € [a, B], — napamerpuune piusinas Mexi OG obsiacti G, HA3UBAETHCs TIPUPO-
croMm aprymenTy (yHKIl [ y308:k Mexi obsracti G.

3 mpoBeeHrxX MipKyBaHb 1 piBHocteit (7.1.1) 1 (7.1.2) orpumyemo

Teopema 7.1.4 (2eomempuunuii sapianwm npunyuny apeymenmy). HAxwo 3a
ymos meopemu 7.1.83 meotca OG obaacmi G € Kycko60-24a0K010 KPUBOI, MO

N(f) - P(f) = %Aag arg f.

BayBaxkenus 1. Beqwanna Ay arg f := {arg f(8) — arg f(«)} nas samky-
tol kpuBol OG obnacti G € anciom Buny 27k, k € Z. Takum auHOM, BEJIUINHA

%Aag arg f 3 mpaBol YAaCTWHU MeOMETPUYHOTO BapiaHTy NMPUHIMIY apryMeHTY €
ancsiom 060poTiB, 110 3ijicHioe BekTop f(z), KoJu BekTOp 2z npobirae mexy 0G
obnacti G.

Teopema 7.1.5 (meopema Pywe). dxwo dynwuii f i g peeyaapni 6 3amrnenit
ooaacmi G Komnaercnoi naowunu (G C C), mesica axoi OG € 36 431010 KYckogo-
2AG0K010 KPUBOIO, NPUMOMY HA UITI MENHCT BUKOHYEMBCA HEPIGHICTD

() >1g(2)], 2€0G, (7.1.3)

" N(f) = N(f +9).

de N(f)— wucao nynrie gynxuii f 6 obnacmi G 3 yparysanmnam iz xpammocmed.

HoBenenns. [lepesipumo, 1110 3a ymMoB TeopeMmu Pyiie st KOXKHOT 3 (DyHKITIi
[ i f+ g Buxonyroorbca ymosu HpuHuuiy aprymenty. JificHo, »KojHa 3 HUX He

Ma€ 10JociB B 3aMKHeniit obiacti G, 30kpema, Ha Mexki niel obsacti. Kpim toro,
3 ymoBu (7.1.3) BurmBag, 1o i (byHKuu Ha MalOTh HYJIIB Ha MEX1 00JIaCTi. TOMy

BHACJIJIOK iX peryigpHocTi B 3aMKHeHifi obnacti G sxonna 3 GyHKIiln f i f + ¢
He TOTOXKHA HyJi0 B obsacti G. OTKe, 3acTocoByoun Teopemy 7.1.4, oTrpuMaemo

1 1
N(f)=—Ascarg f, N(f+g) = —Ascarg(f +g).
2 2
TaxuM YmHOM, JJIs1 JTOBEJICHHS TeopeMu PyiIie 3aJuInaIoch TOBECTH PiBHICTD

Apcarg(f + g) = Apg arg f.

Ockinbku dysKisgs f He Mae Hy/aiB Ha Mexi 0G obaacri G, st TouoK 2z € 0G

BUKOHY€eThCs piBHiCTD f(2) 4+ g(2) = f(2)(1 + ?((2) Tomy

Apc arg(f + g) = Apg arg f + Apg arg (1 + %)
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1 JIJISI JIOBEJICHHS TeOpEeMH 3aJIUIINIOCH JOBECTH PIBHICTD

A@G arg <1 + ?) = 0.

Ockinbku 3a ymoBotw (7.1.3) 17151 BEKTOpA f% )) 2z € 0G, BUKOHYETHCSI HEPIBHICTD

9(z) 9(2)

\g ] < 1, To st BekTOpa 1+ () Maemo HepiBHicTh Re (1 + G )> >0, z € 0G,

TO6TO el BEKTOD 3a/IUIIAEThCS B MPaBiil MIBJIOIIKMHI, KOJU apryMeHT z Ipodirae
mexxy 0G obnacti G. OTKe, 11eif BEKTOp He MOXKe 3pOOUTH MOBHUI 000POT HABKOJIO
TOYKHU HYJIh 1 TOMY Ay arg (1 + %) = 0.

Teopema jjoBejieHa.

Ilpuknam . 3HaiiTi 4KCIO KOPEHIB PIBHAHHA
P(z)=0 (7.1.4)

B Kimbni 1 < |z] <2, e P(2) = 2% —52°—22+1.

Hepes Np nosnaunmo umcno kopenis pisnsanns (7.1.4) B xpysi |z| < 2, a cum-
BoJIoM Na— 4HC/I0 KOpenip 11boro pisuganns B samknenomy kpysi [z| < 1. Toni
IIyKaHe YUCJIO KOPEHIB PIBHAHHA (7 1.4) B xinmpni 1 < |2| < 2 nopisuioe Ny — No.

Bnaitnemo Ny. Hexait f1(z) := 2%, g1(2) := —52° — 22+ 1. Toxi na koui |z| = 2
Ma€eMO

1f1(2)] =28 =256, |g1(2)] <5-2°+2-24+1=5-32+5=165.

Orxe, Bukonana ymona (7.1.3) reopemu Pyiie, To6ro, |f1(2)| > |g1(2)| aurst Touok
z kosia {z : |z| = 2} . Tomy 3a ni€ro ToEPEMOI MAEMO

Ny =N(P)=N(fi+gq)=N(hH)=
Jle 8—unc/io KopeHis (3 ypaxyBaHnsM ix kparTHocrei) pisnsanus 25 = 0 B Kpysi
2| <2,
Buaiisiemo Tenep No. Hexail fo(2) := —52° + 1, go(2) := 2% — 22. Toui na oui
|z| = 1 maemo

1f2(2)] = 52" = 1| 25|12 —1=5—-1=4, |g2)| <|2P+2|2|=14+2=3.

Orxe, Bukonana ymosa (7.1.3) Teopemn Pyme, to6ro, | fa(2)| > [g2(2)] ISt TOYOK
z kosa {z : |z| = 1} . Tomy piBusinnst (7.1.4) He Mae KopeHiB Ha Ko {2z : |z| = 1}
(ockimbku P(z) = fa(2) + g2(2)) 1 3a Toepemoio Pyte maemo

Ny = N(P) = N(f2+g2) = N(f2) =5,

Jie b—9uesio KOpeHiB (3 ypaxyBaHHSAM X KPATHOCTE§) piBHSHHS 52° = 1 B Kpy3i
|2 <1,

Takum 9MHOM, TITyKaHe 9ucao Kopenis piBHsHHs (7.1.4) B kinbii 1 < |z] < 2
snopiBaioe N1 — No =8 — 5 = 3.

Bupasa . 3a jonomoroo Teopemu Pyiie joBectn 0OCHOBHY Teopemy ajareOpu.
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7.2 llpunimun 36epexkeHHsT 00J1aCTi

Teopema 7.2.1 fHrxwo dynwuia [ peeyaapna 6 obaacmi G 4 me € cmanroro 6
witt obaacmi, mo obpasom f(G) obaacmi G npu eidobpasicenni pynruicro f e
0baacmo.

rZLOBe,z[eHHﬂ Horenenmo, mo mnoxuna f(G) = {w : w = f(2), z € G} e
3B a3n010. Hexait wy 1 wy— JIOBLIbHL TOUKH MHOYKHHU f(G), a 21 1 29— Tx 1po-
obpasu, 10610, w; = f(21) 1 we = f(29), 21,22 € G. Ocklnbku muoKuHA G €
00JIACTIO, TOUKH 21 1 29 MOXKHA, 3’€JIHATH KPHUBOIO 7Y, 10 MICTUThCS B obsacti G.
Toni obpas tiel kpuBoi f(7) € KpUBOIO, siKa 3’€IHYE TOUKM W1 1 Wo 1 MICTUTHCS B
vuoxual f(G). Omxe, Muokuna f(G) € 38’ s3H00.

Hogejiemo renep, 1o Mmuokuna f(G) € Bijgkpurow. 3adikcyeMo JIoBLIbHY TO-
aky wy € f(G) 1 mexaii zg— i1 mpoobpas, Tobro, wy = f(zy), 20 € G. Ockisb-
K MHOXKWHA (G € objacrio, icHye okin B(zg,r) 1€l TOYKH, SAKHH MICTUTHCS B
obiacri G, mpudomy meii okia MoxkHa oOparu Tak, 1mob B(zy,r) C G. Binb-
1e Toro, 3a Teopemoro eauHocti (Teopema 3.7.4) icuye rakuii okin O(zp) ToUKM
2o, B sikomy byHKiisg f(z) — wy He Mae IHIMX HYJIB, OKpIM TOYKM 2 (iHaKIe
byukiis f(z) — wy Oyna 6 TOTOXKHA HYIO, MO0 HEMOMXKJUBO 38 YMOBOI TeOpe-
MH). 3MEHIY0Yn y pasi morpedbu pajiyc r okoay B(zp, ), MOXKHA BBaXKATH, 1110

B(zp,7) C O(zp). Hexait v := {z : |z — 29| = r}— MexkeBe KOJIO BOTO OKOJIY.
[Toxkaagemo R := min | f(z) — wy|. Bracaigok npunymmennst B(z, ) C O(2y) mae
zey

miciie Hepisricrs R > 0 (60 inaxie dyukiis f(z) — wy Maja 6 Hysab Ha KoOJi 7).
Hosegemo, mo B(wy, R) C f(G) (ne i 6yue oznauaru, mo muokuna f(G)

BijikpuTa). s mporo 3adikcyemo qoBiibHY TOoUKy wy € B(wg, R), T06TO, nist

1iel TOUKM BUKOHYEThCS HEPIBHICTD |wy — wo| < R, 1 goegemo, mo wy € f(G).
Posrisinemo dynkiiio f(z) — wy B okosti B(zg, 7). [lpeacraBumo i1y Burisii

f(z) = w1 = f(2) = wo +wo -

Jlist TOUOK 2z MexKeBoro KoJia 7y okosy B(zg,r) BHac/i0K o3HauenHs R 1 Bubopy
TOYKHN Wi BUKOHYETHCA HEPIBHICTH

[f(2) —wol = R > |wy —wo|, z€.
Tomy 3a Teopemoro Pymie (teopema 7.1.5) Maemo piBHICTD

N(f(z) —w1) = N(f(z) — wo),

pe N(f)— umcsio nynis (3 ypaxysauuam ix kparnocreii) dynkuii f B okoui
B(zp, 7). Ockinbku ynkiis f(z) — wo mae nynn B okosi B(z,7) (Touky zp),
TO BHACJIJIOK ocTaniboi pisnocti 1 dynkuisa f(2) — wy Takoxk Mae Hysb B 1bO-
My OKOJI, TOOTO, icHye Taka TOUKa 21 € B(zo,7), mo f(z1) = wy. Ocklibkn
B(zg,7) C G, ue osnavae, mo wy, € f(G). Takum aunom, B(wy, R) C f(G) i
Bijikpuricts Muoxkunu f(G) nosejiena.

Teopema jioBejieHa.

3ayBarkeHHs. 3a ymoB Teopemu 7.2.1 Bigobpaxenus dyukuieo f moxe He
OyTH KOH(POPMHUM, OCKIJILKYU B I1i#f TeopeMi HEMa€ YMOBU OJIHOJIUCTOCTI (PYHKIIIT.
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Bynemo Tenep posrisiaru ogHosucti dynkiii. Toji Teopema 7.2.1 Mmoxke OyTu
YTOUYHEHA HACTYITHUM YHHOM.

Teopema 7.2.2 (ymosa xongopmmocmi eidobpasicenna obaacmi na 0baracmo ).
Peaynrapna i odnosucma 6 obaacmi G pynuxuia f rwougdopmmo eidobpasicac
obaacmv G na obaacmo f(Q).

JloBenenHs. 3a yMOB TeopeMu 7.2.2 BUKOHAHI yMOBU TeopeMu 7.2.1 OCKiIbKU
ojHoncTa (PyHKINSA HE MOXKe OyTH crajoo. Tomy obpaszom obsacti G € 001acTh
f(G) 3a reopemoro 7.2.1 i 3ajmummiocs josect KOHGOPMHICTD B KOXKHIN TOUII]
B1JI0O00paXKeHHs peryJssspHoo 1 ogHoncTo0 B o0aacTi G dyukiieo f. s nboro
3a TBEP/RKeHHAM 2.7.3 JOCUTDH TepeBipuTH BukoHauHst yMoBH f'(z) # 0 B KOXKHIi
touni 2 € (.

[Tpunycrumo cynporusue. Hexail icnye Taka touka zg € G, mo f'(z) = 0.
LIepe3 n, n € N, n > 2, n03Ha4YUMO HANMEHIIUNA HOMEP HOXL/IHOT (byHKun fB
TOYIN 2, sIKA HE JOPIBHIOE iyJTiO. Taknit ckinueHHUii HOMEp icHye, 60 iHAKIIE 33,

(* .
teopemoto Teitopa f(2) = Z szock(z — 20)% dyuknia f 6yna 6 cranoio ¢y B

OKOJTI TOUKH 2, 10 HeMO}K.)H/IBO JULsL OJJHOJTUCTOT (DY HKIIL.
Hexait wy := f(29). [loBropioroun MipkyBaHHs 3 jioBejieHHsT Teopemu 7.2.1,

1100y ryemo rakuit okin B(zg, ) Touku 2, mo B(zg,r) C G, B sikomy (yHKILis
f(2) —wp HE Mae iHIUX HYITIB, OKPIM TOUKY Zg. Bijbie TOro, 3MeHIyoIn y pasi
oTpedu paJilyc r IbOT0 OKOJIY, MOXKHA, BBayKaTH, BHACJIJOK TEOPEMHU €JIMHOCTI
(Teopema 3.7.4), mo f'(2) # 0, 2 € B(zo,7) \ {20}

Ax 1 nmpu gosegennl reopemu 7.2.1 mobyyemo okin B(wg, R) Touku wy, je
R = mm\f( ) —wl > 0,av:={z:|z— 2| = r}— mexese kojo OKOJYy

B( 2o, ) BacbmcyeMo wy € B(wy, R), w1 # wo, i posrusnenmo gyuxiio f(2) —w;
B okoJTi B(20, 7). [IpencraBumo i1y Burisi

f(z) —wy = f(2) —wo +wy —
IIpu nibomy, gK 1 npu JoBefeHH]I TeopeMu 7.2.1, BUKOHYETbCSA HEPIBHICTD
1f(z) —wo| > R > |wy —wyl|, z€n7.
Tomy 3a Teopemoro Pyiie (teopema 7.1.5) orpumyemo

N(f(z) —wi) = N(f(z) — wo),

e N(f)— uaucsio nyniB (3 ypaxybanusiv ix KparHocreii) dyukuii f B okoJi
B(zp, 7). Ockinbku dyuxms f(2) —wy Mae (3 ypaxyBaHHAM KPATHOCTEH ) B OKOJI
B(zp,r) He mentie nBox HyniB 3a npunymennasaM (f(29) —wo = 0, f/(z) = 0), To
BHACJIJIOK OCTaHHBOI piBHOCTI 3 Teopemu Pyime 1 dynkiist f(2)—w; B 1poMy OKOJIi
TAKOK Ma€ He MeHine n Hysis (3 ypaxysannsam ix Kkparnocreit). Ase noxiuna f e
Mae HyJIiB B IPOKOJIoTOMY Kol 2 € B(20,7) \ {20} 3a nobysosoto. Tomy dbynkiia
f(2) —w; me Mae KpaTHUX HYIIB B 1iboMy OKoJil. OTKe, ICHYIOTH N, n > 2, pi3HUX
TOYOK 21, 29, ..., Zn € B(z0,7), noist sixux f(z1) = f(zg) = .. = f(zn) wy, 10
cynepeunts oaosucrocti pyukuii f. Takum qunom, wepisuicrs f/'(z2) # 0, z € G,
JloBeJieHa. Teopema JoBejieHa.

[Tpu joBesienni Teopemu 7.2.2 BCTAHOBJICHO
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Hacninok 7.2.3 /laa pezyaapnoi i odnosucmoi 6 obaacmi G dynruii f 6 xo-
ottt mowyi obaacmi G sukonyemuea nepienicmy f'(z) # 0.

7.3 Ilpuanun makcumymy mojyad. Jlema IlIBapna

Teopema 7.3.1 (npunyun maxcumymy Moﬁyﬂﬁ)

Hrxwo dpynxuia f peeyaapna 6 obaacmi G, a i Modysv docazae c6020 A0OKAND-
HO20 MAKCUMYMA 6 Jearill mouuyi zy uyici 06/Lacmz mo ¢gynxuyisa f e cmanoo 6
obracmi G.

JloBesieHHs. 3a 03HAUEHHSAM TOUYKA Z() € TOUKOIO JIOKAJHHOIO MaKCUMyMa, MO-
aynst GyHKIGT f, gximo icaye okin B := B(z, ) 1€l TOYKH, B IKOMY Ma€ Micre

HEPIBHICTH
f2)| < |f(z0)], =z€ B:= B(z,r). (7.3.1)

JoseseMo TeopeMy Biji cynporusHoro. Ilpumycrumo, mo. dbynkmia f me € cra-
noto. Toni 3a reopemoto 7.2.1 obpasom f(B) obnacti B := B(z, 1) € obnacrb,
3okpema, f(B) € BLIKPUTOI MHOXKWHOIO, siKa CBOIO TOYKY wy = f(zg) micTuTh
pasoM 3 JiesikuM okoJiom By := B(wy, R), 0610, By C f(B). B npomy okoui By
3HANJICTHCA TAKa TOUKA Wy, MO lwy | > \w0| ILMCHO AKIIO wo = 0, 11e 0UeBHJIHO.
HKLuo XK wy # 0, To 3’e¢araemo Toukn 0 1 wy Bl,ILpBKOM [0, wp] i Toxi HA TTPOTIOB-
JKEHHI 1IBOTO BijIpisKa, 1Mo 3Hax0MuThea B okoai B(wy, i), suafijierbes nykana
Touka wy € By, |wy] > |wg|. Ockinbku By C f(B), ro wy € f(B), Tobro, ichye
Taka Touka 21 € B, mo wy = f(z1). Takum unrom, jiisi Touku 21 € B mae micie
mepiBHicTD | f(21)| = |wi| > |wo| = |f(20)|, Mo cymepeuants mepisrocti (7.2.1).

Hacainok 7.3.2 fAxwo pynwuia [ peeyarapra 6 obaracmi G i nenepepena 6 3a-
muranni G uiei obaacmi, mo i modyaw |f| docseae ceoz0 marcumyma na mesnci

0G obaacmi G.

B reopii kondopMHUX BiJIoOparKeHb IIMPOKO 3aCTOCOBYETHCS HACTYIIHA, JIEMa.

Jlema 7.3.3 (Ilsapy).

Hexat dynxuia [ peeyaspna 6 odunuuwnomy wkpysi B = {z : |z| < 1} ¢
3040060NbHAE YMOGIU:

1)|f(z]<1 z € B,

Q)f()

Toou
f(2)] <z, zé€B. (7.3.2)
Binvwe mozo, axuo nepienicmo (7.3.2) 6 deaxit mouui 29 € B, 2 # 0,
obepmaemuea 6 pienicmv, mo Gynkyia f e ainiinoro gynruyicto sudy f(z) = ez,
de a € R.

Hosenenusi. Pozysinemo dynkiio ¢(z) 1= ! (Z) . Ockinbku B Touni 0 GpyHKIis

f(2) mae mynb, To bynkuia p(z) B Touni 0 Mae YCYBHY OCOOJIMBICTD 1, TiCJIs
JIOBU3HAYEHHA B Il TOYI 3a HenepepsHicTIO, cTae peryspuoio B rouni 0 i B
onmanaHOMY Kpy3i B 1= {z : |z| < 1}.

119



Sadikcyemo r < 1. 3a mHacaiakom 7.3.21 3 IpUHIUIIA MAKCUMYMa, MOy s (DYH-
Kilist ©(2) B Kpy3i B, := {2z : |z| < r} nocsrae makcumyma cBoro Mouyssi || Ha
mexkeBoMy Kouil Y, := {z : |z| = r} kpyra B,. Tobro, BpaxoByioun ymoBy 1) jiemu,
MaEMO
max |f(5)

Sl <>, ze€B, r<l (7.3.3)
r r

<

‘f(Z)

3adikcyemo Temnep JOBUIbHY TOUKY 2 € B i obepemo Take 1ducjo r < 1, 1m0
|z| < r. Tomi z € B, i Bukonyerbcst HepiBuicTh (7.3.3). Ilepexopusiun B Hiii 10
rpanuii npu 7 — 1, orpumaemo Hepisuicrs (7.3.2).

Hosenemo npyre TBepikenns jgemu. Hexait icHye Taka Touka 29 € B, 2y # 0,
mo |f(z0)| = |20]. Lle o3uatae, mo perynasgpra B omuHuIHOMY Kpy3i B QyHKIiA

o(z) == ! (;) JIOCSITAE€ MaKCHMYyMa, CBOTO MOJYJsSL B ToUIll 2y Iiel objacri B. Tomi

32 MPUHIMIOM MakcMMyMa MojtyJisi (Teopema 7.3.1) dbymkmist ¢(2) € cranoro, mo
nopisaoe 1 3a Mojysiem, To0To, p(2) = €', a € R. Orxe, f(2) = €"z.
Jlema mosesena.

Teomerpu4anmii 3mict jgemu MIsapna. Jiniiina Gynknia f(z) = ez, ax
BLJIOMO, 3JIICHIOE TIOBOPOT Ha KYT (.

Axrmo mepisuicts (7.3.2) € crporoto, 10010, | f(2)| < |2| mis Beix z € B, z # 0,
to dyukiis f(z) Bigobpaxae opunnunuit kpyr B := {z : |z| < 1} na opuunanuii
kpyr B. Ilpu upomy, koxkue kosio v, := {z : |z| = r}, r < 1, Bijobpaxaercs
y BHyTpimHicTb {2 : |z| < r} mporo xoma. Zxmo X icHye Touka zg €, 29 € Yy,
r € (0,1), ska BiIOOPaXkKAETHCSA B TOUKY IHOTO K KOJA 7., TO BiOOparKeHHs
dbyukiieo f(z) € MOBOPOTOM Ha JESKHUiT KYT.

Hacrynne TBeppKeHHs MICTUTH TPUKJIa)] 3acTocyBanHst jgemu IIBapia B Teopil
KoH(pOpMHUX BijoOpakeHb. Panimie B npukami 2 posaiay 6.1 Oyio 3Haii1eHo 3a-
raJbHUI BUJI JIPOOOBO-JIIHIAHOI (DYHKIIIT, 1110 3/11iCHIOE BlJIOOparKeHHST OJUHUIHOIO
kpyra B :={z: |z| < 1} wa oguawannii kpyr B. L dbyskiis vae Bug

w = eia;Z__al, la| <1, a€R.

3 HACTYIIHOTO TBEP/KEHHS BUILJIMBAE, 1110 MI€I0 (POPMYJIO0 3a/1a€ThCs 3arabHui
BIJT KOH(OPMHOTO BiToOpaskeHHsT OAMHUIHOTO KpyTa B Ha onuHuuHuit Kpyr B.

TBepmxkeuus 7.3.4 byodv-axe xongopmmne sidobpasicenns 00unuuH020 KpYy2a
B :={z:|z] < 1} na odunuunui xpye B e dpoboso-ainitinum.

Hosenenns. Hexait peryssipna dyuxiiis f(2) kondopmuo Bijjobpazkae o/ juHu-
annit kpyr B := {z : |z| < 1} na oqunwannit kpyr B. [oknagemo a := f(0) i pos-
riagnemo Gxuknio L(z) 1= =—%. Bona kondopmuo Bifobpaxkae omMHIIHEI KPyT
B wa omumnunuii kpyr B, npuaomy L(a) = 0. Toxi dyukuis ¢(z) := L(f(2))
peryisipua B B, kordopmuo Bimobpaxae B wa B i ¢(0) = 0. Takum wuHOM,
dbyukiist (z) 3agoBosbasie ymoru jemu [Bapia. 3a jemoro [IBapia mae micie

nepisnicrs |p(z)| < |z|, z € B.
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O6eprena dbynxiis ¢~ '(w) Takox peryiasapHa B B, xondopMHO BijobpaKkae
B na B i o 1(0) = 0. Orxe, dbynxiist ¢~ H(w) Takox 3a/10B0JbLHIE YMOBH Jie-

mu HIsapna. 3a semoro I_HBapua maemo |o~ ! (w)] < \w|, w € B. lloknasimn
w = f(z), nepenuIemo 1o HepiBHICTh y BUTIsAL 2] < |¢(2)], 2 € B. Bpaxo-
BYIOUH JlOBeJleny pamilie HepiBHICTb HPOTMIIeRHOIO cency, Maemo |p(z)| = |z],

z € B. 3 niel plBHOCTl 3a JIpyroio dacrtuuoio Jjiemu IIBapiia, pobumMo BUCHOBOK,
mo dynkuist ¢(2) e ainifinoo. Toxi Gynxnia f = L7 Y(p) € npoboso-miniitnoro,
SIK CyHEPIO3uIlisi APOOOBO-JIHITHKX.

TBepxenns 7.3.4 nopejieHe.

7.4 Ilpunnun BiamOBiIHOCTI MeK

Lleit npuHIKI CKJIa1aI0Th JBl TeopeMu. IIpsMuit mpuHIUI ¢hOpMyTHOBAHO HUXKIE
Oe3 JT0BeIeHHS.

Teopema 7.4.1 Hexat G i+ D— 00n036°a3ni obaacmi KoMNACKCHOT NAOULUNU,
0OMEINCEHT 3AMEHYMUMU, HCOPIGHOBUMU, KYCKOBO-2A00KUMU KPUSUMU. Kui0
dynkuia [ wougopmmro eidobpasicac obaacmsv G na obaacmov D, mo ii moocna

npodoeotcumu do 20meomopdiamy samuranv G 1 D yux obaacmet. 3okpema,
npodosocena Gynrkyia 63GEMHO-00HO3HANHO | B3AEMHO HENEPEPSHO 61d0bpastcae
meocy OG obaacmi G na meocy 0D obaacmi D.

s mobymoBr KoH(GOPMHOro BijlobpaskeHHsi obsacti G Ha 00JacTh [ OLIbII
Ba)KJIMBUM € 3BOPOTHMI IIPUHITAII.

Teopema 7.4.2 (360pomnuti npunyun eidnosidnocmi meoic) Hevatt G i D—
001036 A3HT 00AGCMT KOMNAEKCHOT NAOULUNY, 0OMENCENT 3AMKEHYMUMU, HCOPOa-
HOBUMU, KYCKOBO-2A00KUMU KpusuMu. dxuo dynrkuia [ peeyaapua 6 obaacmi

G, nenepepsna 6 ii samuranni G, 1 63aemmo-0dno3nanuro 6idobpascae meocy 0G
obracmi G na meorcy 0D obaacmi D, mo [ xonpopmmno eidobpascae obaracmo G
Ha obaacmo D.

HoBenenns. 3rijiHo 3 MpuHIMIOM 30epexkertst obacti (Teopema 7.2.2) st
JIOBEJICHHSI TEOPEMU JIOCTATHBO JOBECTH, MO-TepIne, Mo (GhyHKIiA f OJHOJUCTA B
obaacri G, i, no-gapyre, mo f(G) = D. Jlyst boro, B CBOIO 9epry, JOCUTh JOBECTH
BUKOHAHHST JIBOX HACTYITHUX yMOB:

1) dyukuis f npuiimae Oyjib-sike 3HadeHHst 3 obsacri D piBHO B ojuiil Touni
obnacti

2) Oyukuisg f ne npuiimae B obsacti G 3HaUEHB, 10 HE HajexkaTh obacti D.

HoBeemo BuKoHaHHST TIepIol yMOBHU. 3adiKCyeMo JIOBLIbHE 3HAYeHHST Wy € D
1 1oKaxKeMo, 110 ICHY€ €juHa Touka 29 € G, st sikol wy = f(zp). Hust nporo
migpaxyemo wucso uymis Ng(f(z) — wp) cbyHKun f(2) —wy B obnacri G. 3aysa-
Kumo, mo 15 GyHKiia f(z) — wy He mMae HyaiB Ha Mexi OG obsacti G, 60 3a
YMOBOI (yHKIIis f B3aemuO- O/IHO3HAMHO BijoOpazKae 0G na 0D, a wy gé oD.
Tomy Bracainok menepepsrocti dynkuis f (z) — wy HE Mae HyJsiB B JiesKiii Me-
XKeBiit 1oJioci, To0TO, icHye Taka Kpupa vy C G, 1o romoronta 0G, a 3aMUKaHHS
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nosiocu 3 mezketo G | J vy~ ne micTurs nynis dynxuii f(z) —wg. Heit dakr smerko
purinBae 3 jgemu Leitne-Bopess (siema 3.2.3

Hexait Gy := int G. Toxi dyukiis f perynaspua B 3amukanui G. 3a NpuHIN-
oM aprymenra (reopema 7.1.4 ) maemo

No(f(2) — wo) = Ney(F(2) — wo) = 5 A, (arg f(2) - wo),

ne Np(f)— aucso nynis (3 ypaxysanusaMm 1x KpaTHocTeit) dbyHkiii f B obacti D.

BazHauuMo, 1o npupicr aprymenty A, (arg f(z) — wo) Y3JI0BYK KPUBOI 7y Herre-
PEPBHO 3MIHIOETHCs LIPU HElIePEPBHiii ;Led)opMaLm KpuBol 7. Pazom 3 Tum Besiu-
qUHA, 217TA7(arg f(2) —wpy) e ninouncenprow. Tomy npu HeBeswmkiii jedopmarril

KPHUBO! 7y BeJNYUHA
BBaKaTH, 110

LA, (arg f(z) — wy) sammmaerbes cranow. OTke, MOXKHA

A, (arg f(z) — wo) = Apc(arg f(z) — wo).

Takum YMHOM, MAaEMO PIBHICTD

No(f(2) — o) = 5-aglars £(z) — wo),

e Benmunna 5-Agg(arg f(z) — wp) € uncnom o6opoTiB, MO 3ifiCHIOE BEKTOP

f(2) —wp, ko BekTOp z Hpobirae mexxy OG obsacti G. Asie bynkiis f B3aeMHO-
OJIHO3HAMHO BIZIOOparKae MEXKy 0G obnacti G Ha mexy 0D obmnacti D. Tomy Be-
krop f(2) — wy 3/UCHIOE PIBHO OlMH 000POT KOJIM BEKTOD Z Hpobirae Mexy oG
oburacti G. Toni mae micne plBHlCTb Nea(f(2) —wy) = 1. Bona osnauae, 1o icuye
equna ToUKa 29 € G, juist sikol f(zp) = wy. OTxke, nepiina yMOBa BUKOHYETHCS .
oBenemMo BUKOHAHHS JAPYTOl YMOBH. CnoanKy MoKaxkeMo, 1o (pyHKIig f He
npuiiMae 3Hadenb wy ¢ D, To6To, 3HavYeHb 13 30BHiMHOCTI Mexi D obmacti D.
[ToBTOpIOIOYM MIpKYyBaHHS 13 JIOBEJIEHHs] BUKOHAHHST MEPINOT yMOBH, OTPHMAEMO

No(f(2) — wn) = 5 -Aaa(arg f(2) - wn),

[Toxazxkemo, mo Agg(arg f(z) —wi) = 0, Tobro, Bekrop f(z) — w;y ne poburh
KOJHOTO 060p0Ty, KOJIA BEKTOD 2 npo61rae MEXKY 0G obnacti G. Hificno, ocKlIbKY
30BHIIITHICTD Me>1<1 0D obaacri D € 0biacTio i MICTUTH TOYKK (] 1 00, TO ICHYE
KPHUBAa 7Y, IO 3 €IHY€E i TOYKHK 1 MICTUTHCS Y 30BHIMTHOCTI MexKi 0D obnacti D.
ToMy KpuBa <y He HmepeTHHAETHCA 3 Mexkelo D obnacti D. A Koaum BEKTOp 2
npobirae mexy G obitacri G, Bekrop f(2) 3a ymosoio npobirae Mexxy 9D obiacti
D. Tomy Bekrop f(2z) — wy He neperuHae KpuBy 7y, i He pOOUTH MOBHOTO 06OPOTY.
Orxke, Ng(f(z) —wr) = 0. le osnauae, mo dyukigis f(z) ve upuiimae B obsacti

3HAYECHD 13 30BHIITHOCTI MexKi 01 O6JIELCTi D.

Basumuioch nosectu, mo ¢yukiisa f(z) ne npuiiMae B obsacti G 3HAYCHD 3
mexi 0D obnacti D. e onpasy BummBae i3 MIORHO J0BEIEHOTO (haKTy 1 TPUH-
nuny 36epexkents obsacti (reopema 7.2.1).

TakuM auHOM, Ipyra yMOBa TAKOXK BHKOHYETLCS 1 TEOPEMa JT0BEICHA.
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IIpuknan. Suaiitu obpas obmacti G := {z : Imz > 0, |z| > 1} npu Bimobpa-
»KeHHi pyHKIien 2KyKOBCbKOro w = % (z + %) Yu € koudopMHUM 1€ Bij10Opa-
JKeHHs?!

3a3HaunMo, 110 MeKaA O0G obnacti G cKIaIaeThest 3 mpoMeniB [—oo, —1]; [1, oo
i miBgpyra G = {z : Imz > 0, |2| = 1}, axi npoxogsTbcs 37iBa HAIPABO.

Ix 06pa3a1v11/1 pu Bl,zLo6pa>KeHH1 dyHKIII€O ZKykoBcpKoro € npowmeti [—o0, —1],
[1,00] 1 Bigpisok [—1, 1] Bignosigro (nmpoxojKysani 3iisa Hanpaso). Orxke, rpa-
Hutst obsiacti G B3a€MHO-0THOZHATHO B1;Lo6pa>KaeTbCH dyHKIli€r0 }KyKOB(:bKoro
y TPAHUIO BepXHBLOI mBIonuin G : {z : Imz > 0}. Ilpm L[bOMY cbyHKLuH
ZKyKOBCBKOIO € peryJisipHoIo B 06.HaCT1 G 1 HenepBHOIO B 3aMHKaHHI 1€l obma-
cti. TakuMm 9MHOM, BUKOHYIOTHCsT BC1 YMOBH 3BOPOTHOTO TIPUHITUITY BIATTOBIIHOCTI
mexk. Tomy obpaszom obsacti G npu Binodparkenni dyHkIiein 2KyKoBCbKOro €
BepxHst miBmonmaa D = {z : Im z > 0}. IIpu npomy Bimobpaxkenns w : G — D
€ KOH(POPMHHUM 32 TUM K€ 3BOPOTHUM IPUHITUIIOM.

7.5 €auHicTh KOH(OPMHOIrO BigoOpakeHHS

Teopema Pimana (reopema 6.5.1) jae jocrarhio yMOBY icHyBaHHs KOHGOPMHOTO
BiJOOpaXkeHHs O/IHIET 00JACTI Ha, IHIITY.

3riJiHO 3 1i€I0 TeopeMoi0 OY/Ib-SIKY OJIHO3B si3HY 00JIacTh, MeXKa KOl MICTUTH
IoHaiiMeHIIIe JIBl TOUKM, MOYKHA KOH(DOPMHO BiJIOOPa3UTH PErysapHOIO (DYHKIIIE0
Ha ojuHUuHUE Kpyr {z @ |z| < 1} .

3okpema, KOKHY 3 Oy/b-siKMX JIBOX OJHO3B'A3HUX O0JacTel, MexKI AKMX Mi-
CTUTH IOHAMEHIIe JIBl TOUKH, MOYKHA KOH(MOPMHO Blﬂ‘06paSI/ITI/I Ha 1HIITY.

Hacrymma reopema jiae IOCTATHIO YMOBY €JMHOCTI KOH(OPMHOI'0 Bijjobpazke-
HHsI OJ{HIET 0OJ1acTi Ha, HIITY.

Teopema 7.5.1 (meopema 60unocm2) s 6ydb -A%0i 001036 A3101 obaacmi G,
MECA AKOT MICUMD UWOHATMEHWE 06T MOYKY, T 3a0aH0T NAPU WuUCces Zy 1 «, de
20 € G, a € R, icnye eduna peeyaapra ﬁyn%um f, axa xondopmmo szo6pa9fca6
obaacmv G na odunuwnud kpye {z : |z| < 1} 1 3adosoavnac ymosu

f(z0) =0, argf'(z) = a. (7.5.1)

HoBenenns. Hexait w—moBiibHa peryispHa (DYHKINs, sSKa 31HCHIOE KOH-
dbopwmie Binobpakenns w : G — {z : |z] < 1}. IcuyBanns takoi GyHKIil rapanTye
teopema Pimana. Hexait maJii

a:=w(z), [:=argw(2).
Pozriisinemo BijjoOparkennst 3 npukJjiajy 2 pojiay 6.1

Z—a

L(z2) = eile=h) .
(2) = e az — 1

Bono Bijobpazkae omunmananii kpyr {2z : |z| < 1} #Ha oguHEUYHII KPyT 1 38,10BOITb-
HsI€ YMOBU

L(a) =0, argLl'(a)=a—p.

123



[Toxazkemo, mo dynxniz f(z) := L(w(z)) sajoBonbuse ymosu reopemu. Jlificho,
o-riepire, (byHKLuH f peryﬂﬂpHa 1 kordopMHO Bijgobparkae obsacth G Ha OJH-
nuanuit kpyr {z : |z| < 1}. Hosegemo, 1o BoHa 3aj0BoJibHsie ymoBu (7.5.1).

Maemo
f(z0) = L(w(2)) = L(a) = 0,
arg f'(z0) = arg L'(w(z0)) - w(z0) = arg L'(a) + argw/(0) = (@ — ) + B = av

Orxe, ICHYBaHHS IIyKaHOT bynxuii goseseHo.

,ZLOBe,ZLeMO 1T equnicTs. [lpumycruMo, icHYOTH JB1 pery/saphi GyHkmii fi i f2,
siki KOH(DOPMHO Bijlobpaxkarorh obsacth G Ha opuHuunuii kpyr {z : |z] < 1
33/10BOJIbHSAIOTH yMOBH (7.5.1), T06TO

fi(z0) =0, argfli(z)=a, i=1,2.

Posrismomo dynkniio F(w) := fi(f, '(w)). Bona e peryispHoo B OJuHEIHOMY
kpys3i B := {w : |w| < 1} i koudopmuo Bijobparkae #oro B OJMHUUHUI KPYT
B, upudomy f(0) = 0. Orxke, peryisipHa bynkuisn I 3a10801bHAE yMOBU JleMU
LHBapua (JIeMa 7.3.3). Ba mieto emoro mae Micrie mepisaicts | F(w)| < |w|, w € B,
To6710, |f1(f3 1 (w))| < |w|. Moxkmasmu B miii HepisHOCTI W = f3(2), oTpEMaeMoO
|[1(2)] < |f2(2)], 2 € B. Hominssmn micusvu dynxnii fi 1 fo 1 nosropusim
MipKyBaHHst, orpuMaemMo HepisHicTb |fo(2)| < |fi(2)], z € B. Takum uunoM,

A(2)] = |f(2)], = € B.
Posruisinemo dynkiio ¢(z) = 28 HoBusnauusiim 11 B TO4YIl Zg PIBHICTIO

©(z0) := ﬁgzgg, OTPUMAEMO PEryJIiPHY B OJMHUYHOMY KPy3i B PyHKIII0, MOILY/Ib
2

AKOT € KocTaHTo10, a came, [p(z)| =1, z € B. 3a IpUHIMIOM MaKCHMyMa MOJLyJis
(Teopema 7.3.1) maemo p(z) = €7, ne v € R. [okaxewmo, mo v = 0. Hiiicho,
3 = arg (=) = arg (o) = arg fl(z0) — arg fl(z0) = o — o = 0.

Takwum annom, p(2) =1, z € B, 10610 f1(2) = f2(2), 2 € B.
Teopema joBejieHa.

7.6 Ilpuamun cumetpii Pimana-ITIBapia

Y po3ial 5 po3ryIHyTO BUAM aHAJITHIHOIO MPOIOBXKEHHA. AJie XKO/IeH 3 HUX He
Jla€ e(peKTUBHOTO AJITOPUTMY aHAJITUIHOTO MPOIoBXKeHH. CaMme TaKuil aJropuT™
MicTuThCs B ipunnuii cumerpil Pimana-ITIsapua. st mogasibiioro HeoOxijiHi jie-
SIK1 JIOJIATKOBI BIJIOMOCTI 3 T€Opil IHTerpaJly, 30KpeMa, y3araJbHeHHs IHTerpaJibHOl
teopemu 1 (popmynu Ko, a Takoxk inTerpas tumy Korii.

Teopema 7.6.1 (ysazarvnennsa inmeepanvroi meopemu Kowsi). Hdxwo dynryia
f e peeyaaproro 6 obaracmi G i nenepepsroro 6 it samuxanni G € C, mo

/ F(€)de = 0,
oG
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Teopema 7.6.2 (ysazaavuenna inmeeparonoi gopmyau Kowsi). Hrwo dpynxuia

f e peeyaapnoro 6 obaacmi G 1 nenepepsnoro 6 i samurannt G € C, mo daa
d061Ab10T mouku 2 € G Mmae micue pieHICMb

fz) = 271m'/§f(—§)zd€'
oG

OzuavenHsa 7.6.1 Hexaii v—goBlibHA clipsiMJTIOBaHa KpUBa, a (PYHKINA f Here-
pepBHa Ha il KpuBiit. Toji icHye iHTerpaJ

F(z):= 271ri/g(—€)zd§’ z &

Lleit iHTErpas Ha3WBaETHCA iHTErpaJioM Tumy Ko,

Teopema 7.6.3 (npo peeyaspnicmo inmeepany muny Kowi). 3a ymos osnanen-
na 7.6.1 inmeepan muny Kowi F(z) e ¢ynruiero pezyrapnoro 6 6ydv-axit obaa-
CMA, WO HE MICTMUNDG TOYOK KPUBOL 7Y, 1 dAdA Toz0 noxidnux k-20 nopadky k € N,
BUKOHYEMDBCA PIBHICTD

F®(2) ik / E f(é)kﬂdﬁ, z €& 7. (7.6.1)

T 2 — 2)
4

Hosenenns. [losegemo pisnicrs (7.6.1) gy k = 1. Badikcyemo JoBLIbHY

touky z ¢ 7. Hexait d := p(z,7). Toui d > 0. Obepemo h € C, 1m0 3a/10B0JIbHIE
yMmoBy |h| < %l. OrpumMaemMo iHTerpaJjbHe IIpPeJCTaBJICHHs JOIPAHUTHOI PI3HHII

nutst moxignot F(z). Maemo

Flz+h)—-F(z) 1] 1 f(€) L[ f(6)
) zm/g—z—hdf_zm/g—zdg
Y Y

h h

o 7€)
- 2m/<§—z—h><g—z>d€'

J
Hoaaene F(z+h) — F(2) 7€)
z+ — z 1
tT h  2mi / €2

v

st noBenennst Teopemn y Bunajky k = 1 mocuth nokasarmu, 1mo r — 0 npwu
h — 0. st 1bOro OTpMaEMo iHTerpaJibHe pejicraBients jiuis pisuuiil 7. Maemo

N 7€) e,
o e

Y v
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_ N f(€)
2 ! (E—2z—h)(&— z)QCl5

Hst noegennst Toro, mo r — 0 nmpu h — 0, oninwmo |r| 3Bepxy. Bpaxosyroun,
10 JIISE TOYOK & € 7 BUKOHYIOTHCS HEPIBHOCTI

d d
\S—Z\Zd, |§—z—h\2|§—z|—\h|2d—§:§

NG A

Y

MaeMO

27T %l - d?
ne () —mnoBxkuna KpuBol 7. 3 1€l oMinKu o/pa3y orpumyemo r — 0 mpu h — 0.
Pignicts (7.6.1) s k = 1 noegena. Taknm unrowm, inrerpas tumy Ko F(2)
€ (PYHKIIIEIO0 peryJisipHOIO B OY/b-siKiii 00J1aCTi, 110 HE MICTHTb TOYOK KPHUBOI 7.
Piguicts (7.6.1) gt k > 1 J0BOAMTHCS METOJIOM MaTeMaTH4IHOI 1HYKIT 32
JIOIIOMOI'0I0 MipKYBaHb, aHAJOITYHUX TUM, 1110 OyJin 3acTocoBaHi y Bunajky k = 1.

O3nHaveHHd 7.6.2 (aHAJITHYHOTO MPOJIOBKEHHS Yepe3 JIyT'y KPUBOI).

Haragaemo, 1o eemernom nasuparoThes napa (G, f), mo ckiagaeTbes 3 obJia-
cri G 1 perynapHol B it Gpynkuii f.

Hexait (G1, fl) (Gg f2) JBa ejaeMenTH , B sikux obusacri Gp 1 Go ne nepe-
TUHAIOTHCA, a 1X Mexi 0G1 1 0G9 mepeTuHaThCA 0 BIAKPUTIH Ay3i §, IpuIOMy
wuoxkuna G = Gy U G20 € obmactio.

TosopsiTh, 110 KoKHa 3 peryisipiux Gynkiiit fi 1 fo € anajgitnianum 1pojos-
YKEHHSIM 1HIOT 9epe3 JIyry 0, sIKIO iICHYE peryispha B 00JacT G dynkiis f, sika
30iraeThes 3 PYHKINED f; B O6JIaCT1 Gi,1=1,2.

Teopema 7.6.4 (npo anarimuune npodosocenna uepes dyzy Kpueoi).
Hexat obaracmi Gy 1 Go ne nepemunaromoca, a iz meosci 0G1 1 0Go nepemuna-
romuvca no eidkpumit dysi §, npuomy muoocuna G := G| J G2 |0 € obaacmio.
Hrxwo dynwuii f1 1 fo € peeyaapnumu 6 obracmar Gi 1+ Gy 61dnosidno, i ne-
nepepsrumu 6 zamurannar Gi it Go eidnosidnuz obaacmet, a nwa dy3i O 6oHu
abiearomuvca, moomo, f1(z) = fo(z), z € 0, mo Koocna 3 yur GyHKyit € anai-
MUYHUM NPOA0BHCEHHAM THULOT wepes dyey O

oBenenns. Posrignemo HacTynny (pyHKITIO
_ [ fi(z), sxmo z € G
fz) = &
fo(2), sk z € Go.

[i osnauenns € KopekTHUM, OcKiIbKE f1(2) = fa(2), 2 € G1[) G2 =: J, npudomy

dbynkuis f wenepepsna B 0G4 U 0G4 1 peryssipna B KoxkHiii 3 objyiacreit G 1 Go.
ist jloBejieHHs TeopeMu 3riJIHO 3 O3HaYeHHsIM 7.6.2 JIOCUTh JIOBECTH PEryJisip-

HicTh dyuknii f B obaacti G. s mporo po3risgHeMo iHTerpaJ tuiy Kol

F(Z)::Zm'/f—zdg’ ze@.
oG
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3a Teopemoio 7.6.3 nei interpan F(z) e peryngapnoio s obnacri G dynkriero.
TakuM 9MHOM, JIJIsT JOBEJCHHS TEOPEMU 3aJUIINJIOCH JOBECTH PIBHICTD

F(z)=f(2), ze€QaG.
Hexaii ciowarky 2z ¢ . Toni inrerpas F'(z) MoXKHa MOJATH Y BUTJISII

_ 1 [ ) L[ f& .
F(z) = 2m/§_zd§+2m/g_zdg—.lﬁrlg,

8G1 aGQ

OCKIJIBKY B T cbopMan IHTErpyBaHHS y3I0BXK CILILHOL 17151 MexK 0G1 1 0Gy nyru
0 IPOBOIUTLCS ABIUl ¥ MIPOTUICIKHUX HaIPAMKaX.

dkmo z € Gy, ro Iy = f(z) 3a inrerpanbhono dhopmyion Komi (reopema
7.6.2), a Iy = 0 3a inrerpasnbuoio Teopemoto Komi (reopema 7.6.1).
dxmo z € Go, 10 Iy = f(z) 3a inrerpanbhoo dopmymow Komi (Teopema

7.6.2), a I = 0 3a inTerpanpao Teopemoto Korri (teopema 7.6.1).

Omrxke, F(z) = f(2) ma z € G| Ge. 3Bijicn rpannaHuM 1EpexoioM OTpH-
myemo piBaicTs F(2) = f(z) aus 2z € 6 Bracaijiok menepesrocTi hynkiii F(2) i
f(2) na jnysi o

Teopema noBejieHa.

Teopema 7.6.5 (npunyun cumempii Pimana-Ilsapua).

Hexat G—obaacmo, wo ne nepemunaemovea 3 diicho 8icco, a4 Nepemunom ii
meotct OG 3 diticnor eiccro € sidkpumud inmepean 0. Hexat dani G*—obaracmo,
cumempuuna do obaacmi G 6idnocHo dilicnoi oci.

Hrxwo pynxuia f e peeyaapnoro 6 obaacmi G i nenepepenoto 6 i 3amukrarmi,
a 6 tHmepsass 0 60HG npulimae TUCHT 3HAMEHHA, MO i1 MOHCHA AHANIMUYHO
npodosotcumu wepes inmepeans o 6 ooaacmv G* 3a popmy.aoto

F(z):= {f(z), arxwo z € GJ6;

f(Z), arxwo z € G*.

Hosenenns. losenemo, mo dyukmisa fi(z) := f(Z) perynspua B obiacri G*.
Hiicro, mast poBlibHOTO 2 € G* MaeMo Z € (G 1 TOMY, BHACIJIOK PEryJsipHOCTI
dbyukuii f B obnacti G, orpuMyemMo

lim filz +h) = fi(z) — lim
h—0 h h—0 h h—0

JEAN) —TE) _ (f(ﬂﬁ—)_ﬂz)) e
h

Omrxe, dyukiis fi(z) peryispha B obsacti G*. Okpim TOro, BoHA HEMEpepBHA B
samukanHi obsacti G*, ockiibku dyHkiis f(z) HeuepepsHa B 3aMukaHHi 0bJacTi
(G, 1 omepallisi CIPsKEHHS TeXK € HemepepBHO. HapernTi, ocKiJbKKE 3a yMOBOIO
dbyukiis f(z) npuitmae JificHi 3HaYCeHHS Ha JI#iCHIN Oci, TO VI 2 = & € § MAEMO

fi(z) = fi(@) = f(7) = f(z) = f(z) = [(2),

T00TO, 3HaYeHHs GyHKIIA f 1 fi Ha iHTepBai § 30Iral0THCS.
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TakuM YuHOM, BUKOHAHI BCl yMOBU TeopeMu 7.6.4 1 3a 1i€t0 TeopeMoto (pyHKITis
fi(2) := f(Z) € ananiruunum upojosxkentsim GyHkuil f uepes jyry 4.
Teopema noBejieHa.

[punnun cumerpil Pivana-IIBapiia oIyckae HACTYIIHE y3ara bHEeHHsL. 3a3Ha-
4UMO, 10 y OPMYIIIOBAHHI 1(OTO MPUHILAITY TEPMIH KOJIO BXKUBAETHCs Y IIHPO-
KoMy cenci (o3navennst 6.1.2).

Teopema 7.6.6 (ysazaavrenuts npunyun cumempii Pimana-Ilsapua).

Hexatt G—obaacmos, wo ne nepemunacmoues 3 xorom Ki, a nepemunom i
meotct OG 3 xoaom K1 € sidkpuma dyea 0 yvozo xona. Hexat dani G*—obaacmo,
cumempuuna do obaacmi G eidnocno xoam Ky (dus. osnavenns 6.1.3).

Hrxwo pynruia f e peeyaapnoro 6 obaacmi G i nwenepepsnoro 6 ii 3aMukai,
a ma dy3i 0 60Ma NPUTLMAE 3HAYEHHA, WO MICTMAMDOCA Ha Kol Ko, mo iT Mmoocha
aAHaATMUYNHO NPodosocumu weped dyzy 6 6 obaacmv G* 3a dopmy.roto

f(2), akuo z € G0,
F(z) = {fgfg*), ﬂ%ZjO j € G*L,J

de z*—mouka, cumempuuna do mouku z 6idnocno xora Ky, a f*(w)—moura cu-
mempuuna do mouru f(w) eidnocro xoaa Ks.

ITpukaazx 1. Hexait G := { 11 < |z] <2, Imz > 0}. Snaiitu ananituaue
npojioxerns Gpynkuii f ( ) = |z| —|—Z arg z 3 obacti G B CHMETPHUYIHY BLIHOCHO
Jiiicaoi oci obsactb G* {z < |z| < 2, Imz < 0} 4epe3 koxuuii 3
inreppaiis 61 := (1,2) i (52 = (—2, 1), e CMMBOJIOM arg z MO3HAYEHO T'OJIOBHE
3HAYCHHS APIYMEHTa, sike MICTUThCs B IPOMIKKY (—, 7).

CrnouarKky JOBH3HAUUMO 33 HemepepBHicTO GyHKIo [ Ha inTepBasax o1 1 ds.
Maemo

f(z)=Inlz|, z€d, f(z)=Inl|z|+ir, z € d.

Hepes fi (f2) mosHaunmo npogosxkenusi dbyukuil f udepes inreppas 07 (o)
BIJIIIOBIIHO. 3a TeopeMoio 7.6.5 OTPpUMYEMO

filz)=f(Z) =In|z| +iargZ =In|z| —iargz = In |z| + {arg z.

BayBaxkKuMo 1aJi, o obpas BiIpi3Ka 0o MICTUTLC Ha mpsMii Im w = 7. Yepes
w* MO3HAYMMO TOUKY CHMETPHYHY JIO TOYKHU W BIJTHOCHO Ii€l mpsiMoi. OueBuHO,
mo Imw 4+ Imw* = 27, Tobro, Imw* = 27 — Imw. Tomy, 3a Teopemoro 7.6.6
MaeMO

fo(z) = f(Z) = (In|z| + iargZ)" = (In|z| —iargz)* = In|z| +i(27 + arg 2).
Hacrynne TBeppKeHHs, 10 0Jipa3y BUILIMBAE 3 MPUHIMIY cuMmeTpil PimaHna-

[IIBapiia € 0OCHOBOIO JiJIsI 3aCTOCYBAHD I[bOT'O IPUHIIMAILY IPU 1100Y10B1 KOH(POPMHUX
BIJIOOpaXkeHb CUMETPUYIHNX BIJIHOCHO J1iCHOI 0cl obJIacTeil.
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Hacainok 7.6.7 Hxwo 3a ymos meopemu 7.6.5 dynwuia [ xondopmmo 6idobpa-
otcae obaacmv G na obaacms D, a obpasom mescesozo 6idpiaka O npu 61dobpa-
orcenni pynxuyicro [ e eidpisox 6 C R, mo dynxuisa

_ S f(z), awwo z € GUJ;
F(Z> = {f(?), AR 2 € G*,

WO € aHaAIMUNHUM Tpodosocennam Gynkuii f uepes dyey O, wonpopmHo 6i0-
obpasicae obaacms G\ J oG na obaacmo D6 | D*, de D*—06./Lacmb cume-
mpuvra do obaacmi D eidnocno diticnoi oci.

ITpuxknamx 2. Suaiitn QyHKIO, M0 3/1HCHIOE KOHPOPMHE BiIOOpakKeHHS W :
Gy := C\ {[-34,3i] | J[-4, 00|} = {w: Imw > 0}.

Posrisiremo BepxHio nmojiopuny obsiacti Gy, a came, BEpXHIO MiBILIONUHY 3 PO3-
pisom 1o Bijpisky [0, 37], ro6ro, G := {z : Im z > 0}\ [0, 3i]. Ba npukiaagom 2
posiiny 6.5 ojHa 3 peryaspHux riaoK Kopens wi := V22 + 9 kondgopmHo Bij-
obpazkae obsiactb G Ha BepxHio uisiomuny D = {w; : Imw; > 0}.

Hexait 0 := [—00, —4]. Baysaxumo, mo Go = G 6 G*, ne G*—obnacrs,
CHMETPHIHA JIO 06J1aCT1 (G BIIHOCHO JIHCHOI OCl, Ipn I[bOMY d)yHKLuH w1 Blﬂ‘06pa—
»Kae TPOMiHb 0 y mpoMminb 0 1= [—oo, —5. To,zu 3a Hacaijikom 7.6.7 anamitutme
HpOﬂOB)KeHHH dbyHKIIT Wy gepes gyry 5 TOOTO BIJINOBIIHA PeryssipHa TijKa Kope-

g1V 22+ 9 B obnacti Cy, KoHMDOPMHO Bmo6pa>Kae obmacte Gy = G J 0| J G* na
06J1aCTb Do DJd U D*, ne D*—obnacts, cumerpudna 1o obaacti D BigHOCHO
JiiicHOT ocl, TOOTO, HUKHS MiBILJIOIIMHA. O‘{eBI/I,B;HO mo Dy = C \ [—5, o0].

Sanummmocs Bl,ZLO6paBI/ITI/I obstacth Dy na sepxiio nismionuny. e Moxna 3po-
bouTn Tak camo, sIK y npukjaajai 2 posiiay 6.5. CrodaTky 3a J0MOMOTOI0 3CYBY
wy i==wy + 5 Bl,[[06pa}Ka€MO obmactb Dy na obmacts Dy = C \ [0, oo], ToOTO, Ha
KyT {ws : 0 < argwy < 27w} 3 Bepimmuoo y Touri 0, 1 TOTIM 3MEHIITYEMO Teil KyT
BJIB1Y1 3a JIOTIOMOT'OIO TJIXO/ISIIOl PeryJisipHol riJIKI/I KOPEHs W = /Ws.

Orsxe mykana GyHkiis gaerbes Gopmynon w = /5 + v/22 + 9.

129



3MICT

1 KomiiekcHa mjIouimHa
1.1 KowmiuiekcHi umcma . . . . . ... ..o
1.2 Merpuuni HoHATTS Ha KOMIJIEKCHINA IJIOIMIMHL . . . . . . . . . . . .
1.3 Posmupena xkomiiekcHa mionuua. Cepa Pimana . . . . . . . . .
1.4 Kpusi Ta objacTi Ha KOMIJIEKCHI# IJIOMUAHL . . . . . . . . . . . . .

2 JIudepeniiiioBui pyHKILii

2.1 CremeHeBl PAJIU . . . . . . . e
2.2 OsnHaueHHs AesgKuxX (PYHKIIN 38 JOIOMOIOIO CTEIeHEBUX PSIIIB . . .
2.3  Kpurepiit ,B;I/I(bepeHH;II/IOBHOCTl QyHKIII# KOMILJIEKCHOT 3MIHHOI

2.4 TlousTTs Mpo aHaJITUIHY cbyHKLqu .................
2.5 FapMOquﬂl yHKIIIT, 1X B3a€MO3B 130K 3 PYHKIISIMU aHAJIITUIHUMU
2.6 3ajada BiJIHOBJEHHS aHAJITUIHO! PYHKIMT . . . . . . . . . . . . ..
2.7 TeomeTpuunwmit 3MiCT apryMeHTa 1 MOy MOXITHOT . . . . . . . . .

3 Teopig inTerpasy Korri

KpuBosiiHifiHUN THTErPAT . . . . . . . . . o
[arerpaspua Teopema Kommri . . . . . 0 . o oL
Y3aragbHeHHd TeopeMu Kommri . . . . . . . ... ...
[aTerpaJsbna cbopMyJIa Komi . ... .................
Posropranust anagitnanux QyHkIii B psj Teitsiopa . . . . . . ..
[lepBicHa . . . . . . . . . .
Hyni anamitnunux dynskimiit. Teopema enurocTi . . . . . . . . . . .

VO Uk L=

4 Teopia qumkiB Kormri
4.1 Psamum Jlopana . . . . ...
4.2 IzosboBaHi 0COOJIUBI TOUKM aHAJITUYHUX PYHKIIH . . . . . . . . .

43 Jlmmkwm . ... g e
4.4  O6umcaenns inrerpanis [ f(z)dz i [;" R(cosz,sinz)dx . . . . .

5 AmnHajgiTu4He MPOJOB2KEHHH
5.1 DBuam aHAJITHIHOIO TPOJOBXKEHHS . . . . . v o o o oo v e e e e
5.2 AnamitwaHl QYHKIHT . . . . . ..o e e

6 KondopmHi Bij1loOpakeHHd eJiIeMeHTaPHUMHU (PYHKI[IIMU

6.1 dpoboBo-miHIAHA DYHKIIT . . . v v v v v v v v e
6.2 CremneneBa GYHKINS Ta KOPIHD . . .+« v v v v v e e e e e

130



6.3 IlokasHukoBa (DYHKIIIA Ta JOTAPUAPM . . . . . v o o v v v ot e 102

6.4 @Oynukiisg 2KyKOBCBKOTO . . . . . . . . . . i 104
6.5 Ilpukjiaju 1100y 0BM KOHPOPMHUX BiJIOOparKeHb . . . . . . . . . . 108
OcHoBHI NpuHIUNN Teopil KOHMOPMHUX BiZ0OparkeHb 112
7.1 Ilpwnamun aprymenty. Teopema Pyme . . . . . . . . . ... ... .. 112
7.2 Ilpuaimn 30epeskeHHst O0JIACTT . . . . . o v v oo 117
7.3 Ilpunnun makcumymy mojysst. Jlema IIsapua . . . . . . . . . . .. 119
7.4 IIpuMHIUND BIATOBITHOCTI MEXK . . . .« o v v v e oo 121
7.5 €auHicTb KOH(DOPMHOTO BIJIOOPAYKEHHST . . . . . .+ « o o v ' v o . . 123
7.6 Ilpuamun cumetpil Pimana-IlBapma . . . . . . . . . . . ... ... 124

131



