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Posrinsitnyro wmetomu 1 mpuiioMu TOOYJAOBH MaTEeMaTUYHUX MOJIENEH,
CKJIaZlaHHS Ta PO3B’s3aHHSA JU(EpEeHIIaTbHUX PIBHSIHb ISl MPUPOJHUYMX,
TEXHIYHUX, CyCMHUIbHUX 1 TyMaHITapHUX SIBUII] 1 IPOIIECIB.

JudepenmianbHi  pIBHSIHHS CKJIQJalOTh Ha OCHOBI BIJOMHX  3aKOHIB
npupogo3HaBcTBa. HaBeneHo 3amadyi, skl po30MTO 3a TUNAMHU, 1 B KOXHOMY 13
BUMNAJKIB YKa3aHO, SIKUM YWHOM MOTPIOHO cKiaaaTu audepeHIliagbHe pPIBHSHHS.
3anporoHOBAaHO 3aBAAHHS [UJIsl CaMOCTIHHOI pOOOTHM 1 CIHCOK PEKOMEHIOBAaHOI
JiTepaTypHu.

BunanHs npu3HaueHO i CTYJEHTIB, SIKI BUBUaIOTh Kypc «Jludepeniianbhi
PIBHSIHHS» 1 CKJIQJIEHO BIAMOBIIHO 10 mporpamu kypcy. OkpiM TOro, marepiajaom
MOCIOHMKAa MOXKHA CKOPUCTATHUCS TiJ] Yac HAMMCaHHSA KypCOBHUX 1 KBami(iKamiiiHUX
POOIT.
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Beryn

HudepeHniiaapHi pIBHAHHSA € TEOpeTHMYHA OCHOBa 0aratboX MOJIENEH,
3aCTOCOBHHUX Yy Haylll 1 TeXHiIi, 30kpeMa y (i3uili, Ximii, 610J10T11 1 6ararbox 1HIIHUX
ramy3sx Hayku. Ckaximo, Oarato 3amad (i3uku 37aTHI MPUBECTH O HEOOXITHOCTI
pO3B’s3aHHA AudEpeHIianbHUX PiBHAHB. Ile 00yMOBICHO THM, IO MPAKTUYHO BCI
(b13U4HI 3aKOHHU, [0 OMUCYIOTh (P13UUHI MPOIIECH, SIKI 3MIHIOIOTHCS 3 YaCOM, SIBJISIOTh
co0or0 audepeHUiaabHl PIBHAHHS JAESIKUX (QYHKLIA, SKI XapaKTepU3yrTh Taki
npoiiecu. Po3B'si3aHHST 03HAUEHUX PIBHSHb BUSIBISIETHCS BAKIMBUM 3aBJIaHHSIM IS
Oaratbox cep MIITBHOCTI JIIOJIMHU, a KPIM TOT0, BIIITPA€ BayKJIUBY POJIb Y MI3HAHHI
HaBKOJIMIITHLOTO CBITY.

HudepenmianbHi piBHSHHSA OO0'€JHYIOTh 1 y3arajibHIOIOTH Oarato iei
MaTE€MaTUYHOTO aHali3y, PO3KPUBAIOTh CYTHICTb METOJy HECKIHUEHHO MalluX SK
HaWBAKJIMBIIIOTO 3ac00y TMi3HAHHS SBUII AIMCHOCTI. BOHM BHUHMKAaIOTH Mija dYac
MaTEMaTHYHOTO (POPMYITIOBAHHS MPUKJIAIHUX 33/1a4 Y AU(EPeHIiaTbHIX CUMBOJIAX.

HudepenmianbHe piBHAHHS OMHUCYE pyX TUI y CHJIOBHX MOJNSAX (HANPUKIAL,
3apsy B €IEKTPOMArHITHOMY I0JI1), TMHAMIKY PiJIMH 1 ra3iB (HapuKIiaj, atMochepu
1 OKeaHy, HEOOX1THUX JIJIs TepeI0aueHHS MOT0/IH ), TOITUPEHHS TeIJia Ta 1H.

EdextuBHicTh 3acTocyBaHHS Ju(epeHIIaAIbHUX PIBHSAHb 3a0€3MEYyIOTh
ICTOpUYHI MTOYATKU caMUX AU(EpEeHIIaTbHUX PIBHSIHB 1 CydacH1 MOTJISAN Ha Oarato
3aKOHIB MPUPOAM MiA KyTOM 30pY JAU(EpeHLabHUX pIBHSIHb, JOJATKU
nudepeHIliaIbHUX pPIBHAHb B Cy4YaCHIM Haymi 1 TEXHII, PO3BUTOK METO/IB
IHTErpyBaHHsS 1 3arajgbHOi Teopii AU(EpeHIiabHUX pIBHSIHb, BHUCOKHN pIBEHb
00UYHCITIOBAJIBHOT MATEMATHUKH 1 TEXHIKH.

Jlia onucy 6aratboX (i3MYHUX SBUI BUKOPUCTOBYIOTH MOHATTS (PYHKIII Ta ii

noxigHuX. Po3risiHeMo Taki mpuKJIaIu.



1. Pyx wMmarepiaqbHOi TOYKM B TMPOCTOPI MOXKHA OINKCATH TpbOMa ii

KOOpAWHATaMHU X, Y, Z - pyHKIisMHU yacy t.

2. JIns onucy HaMpy»KEHOT'o CTaHy CTeN KIMHATH MOTPIOHO 3a/1aTH HANIPYTY SIK

(GYHKINIO JBOX KOOPAWHAT X, Y TOYKH CTEJi. Y PI3HUX TOUYKaX CTEJi Hampyra Oyne

PI3HOIO.
3. Temnepatypa T HEpIBHOMIPHO HAarpiToro Tijla, SK€ OXOJIOJKYETHCS — 1€

(GYHKIIiSI YOTUPHOX 3MIHHUX: X, Y, Z — KOOPJAWHATH TOYKH Tina | t — vac.

VY OaraThox BHUMaAKax Taki (YHKIII HE MOXHA BHU3HAYUTH EKCIIEPUMEHTAIBHO:
Hampyry B OyIiBenbHINM KOHCTPyKLIi MOTpiOHO 3HATH 10 ii MOOYIOBH, 11100
3a0€3MeYnTH HAJINHICTh CIOPYAH; Y BUMAAKY HAIPaBICHOTO IMOJbOTY, HAMPUKIIA/,
CynyTHUKa Ha Micdllb, HEOOXIAHO 3a3Jaleriib BMITU PO3PaXOBYBaTH TPAEKTOPIIO
moiaboTy. 111 PyHKIIT MOXKHA BU3HAYUTH 3a JOTIOMOTOIO0 PiBHSIHB, SKI MaTEMAaTHYHO
BUPAXaIOTh BIUIMB 3aKOHIB MPUPOAM Ha JOCHI/DKyBaHe siBHIE. Y OUIBIIOCTI
BUMAJIKIB OTPUMaH| PIiBHSHHS MICTSTh MOXiJAHI IIYKaHWUX (PYHKIIH | X HA3UBAIOThH
ougepenyianrbHUMU PIGHAHHAMU.

VY pe3ynbTari 3acTOCYBaHHS TAaKOIrO MIJIXOIy OJEpPXKYyeMO audepeHIianbHl
PIBHSIHHS, SIKI MAaT€MAaTHYHO BUPAXAlOTh 3aKOHM MNpupoau. HepimomMumMu B 1HX
PIBHSIHHSX € (DYHKIIIT 0JTHOTO 200 6araThbox apryMeEHTIB.

BuganHs mnpuCBAYEHO pO3B’SA3YBaHHIO 3a7ad, 3JaTHUX MPUBECTH O
3BUYAMHUX JudepeHIlialbHuX pPIiBHAHb. Takl 3a7adi UTIOCTPYIOTh MaTEeMaTU4HY
MoAIOHICTh MK a0CONIFOTHO PI3HUMHU siBULIaMU. Hanpukiaz, npoiec paaioakTUBHOTO
po3nagy, PpPO3MHOXKEHHA OakTepid, MNpY>KHI KOJMBAHHA, EJIEKTPUYHI JIAHLIIOTH
OMHCYIOTh OJTHI 1 T1 K IU(epeHIianbHi PIBHSIHHS.

CknaganHs audepeHUiaIbHUX PIBHSHbL € BaXJMBE 1 BOJHOYAC CKIIQJIHE
MUTaHHA. YHIBEPCAJIHbHOTO METOYy, MPUHHSATHOTO /IS BCIX BUIAJKIB, MPAKTHYHO HE
ICHY€, OCKIJTbKM TIOTPIOEH JOCBIM 1 MEBHI HABUYKU JJIS PO3B’SI3aHHS PI3HUX 3ajad,
[0 JOCATAa€ThCI AaHaJ30M YHCJIEHHUX BHUKOHAHUX 3aBJaHb 1 CaMOCTIHHUM
PO3B’SI3aHHAM aHAIOTTYHUX NPHUKIAIiB. Jlo TOro >k HeoOXigHI 3HAHHS BIIIIOBIIHOI

MPUKJIAHOT TUCIUILTIHY.



Cknactu nudepeHirianbHe PIBHSIHHSA, ke O OomucyBajo Oyab-sKe sBUIE a0o
OyIb-SKHI Mpolec MPUPOAO3HABCTBA, YAaCOM BUSBISIETHCS HE MPOCTIIIE, HIXK HOro
po3B’sBaTu. SIK MM yXe 3a3Hadyad, YHIBEPCAIBHOTO METOIy MOOYI0BU
TudepeHIiaIbHOTO PIBHSIHHS HE ICHY€, HATOMICTh MOXXHA BUIUIMTH JEAKl 3arajibHi
M1IX0IA BUPITIICHHS ITi€T IPOOIEMH.

Jnsg Bcix 3amay Ha TOOYNOBY Iu(EpEeHIIaTbHOTO PIBHSAHHSA HEOOX1THO
nepeayciM BUPIIIATH, IO PO3IJISAATH SIK HE3aJeKHY 3MIHHY, a 10 AK HIyKaHy
¢yskmito.  [lami, CKOPUCTaBIIMCh yMOBaMH  3ajadi, MOTPIOHO  CKJIAcTH
nudepeHIiaibHe pIBHSAHHS, OEpydyd 10 yBard TeOMETPUYHUN 3MICT 3aaadi abo
BUKOPHCTOBYIOUHM 3aKOHU MPHUPOJO3HABCTBA YU XapaKTep 3MiH, 5Kl BIIOYBarOThCA 13
cuctemoto. Lle nepummii — TBopunii etan podotu. Ha apyromy erami ciif po3B’si3aTu
ckiageHe audepeHiiaibHe pIBHAHHSA | MpoaHaNi3yBaTH OTPUMAHUN PO3B’I30K
3QJIE’KHO BiJ] MOYATKOBUX YMOB 3aJ1aul.

BaxnuBa mizHaBanbHa (DYHKIIS MOJENIOBaHHS — OYTH IMITyJIbCOM, JIKEPEIOM
HOBUX Teopiil. Hepinko Tpamiserbes, MO Teopis CIOYATKy BUHHUKAE Y BUIJISIIL
MO/, 110 Ja€ HaOJIUXKEHe, CIPOIICHE MOACHEHHS SBUIIA, 1 BUCTYNA€E K EPBUHHA
poOoya rimoTe3a, sKa MOXE IEPEePOCTH B «IEPEATEOPIIO» - TMONEPEIHULIIO
PO3BHUHEHOI Teopli. binblie Toro, y mpoueci MojaeltOBaHHS BUHUKAIOTh HOBI 17€i 1
dbopMU  eKCHEpUMEHTY, Ma€ MiCle BIJKPUTTS paHillle HEBIAOMUX (aKTiB.
MopentoBaHHs - HE TUIBKM OJWH 13 3ac00iB BiJIOOpa)XCHHS SBHII 1 IPOIECIB
peanbHOro CBITY, @ i O0’€KTUBHMM MPAKTUYHUNA KPUTEPI MEPEeBIPKU ICTUHHOCTI
HaIlUX 3HaHb, 3/1MCHIOBaHOI Oe3mocepeaHh0 abo 3a JOMOMOTOI0 BHU3HAYEHHS iX
CTaBJICHHS JO IHIIOI TEOPii, IKa BUCTYIA€ K MOJIEb, aICKBAaTHICTh SKO1 BBAXKAIOTh
MPaKTUYHO OOrpyHTOBaHOK. OCKIIBKM MOJEIIOBAHHS 3aCTOCOBYIOTH B OpraHiyHid
€IHOCTI 3 IHIIUMH METOJAMH II3HAHHS, TO BOHO, IIPUPOJIHO, BUCTYIIAE SK IIPOIIEC
noryMOJICHHsI MI3HaHHS, HOTO PyXYy BiJ BIAHOCHO O1THMX Ha iH(OpMalliro MOeIeH 10
Mozelield OUIbIl 3MICTOBHUX, IMOBHIIIE PO3KPUBAE CYTHICTH JIOCHIIKYBaHUX SBUII
IIHACHOCTI.

MaTteMaTiyHe MOJIEIIOBAHHS B €KOJIOTIi CIUJIBHOT - JOCHTH BEJIMKa Taly3b

JTOCITIDKEHHS. 1 32 BUOOpOM OO'€KTIB MOJICNIIOBaHHS, 1 3a HaOOpPOM METOJIB, 1 3a
5



o0carom BUpilIyBaHUX NpoOieM. MareMaThyHi METOJIM 3aCTOCOBYIOTh TAaKOX B
OTHCl IWHAMIKU O10JIOTIYHMX CHUCTeM. B10JIoT14H1 3MIHHI MOXYTh OyTH (YHKIISIMH
TaKUX 3MIHHUX, SK TeMIeparypa, KUIbKICTh TKi, JOBXHHA CBITIOBOro AHS abo
yacToTa 3aXBOpIOBaHb. ICHye /Ba Kilach METOJIB: MOJIETIOBaHHS 3a JOMOMOIOIO
auQepeHiiaJbHuX pPIBHIHb 1 METOAM, WI0 TPYHTYIOTBCA Ha EKCTpeMajbHHUX
npuHnumnax Oionorii. Tak, nudepeHmianbHl pPIBHIHHS TO3BOJIIIOTH OMUCYBATU
JMHAMIKy TPOIECIB Y PEXKHUMI peajJbHOro 4acy, TOJAlI SK BapialliiHi METOIH, SK
MIPaBUIIO, TIepe10avaloTh JUIIE KIHIICBUI CTalllOHAPHUN CTaH CIIBTOBAPHCTBA.
O3HauYeHUMU MOJIETISIMU OIHUCYIOTh MOBEAIHKY CHCTEMH MiJl 4ac MEePexiTHOTO
nepioly BiJ OAHOrO CTaHy 10 1HmIOro. Jlis aHamizy 1i€i karteropii Mojenei
BHBYAIOTH!
® CTPYKTYpYy CUTHaJIIB Ha BXOJl 1 BUXO/1 CUCTEMH;
® pEakKllilo CUCTEMHU Ha OCOOJIMBI EPEBIPOYHI CUTHAIIN;
® BHYTPIUIHIO CTPYKTYpPY CUCTEMHU.
OcTaHHIN MYyHKT peani3yloThb aHAIITHYHUM MOJEIIOBAHHSIM, B OCHOBI SIKOTO
nexaTh nUQeEepeHIialibHl PIBHIHHS, 110 OMHUCYIOTh MPUYUHHO-HACHIIKOBI 3B'SI3KM B
exocucreMi. [lepimnm eranoM aHaIITHYHOTO MOJENIOBaHHA € (hOpMyBaHHS KOHUEII]
MOZEIN 1 CKJIAJaHHS pIBHSHb, IO OMNHUCYIOTh MOBEAIHKY CHCTEMH, HpPH LbOMY
B1/10yBA€THCS CIPOIICHHS PEaIbHOCTI, SIKE, OJIHAK, HE BIUIMBAE HA HANOUIBII CYTTEBI
BJIACTMUBOCTI peasibHOi cuctemu. I[loTIM 3a1MCHIOIOTH TapameTpu3alliio, TOOTO
BH3HAUYCHHS KIJIbKICHUX 3HAYCHb MapaMeTpiB. BUKOHAHHS IIbOTO 3aBJaHHS MOJIUBE
TphoMa criocobamu. Lle:
® OTpUMaHHS TIOTMEPEIHIX OI[IHOK 3HAYeHb [apaMeTpiB Ha OCHOBI
CIIOCTEPEIKEHB;

® 3HAXO/DKCHHS KOMOIHAIM TapameTrpiB, 110 BIAMNOBIIAIOTH MOJEIIOBAHHIO
CUTYyaIlli, K1 TPYHTYIOThCS Ha METO/IaX ONTHUMI3allii mapamMeTpiB;

® OILlIHKA POJIi mapaMeTpiB MOENl 3a JIOMOMOTOK aHaII3y YyTJIMBOCTI, SKUH
BU3HAYAE PEAKI[II0 MOJIeJi Ha 3MIHYy 3HA4Y€Hb MapaMeTpiB 1 pPIiBEHb

NPaBUIIBLHOCTI OL[IHEHUX MapaMeTpiB.



HactynHuii KpoK aHajJiTUYHOT'O MOJICTIOBAHHS - IMITallisl, TOOTO OTPUMAaHHS
PO3B’SI3Ky MOJCIBHUX PIBHSAHB 3a (PIKCOBAaHUX 3HAYCHb MapaMeTpiB 1 MOYATKOBHX
ymoB. | HapemTi, BUnpoOyBaHHs Mojaeli abo0, IHIIMMU CIIOBaMH, TOPIBHSIHHS ii
BUXIJIHUX TIapaMeTpiB 3 BUXIJIHUMHU JaHUMHU CUCTeMH. PO3pi3HAIOTH JBa Criocoou
BUIPOOYBAHHS:

e rMepeBipka (skicHe a00 KiJIbKICHE MOPIBHSAHHS JaHUX, OTPUMAHUX Y pe3yJIbTaTi

MOJIEJIIOBaHHS, 3 JINCHUMU 3HAUYCHHSIMHU ),

® [IepeBipKa 3HAYUMOCTI MOjEINi (MMPOBEACHHS EKCICPUMEHTIB JIsl BUBYCHHS

MOBEIIHKKM MOJENl 1 CUCTEMH s BHUSBICHHS IX CXOJKOCTi, a TaKOX IS

MOPIBHSHHS TEHCHIIN MOBEAIHKYA MOJIEI 1 CUCTEMH).

st pO3KpUTTS JaHOI TEMH 3a OCHOBY B3ATO TEOPil0 JAUQEpeHIaIbHUX
PIBHSHBb 1 JI€dKl 3a7adl OPHUPOAO3HABCTBA, SKI PO3B’A3YIOTh 3a JONOMOIOIO
nudepeHIliaTbHUX PIBHSIHb.

Orxe, naudepeHUladbHl PIBHAHHSA 3aCTOCOBYIOTH Yy  PI3HHUX  Traiy3six
MIPUPOIO3HABCTBA Ta MPUKIAJHUX JAUCIHUIUIIH, a caMme: y GI3UIl 1 MeXaHiml, XiMii 1
OloJiorii, OMMCI TapMOHIYHUX KOJMBaHb Ta Jedopmariii Tiia, MOOYAOBI Pi3HUX
Mozeleld 00MOBHX 1M Ta MOMIMPEHHS €MiIEMiil, pO3paXyHKY TOYHOCTI MAsITHUKOBUX,
BOJISTHUX Ta ITUKJIOiIaTbHUX TOAMHHHUKIB, TOCTIHKEHHI POCTY KIITHH 3 TJIMHOM Yacy
Ta pyHHYBaHHS KJIITHH y 3BYKOBOMY IIOJI, IIBHUJKOCTI CKOPOYEHHSI M'S3iB Ta
IIBUJKOCTI PO3Maay JIKapChKOi PEYOBHHHM, MOJENI MIKBUIOBOI KOHKYPEHII Ta
MOZIeNIl Koormepallii BUIIB, a TaKOX IiJ 4Yac pO3B’s3aHHS 0Oaratbox 3amad y
ryMaHiTapHiid cdepl — aeMmorpadiuHux, COIIOJIOTIYHUX, EKOHOMIYHUX, Y MEIUIUHI,
dapmakosorii, copTi, y pa3l HOCTIKeHHS €()EeKTUBHOCTI peKjIaMu Ta y BUOOPUMX

TEXHOJIOT15X.
1. IIpouec pagioakTMBHOIO Po3MaLy

IIpoyec padioakmusnozo po3nady usHauaoms maxum 3akorom (siKwo Hemae

VMO8 Ol BUHUKHEHHS JIAHYI020801 peakyil). weuokicms posnady, mobmo Y',

NpONOpYilHa HAABHIU KIIbKOCMI padioaKmMueHoi peyo8UuHuU, SKA He PO3NANACA.



Maca m paZi0aKTUBHOI PEYOBMHHM 3 IJIMHOM 4Yacy 3MEHIIYEThCS 13-3a po3mnaiay, abo

MAaTCMAaTHYHOIO MOBOIO:

dy _
dt——w,k>Q

ne Y(t) — KiIbKICTh pEYOBUHH, SIKa HE po3nasiacsi B MOMEHT 4acy t; K — crana posnany,
sKa 3aJICKUTHh BiJ BIACTHMBOCTEH PEYOBMHM; 3HAK MiHYC Mokasye, mo uucio Y(t)
smeHmyeThes (Y(t) — uuciio aToMiB, SIKi HEe PO3ITATIUCS ).

Iarerpytoun, 3a y(to)=Yo, MaemMo

—k(t—to)
Y=Yo € -

OpHi€ero 13 BaXJIMBUX (PI3MYHUX XApaKTEPUCTUK MPOLECY PaTl0aKTHUBHOTO
po3najay € nepioja HamiBpo3naay 1 — MPOMIXKOK Yacy, 3a SIKMM KIJTbKICTh PEUOBUHH,

110 po3naacs, 3MEHIIIUThLCS BIBIYI:
L_yoe ,3Bigcm T = k|n2

Po3zrassaeMo IMPAKTUYIHC 3aCTOCYBAHHA HABCACHHUX TCOPCTUYHUX MipKYBaHB.

3agauya 1
3HalTH 3aKOH PO3Maay pajis, KO BiJloMa HOTO MOYaTKOBA KIJIBKICTh 1 MEP10]]
HamiBpo3mnany 1. SIkuil BiCcOTOK paniro posnaneTrses uepe3 100 pokis, skmuo 7=1600

POKIB?

Po3B’s13aHHs
Hexaii R(t) — ximbkicTs pamito B MmoMeHT yacy t, Toai R(0)=Ro. LlIBuakicTsh

drR : o .
po3mnaay JAOPIBHIOE - dt - Bona Bia’emMHa, TOMy 110 KUIBKICTh PaJil0 3MEHIIYEThCS. 3a

YMOBOIO 3aj1aui

dR
qt = KR, k=>0.

3BiacH

R=Ce ¥, R(0)=Ro=Ce .

R 1
Orxe, C=Ro i R(T) = 7' =Roe™. Tozi e¥'= 5 , pincn



—KkT=-1In2 abo k= In?Z =0,00043.

A mami  R(t) = Roe 00043t gpaxoByroun mouarkoBy yMOBY, OTPMMAEMO TaKHUi

PO3B’SI30K:

R(100
R(100) = Rq e -0.00043-100 RU00) _ ¢ 001 = 0 958 460 95,8%,

Ro

Takum ynHOM, 32 100 pokiB po3naaeTbes 4,2% moyaTKoBOTro 3aracy paiiro.

3agauya 2
3a 30 guiB posnanocs 950% movaTkoBOi KUTBKOCTI pajito. Yepes sikuil yac

saumnThesa 1% Big moYaTKoOBOI KIJIBKOCTI?

Po3B’si3anna
Hexait X(t) — KUIBKICTH pamifo B MOMEHT d4acy t. Bimomo, o MBHIKICTH

PaJI0aKTUBHOTO PO3MaAY MPOIMOPIliHA KIIBKOCTI PEYOBUHH:

dx dx

dt——kx k>0; — =kt INnx=—kt+InC; x=CeM

3aKOH 3MIHU KIJTbKOCT1 PEYOBUHH 3 YACOM MA€ BUTJISL
X(t) = x(0)e ™.
3a ymoBow 3amaui 3a 30 gHiB posmaniock 50% MOYAaTKOBOT KUIBKOCTI
pamioakTuBHOI pedoBuHH, ToOTO X(f) = 0,5%(0). Ockinbku t=30 aHIB, TO MaEMO

CII1BBITHOIIICHHS.

N

1 1
5 X(0) = x(0) g 30k =eg3%k In 5 =In g% In2=30k;

In2 —t
In 2 2 =
k=5 3sizcn x(®)=x(0) e % =x(0)2%.

Otxe, X(t) = x(0) 230 — 3aK0H 3MiHHU KIJIBKOCTI PEUOBHUHU 3 4aCOM.

3Haiinemo yac, 3a kil 3anumuThes 1% pevoBUHU, MIJACTABISAIOYN B PIBHSIHHS

X(t) =0,01x(0), oTprMaemMo TaKi CITiBBIAHOIIICHHS
—t —t

t t
0,01-x(0) = x(0)-230; 0,01 =230; 1g0,01= -30 lg 2; —2=-33 lg 2.



: 0 : .
3Biacu t = Ig 2 ~ 200 guiB. Takum unHOM, pubIU3HO yepe3 200 AHIB 3aTUIIUTHCS

1% BiJ ITOYaTKOBOI KUILKOCTI.

3agaua 3

3riJIHO 3 JOCHIIAaMH MPOTITOM POKY 13 KOXKHOTO rpama pajiio po3nagacTbCs

0,44 mr. Yepes CKUTbKH POKIB PO3MAJETHCS MOJIOBUHA HASBHOT KIJIBKOCTI paiito?

Po3B’s13anns

Hexaii y mouaTkoBuii MOMEHT 4acy KiabKicTh pedoBunu y(0) mopiBHIOE Ro.
R
Toni uepes pik y(1)= 0,99956R,, a 3a namiBnepion po3mnany y(T) = ?0 :

3aKOH 3MIHH KUIBKOCTI pEYOBHUHU 3 YACOM MA€ TAKUW BUTJISIA:
y(t)=Ce™, y(0)=Ce™*®, C=R, abo Yy(t)=Ree™, y(1)=Roe™*=0,99956R,.

3Bincu  €%=0,99956 a6o k =—In 0,99956.

t(In0,99956
ell )

TaxuMm unnOM, Y(t) = Ro a6o y(t) = Ro(0,99956)',

R 1 1
Y(T) = Ro(0,99956)" = 2%, Omxe 5 = (0,99956)" ago In3; = T-In(0,99956) .

In(0,5 :
_In(0.5) ~1600 pokis.

OTpiMaEMo, 1o HaMiBIIEpion posnally AopisHIoe T =15 goq55Y ~

3agaua 4

[IImartok ripcekoi nopoau Mictuth 100 mMr ypany 1 14 Mr ypaHOBOro CBHHIIIO.
Bimomo, mo ypan posmagacThes HamonoBuHy 3a 4,5-10° pokis i mo y Bumaaky
MOBHOTO po3mnany 238 r ypaHy yTtBoproeThess 206 © ypaHOBOTO CBUHIN. BHU3HAYITH
BIK TIpChKOi TOPOJH, 3BakKaloud, 110 B MOMEHT YTBOPEHHS TipCchbKa MOpojJa He
MICTUJIa CBUHIIIO, Ta HEXTYIOUM HASBHICTIO MPOMDKHHMX PaJi0aKTUBHUX TPOIYKTIB

MIXK YPaHOM 1 CBUHLIEM.

Po3B’si3anHna

Hexaii y(t) — KiJbKICTh Pai0AKTUBHOT PEYOBHHUA B MOMEHT 4acy t, TOJi 3aKOH
3MIHU KIJTBKOCTI PEYOBUHHU 3 4aCOM HaOy/le BUTIISIY:
y(t)=Ce—kt.
CKOpHCTaBIIMCh 3HAYEHHAM HamiBnepiomy posnamy T=4,5-10°, Buzaunmo k:

10



_In2 In2

Yo _
=T T4510°

yM=yQ)ye =%, —kT= Ins. kT=In2, k

VY nanuit MomeHT vacy Y(t)=100, 3 inmoro 60Ky,

tIn2 t

y(t) = y(0)e 519 = y(0)2 4510

t

238 '
ne y(0)=100+14 - 506 — 116,2 r . Taxum unnom, 100 =116,2-2 4510 abo

t

1,162 = 24510 ; 191,162 = 12.

_t
4,5-10°

Ig1,162 :
OTxe, BIK FpChbKOT TOPOAU CTAaHOBUTH t = 4,5- 109——g|gT ~ 970-10° poxis.

3amaua 5

3a yac At (At — qyxe Mana BeIMYMHA, BUPAKCHA B YACTUHAX POKY) i3 KOXKHOTO
rpama pamiro posmamaeTses 0,00044At T 1 yrBOproethes 0,00043A¢ T pamony.
3 KOXHOro rpama pagoHy 3a yac Af¢ posnamaerbes [0Ar r. Konam KUTbKICTb
YTBOPEHOT'O PaJIOHy 1 paJioHy, SIKUM Ie HEe po3MaBcs, OyJe HalOUIbIIO, SKIIO Ha

MOYaTKy JOCIiIy OYyJIO Xo T YUCTOTO pasito?

Po3B’s13anus

BusHaunmo crodatky KibkicTh pafito X(t) B MomeHT vacy t. 3a yac At i3 1 r
pamiro posnamaerbes 0,00044A¢ 1, me o3Hawae, mo i3 X(f) T po3mamaeThes
0,00044A¢:x(t) r. TakuM YMHOM, KUTBKICTB pajist B MOMEHT t + At 10opiBHIOE

X(t+ Af)=x(t) — 0,0044A¢:x(t),

3BIJICH
X(#+Af) —x(t
( A)t (1 = 0,00044 x(t).
VY pa3si nmepexoay 1o mexi, koiau At — 0, oTpumaemo qt=- 0,00044 x;

dx
= —/0,00044 dt; In|x| =—0,00044t + In C; x = Ce 0.00044t

3a yMOBOIO 3a/1a4i B oyaTkoBUit MOMeHT dacy X(0) = Xo, Tosi
X(O) =C1l=Xy => C= Xo; X(t) = e —0,00044t

11



Hexaii y(f) — kinbKicTh pamoHy B MOMeHT udacy t. 3a gac Af i3 1 T pagiro
ytBoputhes 0,00043 r pagony, a 3 1 r pagony posmnanerbes /0Az r. Ile o3nauae, 1o i3
X(t) T pamito yrBoputbes 0,00043A7:x(t) T pamony, i3 Y(t) T pamoHy po3mangeThCs
70Aty(t) r. Takum YuHOM, KUIBKICTh paZiOHy B MOMEHT ¢ + At TOPIBHIOE

y(t + Af) = y(t) + 0,00043-x(t)-At — 70-At-y(t) ,
3BiZICH

X(¢ + A7) — x (1)
At

= 0,00043X(t) — 70 y(1).

VY pasi nmepexoay 1o Mexi, komu At — 0, oTpumaemo:
y' =0,00043-x — 70y;
y' = 0,00043x, e00004t_70.y,

P03B’skeMO BINOBIIHE OHOPIAHE PIBHSHHS:

%% =—10; ngy =— [70dt; In]y] =70t + InCy; y=C; ™,

[Toxnamemo C; = Cy(t) 1 mijicTaBUMO Y BUXITHE PIBHSHHS:
(Cie ™) =0,00043 xo 0% _70-C; &%

Ci'+e7=0,00043 xoe 0% C;'=0,00043 x, €695,

Co = 0,00043 - xg - 8999956t
1T 69,99956

+ C ; C1=~0,0000061 Xo 59996t + C

3BIACH
y(t) = Cy - e 7 = 0,0000061 X, €004t 4 C o770t
3a 3mictom 3amaui Y(0) =0, Tomi
y(0) = 0,0000061xp1 + C-1=0;  C =0,0000061x,.

3HaiiieMo eKCTpeMyM AaHoi PYHKIT:
y' =0,0000061- xo - (—0,00044-¢ 000044t + 70770 = Q;
~0,00044-¢70:00034t 4 70.¢70 = 0; 70-¢7'% = 0,00044-¢000044t,

e70,00044t —

= 0,00044 ~ 1590909; 70,000447 = In 1590909 ~ 11,977.

3Biacu t =~ 0,171 (pokiB). OTke, KUIbKICTh YTBOPEHOTO PAJIOHY 1 PAJIOHY, SKUH IIe HE
posmagcs, 0yae makcumanbHoto uepes 0,171 pokis abo 0,171-365 = 62 mHi.
12



2. XimivHi peakuii

Lllsuokicme ximiunoi peaxyii nponopyitina 000ymKy mac, sKi peazyrome.
Hexait X — KUIbKICTh peYOBHMHH X, y SKy IepeXoAuTh pedoBrHa A (& —
MOYaTKOBA KUIbKICTh pedoBUHU A). Tosl MBUAKICTH peakilii mpornopiiiHa KITbKOCTI

PEUYOBHMHH, L0 HE IIpopearynajia, To0To

k — xoedirient npomopuiinocTi (K > 0).
Hami, Hexall y pedyoBUHY X mepexosarh pedoBuHH A 1 B. IIIBuaKicTh peakiii
MpOMOopIiiiHa JOOYTKY Mac, sIKl pearyroTh:

dx

at = k(a—x)(b—x) (b — mouaTkoBa KiJbKiCTh peuoBUHH B).

Lllsuoxicmo po3uurnenHs meepooi peuosuHu 6 piOuHi NPONopyitiHa:

® DI3HUIII MK KOHILEHTPAIUEI0 PO3YMHY B JaHUM MOMEHT 1 KOHIICHTPAIIIEI0
HAaCHMYEHOTO PO3UYHHY;

® KUIBKOCTI HEPO3UYMHEHOI pEYOBUHH.

Po3risiHeMo npakTHYHE 3aCTOCYBaHHS HaBEIEHHUX TEOPETUYHUX MIPKYBaHb.

3agaua 6

3HANTH 3aJIEKHICTh Mk KUIBKICTIO PO3YMHEHOI peduoBUHHU 1 yacoMm. [lokmactuy,
0 3a IMOCTIHHOT TeMIlepaTypu MIBHIAKICTh PO3YMHEHHS TBEPJOro Tila y PLAMHI
MPOMOPI[IiHA KUIBKOCTI Ii€1 K PEYOBMHH, SIKa II€ MOXKE PO3UMHUTHCS y PIJIMHI JI0

HAaCUYEHHSA OCTAaHHBOI.

Po3B’s13aHHs
Hexait P — KiIbKICTh PEUOBUHH, IO JA€ HACUYEHUN PO3YMH, 1 X — KUIBKICTh

PEYOBHHH, sKa BxKe po3unHuiacs. Tomi

dx

4t = k(Px) ,

ne k — xoedimieHT nmpomopititHocTi (BigoMuii 3 gociiay), a t — vac.

Po3B'si3ytoun piBHSHHS, OTPUMAEMO HACTYITHE:

13



dx
(P—x)

V nouarkosuii MomenT t=0, x=0, Tomy C = —P, 3Bigcu X(t) = P(1-e™).

; In(x-P) = —kt+InC ; x = P+Ce™,

OcTaHHE CHIBBITHOILIEHHS OIMUCY€E 3aJEKHICTh MK KUIBKICTIO PO3YHMHEHO1

PEUYOBUHU 1 4aCOM.

3anaua 7

Y pesynprari XiMigHOi peakmii Mik pedoBuHamu A | B yTBOproerncs
pedoBrHa C. YCTaHOBITH 3aJI€KHICTh KUIBKOCTI pedoBMHU C Bim dYacy, SKIIO [0
MOMEHTY BCTYITy B PEaKI[i}0 KUIBKICTh pEYOBHHU A JOpiBHIOBAJIA &, a PEYOBHHH B

nopiBHioBaia b.

Po3B’sa3anuna

Hexait X = X(t) - xinbkicte pedoBuHu C uepe3 4dac t micis moyaTKy peakiiii,

ax

di” MIBUKICTH YTBOpeHHs peuoBuHH C. 3a yMOBOIO 3a7aui

d = k(ax)(b—x) , k>0,

ne K — koedirienT nponopuidHocTi. Po3aiisiroun 3MiHHI, MAEMO HACTYITHHIA BUPA3

dx dx dx
(@ax)(b—x) ~ kdt a6o a xb - —k(b—a)dt .
[IpoinTerpyBaBiiiy, OTPUMAEMO CITIBBITHOIIECHHS
X— a 7k(k:ka)t
b= =Ce
a Xx-a a
I3 ymosu, mo x(0)=0, snaxommmo C =i, T0610 | —p' = Be*k(b at

Po3B’s13aBI11IM OCTaHHE PIBHSHHS BITHOCHO X, 3HAXOJAMMO IIyKaHY 3aJ€KHICTh:
—k(b-a)t

1-e
X(t) =ab “k(b-a)t -
b—ae

3a t— ooy Bumaaky b >a maemo X(t) — a; qia b<a maemo x(t) —b.

dx 1
Jlns a=b piBHAHHSA peakiiii MaTHMe BUTIISAA qt = = k(a—x)?. 3131;[(:1/1 ~—o=kt+C.

14



1

a 1 OTPUMAEMO 3aJICKHICTD

3 ymogw, 1o X(0)=0, 3naitnemo C =

1
a(1-Toakt)-

B a
X=a-71yakt

Takum yrHOM, KUIBKICTh peyoBHHU X(t)—a y Bunagky t — oo,

3. BioJioriuni 3agaui

Jami po3risHeMo MOJeni, sIKi 3aCTOCOBYIOTh B ONHUCI JUHAMIKUA O10JIOT1YHUX
cucreM. biosoriyai 3MiHHI MOXYTh OyTH (QYHKIISIMH TaKuX 3MIHHHX, SK
TeMIeparypa, KUIbKICTh %Ki, IOBXKHHA CBITJIOBOTO JHS a00 4acTOTa 3aXBOPIOBAaHb.
OOMEXUMOCS  PO3TJIISIZIOM YHUCEJNBHOCTI TMOMYJIALIl JIEIKOTO BHUAY B 3aJaHOMY
CEpeOBHILI K PYHKIII yacy.

VY nuckpeTHux mMojensax 010JI0T14HI 3MiHHI (3a3BUYail YUCENBbHICTh a00 PO3MIp
MOMYJIAALI{) BUMIPIOIOTh B IUCKPETHI MOMEHTH Yacy. Y BIJNOBIIHUX Oe3MepepBHUX
Mojensix OiojioriuHa 3MiHHA € Oe3mepepBHa (¢yHkiis dvacy. Ilix yac omucy
O10JIOTIYHUX CHCTEM JOIMUIbHI oOuaBa miaxomau. besmepepBHi Mojenl Oinblie
MIIXOATh JJIE OMUCY POCTY JyXK€ BEIMKUX TMOMYJSIiN, TaKuX, HAMpUKIad, SK
nonyJisinii  Oakrepid. HaBmaku, mnomynsmii  piLAKICHUX — BUIIB,  HAIMPUKIAA
aMEPUKAHCBKOTO KYpaBlisi, Kpaile OMUCYBaTH JUCKPETHUMU MOJEISIMHU, IO
BIIMOBIAIOTH IIOJICHHUM, IIIOMICSTYHUM a00 IIOPIYHUM MEePEnrcaMm.

VY 6e3nepepBHUX MOJENAX X(t) ABISE COOOI0 YUCEIBHICTD (PO3MIp) TOMY AT
JIESIKOTO BUJy B JAHOMY CEpPEIOBUII, K (PyHKIliI0 yacy. Buxinniii, abo moyaTKoBii,
nomyJsii Bigmosimae x(t), i BIAMIHHOCTI MOMyJIALii B Yaci OMHUCYIOTh (DYHKI[IEO
x(t).

PosrnsHemo nexinbka KiaciB 010J0TTYHUX 3a]1a4.

3axon pO3MHOJCEHHA BU3HAYAIOMb 3a  Pe3VIbMamamu  eKCHepuUMeHmie:
WBUOKICMb PO3ZMHONCEHHsT Nponopyitna Kitbkocmi cy6 'ekmis (baxmepii, ocobu,
napu ma in.). TaKUM 9YUHOM, MaTeMAaTUYHY MOJECIb JUHAMIKHA OIS MOXHA

OMHCATH PIBHIHHSIM

dy _
dt_ky’ k>0,
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npu nboMy K MOKHA TakoX 300pasuTu sk K=m-n, me M — koedillieHT BiIHOCHOT
IIBUIKOCT1 HAPOJKYBAHOCTI, a N — KOS(IIIEHT BITHOCHOI IIIBUIKOCTI BMUPAHHSI.
3aoaua npo mupne cnigicrnysanns («xudcax-scepmear)
Ha 3acenenomy octpoBi ®kuByTh 2 1ieMeHi. N1 1 N2 — KUTBKICTB JIH0JIeH y Tiepiiomy 1
y ApyroMy IUIEMEHax BiAmoBinHO. [lepie mem'ss — MECIUBIN, IPYyTe — JIF0I0KEPH.
1. Sxmio Ou >KUIU TIIBKU MPEACTaBHUKHU MEPIIOro IUIEMEHI, TO iX KUIBbKICTh

3MiHIOBanacs 0 3a HaCTYITHUM 3aKOHOM

dN
d_tl =g1N; , &>0

(ToOTO 3pocTana MPOIOPIIHHO YUCITY JIFOJICH IIi€l KaTeropii).
2. Y BUNAJKY SIKIIO O KWJIO TUIBKHM JIpyre Ijem's, TO KUIbKICTh HOro 4JeHiB

3MeHIITyBajgacsa 0 3a 3aKOHOM

dN
d_tz =N, , €,>0

(ToOTO MIIEeM'ss BUMHPAJIo OU BiJl TOJIONY).

3. 3BaXkar04yM Ha T€, 10 BOHU >KUBYTh Pa3oM, TO €1 3MEHIIUTHCS MPOMOPLIIHO
yuciy xuteniB N, a € 30UbIUTECA TponopuiitHo N1, TOOTO OTpUMaEMO cUCTEMY
nudepeHIliaTbHUX PIBHIHB!

dN
d_tl = (81—Y1N2)N1

dN
d_t2 =— (82—Y2 Nl)NZ

Po3B’s13yt0un 110 cuCTeMy, OTPUMAEMO IIyKaHy KUIBKICTh JIFOJEH Mepuioro i
JPYroro MjieMeHi BiAMOBIAHO
N1 = Ni(t,e1,82,71,y2),
N2 = Na(t,e1,€2,71,Y2).
J10/1aTKOB1 YMOBH BCTaHOBITIOIOTHCS 3 €KCIIEPUMEHTAIBHUX JaHUX.
Po3B'si30k  1mi€i 3amavyi Mae KOJMMBAJbHUN XapakTep, OCKUIBKH PO3MIpH
MOMYJISAIIA XMKAKIB 1 JKEPTB TOMEPEMIHHO, ajie HE OJHOYACHO, TO CIAaaloTh, TO

3pOCTaIOTh.
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KonuBanbHi KpUBI XapakTepHi s 0araTthox OiosioriyHux mpoieciB. CkiiaiHi
1000B1, MICSYHI 1 piuHI O610JIOT1YHI PUTMHU OaraThb0X POCIUH 1 TBAPUH SIBJISIOTH COOOIO
MPUKIAAN TPUPOJHUYUX KOJIMBaHb. [HIMTUMU TpPUKIaTaMd MOXYTh BHUCTYMATH
SIBUIIA, TIOB'sI3aH1 3 HEPBOBOIO CUCTEMOIO 1 11 po3nagamu. MoxHa BUAUIMTH TPHU Pi3HI
THTHA KOJINBAHb:

e po3Max ado aMIUTITYy/J]a KOJIMBaHb criagae adbo 3poCTae 3 4acow,
® aMIUTITY/Ia € CTaja, aje 3MIHIOETHCS 9aCTOTa KOJTUBAHb;
® 1aMmIuITy[a, 1 YacTOTa 3MIHIOIOTHCS 3 YaCOM, KOKHA 33 BIACHUM 3aKOHOM.

T'apmounitinuu ocyunamop

PiBusuus  x"(t) + w?x(t) =0 saBasge cobol0  pIBHAHHA  [IPOCTOTO
TFapMOHIMHOTO PYXY, SKMW 4acTO BUHMUKAE B O10JIOTIYHUX 3aj[a4yax, 110 HAJIeXaTh 10
NeploIUYHUX a00 KOJIMBAIBHUX SIBUL] 1 mporeciB. TyT @ - nilicHa MO3UTHBHA CTaja.
Xapakrepuctuyne piBHsHHA A% + w? = 0 mae kopedi A, =ati. V naHomy
Bunajgky o« = 0 1 3 = w. 3aranbHul po3B SI30K Ma€ BUTIISI

x(t) = kycoswt + k,sinwt.
Sxmio Bigomi x(0)i x'(0) To MmoskHa 3HaWTH k4 1 k,. OCKIIBKH
x(0) =ky, x'(0) =k,w,
TO PO3B 130K MOKHA 3aIIMCATH Y BUTIISIL
x(t) = x(0)coswt + [x' (0)/w]sinwt.
[leit po3B's130K BiAIOBIA€ MEPIOAUIHOMY PYXY 3 Tiepiogom 2 T/ w.
Mooens cezonno20 spocmanms

JudepenuianbHe piBHAHHSA MEPIIOTO MOPSIAKY

dx ©
— = rx(t)cost
dt ’
IS t — IIO3UTHBHA CTajla, MOXXHa pO3FJ'IHI[aTI/I AK HpOCTy MOACIb CC30HHOI'O

. dx .
3poctaHHs. [IIBUAKICTE 3pOCTaHHS ¢ onyJisiuil x(t) crae TOMEPEeMiHHO TO

MMO3UTHUBHOIO, TO HETATUBHOIO, 1 TIOMYJIALIS TO 3POCTAE, TO 3MEHITYEThCS. [IpudarHOI0
TOTO € Ce30HHUH (hakTOp, HANPUKIA] JOCTymHICTh ki, [1[06 po3B’s3atu piBHSHHS,

B1JIOKPEMUMO 3MiHHI 1 BUKOHAEMO 1HTETpyBaHHS.
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3araneHHil PO3B A30K pIBHSAHHS 3amumeMo y Buraami  x(t) = ce”S™M,
Beaxaroun t = 0, orpumaemo ¢ = x(0), T06TO po3mip momyismii B MOMEHT {
nopiBHioBatiMe  x(t) = x(0)e”", MakcuManbHUi po3Mip TOMyJIALil, IO
nopieaioe e”x(0), mocsraetbes 3a t=m/2,5m/2,91/2,..., xomu sint = 1.
Minimaneauii  po3mip,  gopiBHroBanmii e "x(0), gocsraetecss 3a t =
3n/2, 7n/2, 11m/2,..., Koausint = —1.

VYV miii momemi po3mip momyisiii koimBaethess Bim e’ x(0) mo e " x(0)
3 mepiogoMm 2m. MomeHntu vacy t = 0, 21, 41 MOXKHA BBa)KaTU IIEHTPAMU CE30HIB
HaWOIBIIOI  AOCTYymHOCTI 1KI  (JIITHIX CE30HIB), a MOMEHTH t = T, 3, 5™
BIIMOBIAIOTh CEpPEMHAM CE30HIB HaWOLIbIIOT HecTadl DKi (3MMOBHX CE30HIB).
TpuBanicTb 0OJHOrO poOKy BIJMOBIIAE 27T OJMHULIL YaCy.

Jlo 1poro Kiacy 3aja4 BiZHOCSATh TaKOX MOJICIb €MiaeMii, 3a/1ady Mi>KBUIOBOI
(aHAQJIOT1YHO €KOHOMIYHO1) KOHKYPEHIIIi Ta 1H.

Mooenwv enioemii

CninbHOTa 3 N IHAUMBIAYYMIB TIJJIA€ThCS BIUIMBY PIAKOTO 1HGEKIIITHOTO
3aXBOPIOBaHHS. Y OyJb-KHMI MOMEHT 4acy t CHIBTOBapUCTBO MIAPO3AUIAETHCA Ha
x(t) copuiiasTauBux, Y(t) Takux, IO 3apa)kalOThCS Ta KOHTAKTYIOTh 3 1HIIHMH, i
z(t) 1301p0BaHMX, MOMEPIUX a00 TAKMX, IO BOJOMIIOTH IMyHITECTOM, 1HIUBIIYYMIiB.
Hexaii couatky y(t) i z(t) mami B mopiBHsHHI 3 X(t). Mozenb MOMIMPEHHS 1[HOTO

3aXBOPIOBAHH:A OIIMCYIOTHh TAKOKO CUCTCMOIO piBHHHI)

rdx _ )
1Y Bx(0)
dz B

ne B 1y — NO3WUTHUBHI CTaidi, IO BiIOOpaXarOTh IIBUIKOCTI, 3 SIKUMHU BIJMOBIIHO
COPUMHATIMBI 1HAUBIAYYMH 3apa’katOThCsl 1 3apa)KeHl 130JI0I0ThCS, BMUPAIOTh a00
HaOyBaroTh iMyHiTeTy. IloyatkoBi ymoBu Tpbhox rpym x(0),y(0),z(0) moB’s3aHi
CHIBBITHOIIICHHSIM
z(0) =n—x(0) — y(0).
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Hecknaano nokasarty, 1o 3a ymoBu fx(0) < y 3aXxBOPIOBaHHS HE MPHU3BOJISTH JI0
emigemii. Bummagok, komu fx(0) > y, DOCTiANTH CaMOCTIHHO.
Mooenb mideudo80i KOHKYypeHyii
JliHIMHY cHCTEeMy MOXKHA PO3TJISJATH SK IMPOCTY MOJCNIbh B3a€EMOJII BHJIIB,
skmo x(t) i y(t) BiAMOBIZAIOTH YHCEIBHOCTI KOKHOTO 3 JBOX BHIB, INPUCYTHIX B
JAHOMY CEepeJIOBUIIl, B MOMEHT 4acy 1. SIkio o6uaBa BUIM KOHKYPYIOTh 32 3arajibHi
pecypcd, TO B MOJeNl 1€ MOXKHa BpPaxXOBYBaTH 3 JOMOMOIOI0 HEraTMBHUX
koe(irmieHTiB a;, 1 a,; Skmo, Hampukiaa, KoeDimieHT a,, HEraTUBHUN, TO
MIBUAKICTh 3POCTAHHS MOMYJIALII MEepuioro BUAy OyJe chmaaatd B MIpy pOCTY
nonyJisitii Apyroro. MoIMBI TUITH B3a€MO/I1i BUAIB MOKHA MPOLTIOCTPYBATH TAKOIO
MOJIETLTIO.
OpHopigHa JiHIHA cUcTeMa
x'(t) = 2x(t) — y ()
y'() = x(t) = 2y(t)
OMKCY€ B3aEMHHUH BIUTMB TOMYJIAIIi TBOX KOHKYPYIOUHMX BHUIIB Ha IIBUAKOCTI IX
3pocranss. [Tpumyctumo, mo movarkosi nmomyssiii HamiayroTs X(0)=100 i y(0)=200
oci0. [ToTpiOHO 3HAWTH YKMCENBHOCTI 000X BUJIIB B Oy/Ab-SKUI HACTyHMHUN MOMEHT
yacy. Jludepeniiroroun nepuie piBHIHHSA, OTPUMYEMO
x"(t) = 2x"(t) — y'(0),
VY npyre piBHSHHS CHCTEMH TiACTaBsieMO Y(t) 3 MEPIIOro PiBHIHHS:
y'(t) = —x(0) + 2y(t) = —x(t) + 2[2x(¢) — x" ()]
Taxum urHOM, X (t) 3a10BOJILHSIE HACTYITHE PIBHSIHHS APYTOTO MOPSIKY
x""(t) —4x'(t) + 3x(t) = 0.
Moro 3aranbHuil po3B 30K Ma€ BULIISAL
x(t) = ke3t + kyet,
ne kqi k, — crani. 3 nepmoro piBHSIHHS CUCTEMH OTPUMYEMO
y(t) = 2x(t) — x'(t) = —k,e3" + kyet.
[TouatkoBi  momynsamii  ckiagaroth  Bimmoeimno — x(0) = 100, y(0) = 200.

Ile o3nauae, mo k; + k, = 1001 -k, + k, = 200, To610 k; = =501 k, = 150.
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HlykaHuM po3B A3KOM CHCTEMHU € mapa QyHKIIIH
x(t) = 150et —50e3t i y(t) = 150e’ — 50e3t.

BuMHpaHHs TepIIoro BHay BinOyBaeTbcs, komu 150et — 50e3t = 0, to6To
xomu e2t = 3. Ile mae micue 3a t = (1/2)log,3 ~ 0,552 ox. yacy. 3a 0,552 ox. yacy
APYTHIA BUJT TIPOIOBIKYE 3pOCTATH BIAMOBIAHO 10 piBHsHHSA Y = 2y/(t).

Horo 3araapHuil po3B’ 30K €

() = y(t)e? =),
Sxkmo ty = (1/2)loge.3 1 y(ty) = 150e’ + 50e3%0  pinOyBacThcs 3pOCTaHHS
HOIYJIAIIT PYTOro BULY IMiCsl BUMUPAHHS MIEPIIOTO.

Brympiwnvogenne xapuy8anus 210oK03010

BnuB rioko3u B KPOBOHOCHY CUCTEMY € BaXKIIMBA JIIKYBaJlbHA mporeaypa. Jis
BHUBYCHHS [IHOTO MPOIIECY BU3HAYMMO G (t) SIK KiJIbKICTh TJIFOKO3U B KPOBI MAIli€HTA B
MoMeHT dacy 1. [lpumycTumMo, MmO TJFOKO3a BBOAWTHCS B KPOB 3 TOCTIHHOIO
MIBUJKICTIO. Y TOH K€ 4ac TII0KO3a PO3KIAAE€ThCS 1 BUIANSETHCS 3 KPOBOHOCHOI
CUCTEMH 31 IIBUJIKICTIO, IPOMOPLIMHOIO HASIBHIN KUIBKOCTI TITFOKO3H.

Takum umHom, ¢yHkiis G(t) 3amoBoibHSIE auUBEPCHIliATbHE PIBHIHHS

MEPUIOTO MOPSIAKY
dG
dt

7€ & — no3uTUBHA cTaia. OTpuManu HEOJHOPIAHE JHIMHE TudepeHiaTbHe PIBHIHHS

=c—aG,

niepioro mopsaky. 11106 po3B’s3aTu 11e piBHIHHS, 3aIUIIIEMO HOTO Y BUTIISIII
dG/dt + aG = c.
3aCTOCOBYIOUM METOJl 1HTErPyIHOUOro MHOXXHUKA, TOMHOXHBIITUM OOUABI YaCTUHU

piBHAHHS Ha €%, OTpMMAacMO PiBHAHHS y BULIISI
4 (eG(t)) = ce™*
dt

[HTErpyroun, oTpuMyeMo 3araJbHAN PO3B 130K
e®G(t) =k + (c/a)e*,
ne k — crana inrerpyBants. OCTaTOYHO 3arajibHUN PO3B SI30K Ma€ BUIIIS]
G(t) = ke ** +c/a.
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Crairy K MO’kHA BUPA3UTH Yepe3 MOYATKOBY KiIbKICTh IIIIOK03H B KpoBi G (0). Maemo
G(0) = k + c/a. Orxe, 3araabHHUI PO3B I30K MOKHA 3AIMCATH Y BUTJISII
G(t) = ‘ G(0 ‘] e-at
© =—+[60) —=] e,

3i 30inbmIeHHEIM Yacy G (t) HaOIMKaeThCs 10 MEXKi, 1m0 AopiBHioe c/a. Le i €
PIBHOBaXKHA KUIBKICTh TJIFOKO3H B KPOBI.

Mooenv koonepayii 6udie

[Tpumyctumo, 1mo aBa BUAU TepeOdyBalOTh Yy CTOCYHKax cUMOio3y, TOOTO
HOMYJIAIIST KOYKHOTO BHJTy 3pOCTa€E MPOIOPIIIHHO YHCEIBHOCTI 1HIIIOTO, a 3MCHILICHHS
MOMYJISALIA KOXXKHOTO BHUAY Oy/IeMO BBa)KaTW MNPOMOPLIMHUM CBOIH YHCEIBHOCTI.
Mopernto Takoi MOBEIIHKH MOITYJISIIiN MOXKe CITY>KUTH JIiHIHHA CUCTEMA

x'(t) = —2x(t) + 4y(t),
y' () = x(t) — 2y(¢).

[ToTpiOHO 3HAWTH YHCENBHOCTI BHJIB B yCl HACTYIHI MOMEHTH dYacy, SKIIO
noyaTkoBi  momyssarii  Hamigyote x(0) = 1001 y(0) = 300 oci6. Illmsxom
au(epeHIifoBaHHs 1 BUKIIOUeHHs Y (t) 3HaX0AUMO, 10

x"(t) +4x'(t) = 0.
KopeHsMH XapaKTepuCTHYHOTO PiBHAHHSA A2 +4A =0 ¢ A, =0 i A, = —4,

3arajabHUM PO3B SI30K MA€ TAKWI BUTJISA:

x(t) ES k1€0t + k23_4t - k1 + k26_4t,

y(t) = (%) [x'(t) + 2x(t)] = (%) — (%) o4t

3acCTOCOBYIOUYM NTOYATKOBI YMOBH, OTPUMYEMO CITiBBIITHOIICHHS
x(0) =ky+k, =100 i y(0) = (k/2) — (k,/2) = 300,
3Bigcu k; = 350, k, = —250.
[IlykaHuM po3B’ SI3KOM CUCTEMH € Tlapa PyHKITiH

{x(t) = 350 — 250e "%,
y(t) = 175 + 125 %,

[TomyssAwist mepmoro BUAY 3pOCTae BiJ NepiIonoyarkoBoro po3mipy B 100 ocid

10 MexoBoro po3Mmipy 350. KinbkicTh Apyroro BUIy CHaa€e Bij MEPIIONOYATKOBOTO
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po3mipy B 300 oci6 1o mexoBoro po3Mmipy 175. MexoBi po3mipu BIINIOBIIaIOTh
PIBHOBAKHUM TOMYJISAIISAM JIBOX BHJIIB, SIKI MOXYTh HMIATPUMYBATH OJIHE OJHOTO B
JTAHOMY CEPEIOBHIIII.

Jlocicmuyune 3pocmanns

[IBuaKICT, POCTY MOMYJIALIl y PO3paxyHKy Ha OJIHY OCOO0Y sIBJsi€ CO0OI0
PI3HUINI0 MDK CEpeIHBOI0 HApOJ/KYBAHICTIO 1 CEPEeIHBOI0 CMEPTHICTIO. bynemo
BBAXKATH, IO CEPEIHS HAPOKYBaHICTb BUPAKAETHCS MO3UTUBHOIO CTAJOI0, IO HE
3aJIeKUTh Big dacy t i posmipy momymsiii x(t). IIpUIycTHMO TaKoX, IO CEPETHS
CMEPTHICTh MPOMOPIiHA PO3MIpy MOMmyJIAil i gopiBHIOE 8x(t), A€ 6 — MO3UTHUBHA
cTana. 30UIBIICHHS] CMEPTHOCTI 13 3pOCTAaHHAM MOIMYJIAIIi MOXe BiOyBaTUCS 4epes
edeKTH CKym4eHOCTi abo MiJCUJICHHS KOHKYPEHIIli 3a JOCTYITHI XapyoBl PECypCH.
JUist 1aHoi MoJeni piBHSAHHA, SIKOMY MiAMOPSAKOBYETHCS 3pOCTaHHS MOMYJIALIi, Ma€e

BUTJIA

1dx dx
—— =f—8x abo E=x(6_8x)'

Binokpemittoroun 3MiHHI, OTPUMYEMO TaKUW BUPA3:

jﬁdxzjdt.

3ayBaXUMO, IO MIHTErpaabHy (QYHKIII0 MOXKHA PO3KJIACTH Ha eIeMEHTapH1 Apoou

S S
x(B—8x)  Bx  B(B—5x)

IHTErpyo4yu, OTPUMAEMO HACTYITHUNA BUPA3;

%f%dx+%j8_18xdxzjdt,

3B1ICH
1, +8( 1)1 (B—6x) =t +
—log.x+=|—=]lo —0x) = C.
B ge B 8 ge

Takum ynHOM, Ma€EMO 3arajbHUM 1HTErpas
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1 1 X
E[logex —log.(B—6x)] = Eloge 5= ox =t+c.
SIxmo x(0) € po3Mip MOYATKOBOI HOMYJIALIiI, TO
1l x(0) ]
=log|m———=<|=c
B % [B—8x(®)

Toni s BusHaueHds x(t) MaeMo CITiBBIIHOIIEHHS

x(t) x(0)

IO B O

abo

log, XO(B = 8x(®) _
x(0)(B — 8x(1))
[lepexoasum 10 €KCIIOHEHTH, OTPUMAEMO
x(O)(B—8x(0)) _
OICECIO
OcTaTo4HO, PO3BA3YIOUHN PIBHSHHS BITHOCHO X (t), OTPUMAEMO PO3B 30K Y BUIJISII

x(0)Beft
B — 8x(0) + 6x(0)ebt

Bt

x(t) =

[Ipouiec 3pocTaHHs, ONUCYBAaHWM TakoK (YHKIIE, HA3UBAIOTh J02ICHUYHUM
pocmom, a piBHsHHA dx/dt = x(f —6x) — nocicmuunum. 3a JOTICTUYHOTO
3pOCTaHHSl TOMyJsAlis 31 30UIbIIEHHSM 4Yacy HaONMKAETbCA [0 MEXOBOTO

(piBHOBECHOT0) po3Mipy. PIBHOBaXHOI MOMYJISALIT BIANOBIIAE pO3Mip, JOPIBHIOBAHUN

lim % (6) = I x(0)Be*
oo 7 T 5w B — 5x(0) + 6x(0)ePt
[TOMHOKHUBIIH YHCETBHMK 1 3HAMEHHUK X (t) HA BEIIMYMHY € — t, OTPUMAEMO
lim x (t) = lim Ol = (0B = E
(oo t—e Be =Bt — 5x(0)eBt + 6x(0)  x(0)§ &

ockinekn e Bt —» 0 y Bumanky t — co. BimmopimHo n0 miei dopmymm po3mip
PIBHOB2)KHOT MOMYJISIii  OpsIMO  MPOMOPIIHHUN  CepellHiil HapOJKYyBaHOCTI 1
0o0epHEeHO MPONOPIIHHNANA cepeHIA CMEPTHOCTI Ha OHY 0COOY MOIYJISIIi.
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Posriasaemo IMPAaKTUYHC 3aCTOCYyBAaHHA HAaBCACHHHMX BHIIC TCOPECTUUHUX

MIPKYBaHb.

3agaua 8

Y cnpusTIvBHX IS PO3MHOKEHHS YMOBax TiepeOyBae aesika KUTbKicTh No
OakTepiil. 3 eKCIepUMEHTY BIJOMO, IO HIBUIKICTh PO3MHOXEHHSI MPOIOpIiHA 1X

KUTbKOCTI. 3HANAITh 3aJI€KHICTh 3pOCTAHHS 3 YACOM KUIBKOCTI OaKTepiil.

Po3B’sa3anns
N(t) — kimpkicTh OakTepiid, O po3MHOXKYIOTECS B MOMeHT 4acy t, N(0) = No.

Hpouec BU3HAYNMO 3Fi,ZIHO 3 YMOBaMH 34 3aKOHOM 3pOCTaHHI.

Jl = kN(0).

KoedimienT K 3amexuts Bij BuIy OakTepiii i yMOB, B SIKMX BOHU NIepeOyBaroTh, 1 HOTO
BHU3HAUMMO EKCIEPUMEHTAIbHO. PO3B’SI3yl0uM OCTAaHHE PIBHSIHHS OTPUMAEMO, LIO
YHCENIbHICTh OaKTepiil 3pocTae 3a NOKa3HUKOBUM 3aKOHOM (E€KCIIOHEHI[IaJIbHO):
N(t) = Ce* a6o N(t) = Noe¥.
TakuM 4MHOM, 3aJIEKHICTh 3pOCTaHHS BU3HAUYEHO.
3agavya 9
[Tonymnsist O6akTepiil 301IbIIYETHCA TAKUM YWHOM, IO IIYKaHA MIBUIKICTb
pocty B MoMeHT dYacy t cranoButh Benuumny 1/(1 4+ 2t). Ilpumyctumo, 1o B
noyatkoBii nomyssiuii po3mip gopiBHioe X(0)=1000. Sxoro Oyae momyJssiis micis
AroguH Ta micas 12 TOAWH POCTy, SIKII0O B TIOYATKOBHM MOMEHT Hacy pO3Mip
nomyrsinii gopisaroe X(0)=10007?
Po3B’s13aHHs
[Ilykana MIBUIKICTh POCTY JTOPIBHIOE
ldx 1
xdt  1+2t
Lle ogHOpigHE JiHIAHE PIBHSHHS MEPIIOro MOPSAAKY. [HTerpyroun oro, oTpuMaemMo

BUPA3
log.x(t) = —loge(l + 2t) + k,
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ne k - crama iHnTerpyBaHHs. [lepexoasun 10 ©KCIOHEHTH OTPUMAEMO HACTYITHE
CHIBBIIHOIIECHHS

x(t) — eke(1/2)10g6(1+2t) — ek(l + 2t)1/2_

¥ 3aranbHuMit po3B A30K PiBHAHHSA HAOYBAE BUTIIATY

x(t) = c(1+2t)Y/2,

Taxum unHOM, 3a ¢ = €

Ockinbku x(0)=1000, To 1000=cC, i 0CTaTOYHO IITYKaHUI PO3B 30K MA€ BUIJIS]
x(t) = 1000(1 + 2t)Y/2.
Po3mip momyssii micist 4 Toj 3pocTaHHsS MOKHA BUPA3UTH CITIBBITHOIIICHHSIM
x(4) = 1000(1 + 8)/2 = 3000.

Uepes 12 rox momywsuis 3poctae mo x(12) = 1000 - 252 = 5000.
TakuM 4MHOM, 33/1a4y PO3B’A3aHO.

3anaua 10

VY CTaBKy CIiBICHYIOTH Kapaci i mmykd, x(t) - YHCEIBHICTh BHIY-XI)KaKa,
y(t) - 4HCeNnbHICTh BUIY-)KEPTBH B MOMCHT t. BU3SHAYMTH YHCEIBHOCTI MOMYJIALIT B
yCl HAaCTYITHI MOMEHTH Yacy, SKIIO oYaTKOBI momysisiii ckiaamats X(0)=y(0)=1000

oci0. Konu HacTaHe BUMUpaHHS BUY-)KEPTBU?

Po3B’s13anus

HIBuakicte pocty y'(t) MOMyJSAIl )KEPTB 3MEHINYETHCS B MIpy 30UIbIICHHS
nonyssiii xrwkakiB X(t), a mBuakicts pocty x'(t) momyssiil )kepTB 301IbITYETHCS,
SKIIO KUTbKICTh momyisamii xmxakiB Y(f) cmamae, TOOTO 3aKOH CHiBICHYBaHHS
BHU3HAUYMMO TaKOI CHCTEMOIO!

x'(t) = x(6) + y(¢),
y'(t) = —x(t) + y(b).
MeTo1oM BUKITFOUEHHSI IEPEUIeMO Bl CHCTEMH J0 PIBHSHHS JAPYTOro HOPSIIKY:
x'"(t) —2x'(t) + 2x(t) = 0.
BiamoBinHe xapakTepuCTUYHE PIBHIHHS
A2—-204+2=0
Mae€ JBa KOMIUIEKCHI KopeHi: A; =1+ iTad, =1 —i.
3aranbHUN PO3B 30K HAOYBa€ TAKOTO BUTIISTY:
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x(t) = k,efcost + k,etsint.
3 nmepuioro piBHSIHHS CUCTEMU BUILIUBAE, 1110
y(t) = x'(t) — x(t) = k,etcost — k,e'sint.
3 mouatkoBux yMoB x(0) = y(0) = 100 BusHaummo 3HaueHHs cranux k; = 1000 i
k, = 1000. Illykanuii po3B’ 30K CHCTEMH Ma€ BUTJIIST
x(t) = 1000et(cost + sint),
y(t) = 1000et(cost — sint).

[Momymsaiiss »KepTB BUMHpae, Kouu cost — sint = 0, To0T0 micna t = /4.
[Tomymnsiist XuxKakiB IPOJIOBXKYE POCTH 32 PaXyHOK 1HIIMX PECypciB cepepoBHINA i
orucyeThes piBHSHHEAM X' (t) = x(t). YacTo, omHaK, TPAIUIIETHCS, 10 MPHITYIICHHS,
3po0JieHl mia Yac MOOYJ0BH MOJENl B3a€MO/IIi BUIIB, BTpAayalOTh CIPABEIJIMBICTD
MICIsl 3HUKHEHHS OJHOTO 3 BU[IB. Y JIaHOMY BHUMAJKY PO3BUTOK JBOX IMOIMYJISAIIM
MO’K€ TPUBATH 10 3HUKHECHHS BUY >KEPTB.23aJ1ady pO3B’S3aHO.

3amava 11

[Momymsiist  x(t) ogHOTO BUAY PIAKICHUX TBapUH 30UIBIIYETHCS 32
JIOTICTUYHUM 3akoHOM 3 koedimieHtamu =0,1 1 6=0,001. ¥V movarkoBuUii MOMEHT

gacy X(0)=10. YoMy nopiBHIOE pIBHOBKHHUI PO3MIp MOMYJISIIIT tlim x (t)?

Po3B’s13anus

[IBUAKICTH 3pOCTAaHHS 3aJ0BOJIBHSIE TAKE JIOTICTUYHE PIBHSIHHS !

dx
i x(0,1 —0,001x).
OTxe pO3B ' SI30K, 110 3a10BoIbHsIE yMOBI X(0) = 10, Mae BUTIIsL
p01t p01t

t) = = .
x(©) 0,1-0,01+0,01e%t 0,09+ 0,01e%1t

VY pasi t = o momyJsIis HaOIMKAEThCS 10 PIBHOBAXHOTO po3Mipy [3/8 =
100. 3a Ttakoro po3mipy TOMYJsLIi HAPOMKYBAHICTh TOBHICTIO KOMIIEHCYE

CMEPTHICTb.
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4. IIponecn HarpiBaHHs (0XO0JI0/I3KEHHS)

Lllsuokicmo  oxonoodscenns (nacpisanmns) mina  NPONOPYIUHA — PI3HUYI
memnepamyp mina i Ha8KOJUWHbO20 CepPe0osULYd.

Hexaii Temnepatypa Tia B MOMeHT 4acy t jmopiBHioe Y(t), a Temmeparypa
HABKOJIMITHBOTO cepenoBuiia — 1. Toai 3a HECKIHYCHHO Majii mpoMiok dacy dt
KUTBKICTh TEIUIa, SIKY TLIO OTPUMYEMO abo BiJa€, JOPIBHIOE

dQ = —k(y — T)dt,
ne k — koedimieHT npornopitidHocTi. [HaKIIe KaXydH, KiJIbKICTh TEIUIa, OTPUMAHOTO
(BimmaHoro) Tinom, Bia remmeparypu Y(t) mo T mopiBHIOE
Q =mc(y -T), 3Bimcu dQ = mcdy.
ToOTO MPUXOAUMO JI0 PIBHSIHHS, IO OMUCYE MPOIIEC HArpiBaHHS (OXOJIOIKEHHS):
mcdy = —k(y — T)dt abo % = —ka(y-T).

3anaua 12

3a 10 xB Tuo oxomoso Big 100° mo 60°. Temmeparypa HaBKOJUIITHBOTO
cepefoBuIIa MOCTiHA 1 TopiBHIOE 20°. Uepes sikuil MpOMIKOK Yacy TIJIO 0XOJIOHE JI0

25°7

Po3B’s13aHHs
Hexaii y = y(t) — TemnepaTypa Tiia dyepe3 t XB Bijl MOYATKY OXOJIOJKCHHSI.

d

. . d
[IIBUAKICTH OXOJIOKCHHS JOPIBIOE — dt - 3a yMOBOIO — a% =k(y — 20) , ne k — moku

HEB1IOMUI KOE(DILIEHT MPONOPLIAHOCTI.

dy

y—20=kdt, Inly 20| =kt +InC, y=20+Ce™.

Crani C i k Buznauaemo i3 nouarkosux ymos: Y(0) = 100 = 20+Ce™*?, ro6T0 C=80.

t

1 In2 e
y(10) = 60 = 20+80e™, 5= el%  In2=10k, k= 10 » V() =20+80-2 1,
— 5 _ 1t
y(t) =25° =20+802 1, g53=21, 76=2%, 75=4, t=40xs.

OT1xe, Tij10 oxoJioHe 70 25° uepes 40 xB.
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3agaua 13

[IImaTtox Mertamdy, TeMmIeparypa SKOrO a TpaayciB, MOMICTHIM B Tid.
TemnepaTypa medi IpoTIroM TOAUHHM PIBHOMIPHO IiBUIINYETHCS BiJ a TpaayciB 10 b
rpaayciB. 3a pi3HUIl TeMIEpaTyp eyl 1 MeTainy B | TpaayciB MEeTall HarpiBaeTbes 3i

mBuaKicTIO KT 3a XBUIMHY. 3HaWTH TEMIEPaTypy METAIy Yepe3 rOIuHY.

Po3B’s13anns

Hexait Q(t) — Tremmeparypa meui B MoMeHT 4acy t. Toxi TeMmmeparypa 3JIMTKa
@(t) nopiHtoBatuMe pizHHMII @=Q-T. I3 ymoBu 3amaui Q(t)=Ct+D, ne C i D

Bu3HayaroThes 13 ymoB Q(0)=a, Q(60)=b, BoHM gOpiBHIOBATHMMYTbH BiAMOBIIHO

. ) ) d®d ,
JudepeniiaapHae piBHIHHS 3a7a4l Ma€ BUTJIIS gt = KT . Ockinbku

do d d dT
- &(Q -T) = &(CHB—T) =C- at

TO PIBHSIHHS MICIIS1 HECKIIAHUX MEPETBOPEHB HAOYE BUTIIALY

dT dT
C—a— KT ab6o E+kT—C—O.

3arajbHUI 1HTErpa MAaTUME BHTJIST

1 1
WINKT - C) +t=1InC; abo KT —C =Cie™,

C
I3 ymoBu 7(0)=0 Burutusae, mo C;= —C i BignoBigHo T = F(l—e‘kt) . OTxe,

Q-d=Ct+D- .
3Biacu

C b
® = Cr+D 71— abo @ = a—gg (1 *— k).

Takum YUHOM, 9CPEC3 I'OANHY IMMATOK METAITY MATUMC TaKy TCMIICPATYpPY:

@(60) = a— %(1 —e%%_60k) =b - %(1 _ 60K
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3agaua 14

Y mnocyauHy, mo MicTuTh | Kr Boam Temmepatypu 20°, OIMyCKaeMmo
amoMiHieBuM npenmet macoro 0,5 kr, mutomoro TeroemMHicTio 0,2 1 TeMIiepaTyporo
75°. Uepes xBWIMHY Bojia Harpinacs Ha 2°. Uepes skuii MPOMIKOK Yacy TeMIiepaTypa
BOJW 1 mpeaMera OyayTh BiIApi3HATHCA Ha 1°? BTpatamu Temsia Ha HarpiBaHHS

IMOCYJAHNHH Ta IHIIIMMH MOJKHA 3HCXTYBATH.

Po3B’s13aHus

Hexaii X(t) — Temneparypa Boau, Y(t) — TemrepaTypa aatOMiHIEBOTO MpPEAMETa
B MoMeHT 4acy t. ITig yac HarpiBanuas Boau Bix 20° o X(t) 3a yac t morauMHaeThCs
TEILIO, KUIbKICTh SIKOTO JIOPIBHIOE
Q1= mc(x(t) — 20) = 1-1-(x(t) — 20) = x(t) — 20,
7e M — Maca, C — TMTOMa TEIUIOEMHICTh (1 Boau ¢=1).
AHAJIOTIYHO Tl Yac OXOJIO/DKEHHs mpenmera Big 75° mo Y(t) 3a Toit ke yac t
BTPAYAETHCS TEIIO, KIJIbKICTh SIKOTO JOPIBHIOE
Q2=10,5-0,2-(y(t) — 75) = 0,7-(y(t) — 75).
3a yMOBOIO CHCTEMY MOJKHA BBa)XKaTH 3aMKHYTOIO (TOOTO B3aEMOIEI0 3
30BHIIIIHIM CBITOM MOYHA 3HEXTyBaTH), oTxe, Q2 = —Q;,
x—20=-0,1(y — 75), 10x—-200=75-y
10x +y = 275, y —x=275-11x.
3a yMOBOI MIBWAKICTH HarpiBanHs Boau X'(f) mpomopiiifiHa pi3HUI
TEeMIIepaTyp BOJM 1 IpeaMeTa:
X' =a(y —X), 1e a— nesika KOHCTaHTA.
3Bigcu X' = a(275— 11x) a6o x' + 1lax = 275a. Po3B’skeMo BiAMOBIIHE OTHOPIIHE

PIBHSIHHS
dx
X'+ 1llax =0 abo dt= —11ax.

Pozninstoun 3MiHHI Ta THTETPYIOYH, MAEMO CITIBBIHOIICHHS

dx
= —f11adt; In|x| =-11at + InC;.

3Bigcu X(t) = Cie711%, Po3B’skeMO PiBHAHHS METOIOM Bapiallii CTaoi.
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[TincTaBumo X(t) y BuxigHe piBHsSHHS, BBakatouu, mo C; = Ci(t), Toxi
C, e M3 = 275a; Cy(t)=275a [ealdt = 25! + C;
X(t) = (275e + C)e 1= 25 + C e 11,
3a ymoBoro X(0)=20 i x(1)=20+2=22. 3actocoByroun mpaBuiao it X(t),

pusHauuMo C1 a:

x(0) =25 + C = 20; C = -5; x(1) = 25 — 5el'a = 22;

3 3
Bett=3; eM=g; x()=25-5e") =25-5 (Ej :

3HaiiIeMo PI3HMII0 TEMIIEPATYP BOJH 1 MPEAMETa B MOMEHT 4acy L
3\t 3\t
y(t) — x(t) = 275 - 11x(t) = 275-11{25-5 (gj , o y() —x() = 55-&) :
Tenep BU3HAYMMO Yac, KOJIM PI3HUI TEMIIEpaTyp JAopiBHIOBaTUME 1°:
3\t 3\t 3
55 (5] =1 abo In(55 @J =0, In55 + zf-ln5 =0,
In55  In55

3 =I5 _In3 o XB.
Ing

3Bigcu t = —

5. 3agauyi onTukn

YV eunaokax eiocymnocmi izuunux 3aKoHi8, 3a OONOMO2O0I0 SKUX MONCHA
O6y10 6 nobyoysamu mMamemamuyry mMooeib v eueisioi OugepeHyianbHo20 pieHsIHHS,
80aombCs 00 36UUHUX MAMEeMAMUdHux (Y OAHHOM)Y BUNAOKY — 2eOMempPUyHUX)

MIDKY8aHb.

3agaua 15

Busnaunti moBepxHIO oOepTaHHs, 3 siKOoi Tpeba BiAnUIidyBaTu I3epKayo
pediiekTopa, 100 yci MpoOMeEHi, 10 BUXOATh 13 JKepesa CBITJIa, pO3TalllOBAaHOTO B

TOYII Ha OCl 00epTaHHs, BIIOMBAJINCS y 3epKaJi MmapajebHO 11K OCi.

Po3B’si3anHna

ITepeTHeMO NOBEpPXHIO A3€pKaia IIOLIMHOKO, MO MPOXOAMTH YEPE3 BICh.
Touky O Bi3bMEMO 32 MMOYATOK MPSIMOKYTHOI CUCTEMHM KOOPAMHAT, PO3TAILIOBAHOI B
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I1{ TUIONIMHI, a Bich Y HampaBUMO MO OCl 00epTaHHs. 3HAWEMO PIBHSIHHS KPUBOL

Y, OTPMMAHOI M1J] 4ac MEePETUHY IIyKaHO1 MOBEPXHI 13 3a3HAYEHOIO TJIOIIHUHOIO.

y=f(x.y)

Puc.1

Hexait AM — notudna mo kpuBoi y y Toumi (X,y). OCKiIBKM KyT MaiHHS
JIOPIBHIOE KYTY BIIOUTTS, TO (P, = (P3, oTke TpukyTHUK AOM — piBHOOEIpeHUIT 1
AO=0M.

PiBustaas motuunoi AM mae Burimsag Y — Yy =Y (X — X), zae X, Y — moTouni
KOOpJAMHATH NOTH4YHOI, a Y=Y(X) — piBHAHHA mIykaHoi kpuBoi. 3a X=0 maemo
Y=y — xy' < 0. Togi AO=-Y =xy-y. Ockineku OM =\/X2T2, TO KpHUBa Y
3a/I0BOJIbHSIE  Take Ju(epeHlliaibHe PIBHSIHHS \/)(ZTy2 =Xy'-y, 3araJbHUM

X2 . C2
PO3B’A3KOM AKOTO € QYHKIIA Y = "5~

TakuMm YMHOM OTpHUMaeMoO, IO KpWBa Yy — Mapaboijia, a TMOBEPXHs Ja3epKajia €

2492 _ (2
. x“+2°-C . . -
napabosoin y = °C , YTBOPEHHI 00epTaHHIM KPUBOI Y HABKOJIO ii OCI.

3agaua 16

[TornmuHaHHS CBITIOBOTO MOTOKY TOHKHM IIApOM BOJM MPOTOPIIHHE TOBITUHI
mapy 1 moToKy, 110 MaJa€e Ha WOro MOBEPXHIO. Y BUMAAKY MPOXO/KEHHS Yepe3 Iap
TOBIIMHOK 1 M moriauHaeThes 1/4 mMOYaTKOBOTO CBITJIOBOTO MOTOKY. Slka "acThHA

MOTOKY JOCATHE rmuounn h=47
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Po3B’s13anns

Hexait Q(h) — cBiTJIOBHI TOTIK, IO IMaJIa€ Ha MOBEpXHIO Ha rmouHi h. ITix yac
IPOXOXKJCHHS dYepe3 Iap BOJM 3aBTOBIIKKM (N MOTJIMHEHWH CBITJIOBHMA MOTIK
JOPIBHIOE

dQ = —kQdh,

sgincn Q(h) = Ce™ . 3 ymoBu 3amaui Q(0) = Qo, Binrak C = Qo, a Q(1) =%Qo,

h
3 3
omke, e¥= 1 Tomi Q(h) = (Z) ‘Qo. Takum uywmHOM, TAMOMHH h=4 [OCATHE
N4
cBiTIIOBH# MOTIK Q(4) = (Zj 00~0,316-Qp .

6. 3aga4i 1191 po3B sI3aHHS, AKi CIMPAOTHCA Ha Apyruid 3akoH HeroTona

YV 3a0auax na pyx, einvne nadinua min, y KOIUBALLHUX MA IHUUX npoyecax nio
yac nob6y0osu oughepeHyianbHo20 PiBHAHHS 3ACMOCO8yIOmb Opyeull 3axon Hviomona,

3a He8loOMY (PYHKYIIO, K NPABULO, 0OUPAIOMb UEUOKICb.

3agaua 17

YoBeH YMNOBLIBHIOE CBIM pyX MiJ JdI€0 ONOPY BOJU, sKa MPOMOpIiifHa
mBUAKOCTI YoBHA. [louaTtkoBa mBHIKICTH YOBHa 1,5 m/c, yepe3 4 ¢ MIBUAKICTH il
nopiBHoBatuMe 1 M/c. 3a SKMX YMOB IIBHJIKICTh 3MEHIIUTbCS 10 1 cm/c? Sky

B1ICTaHb MO€E ITPOUTH YOBEH /10 3YyNMUHKU?

Po3B’s13anus

Hexaii mBuakicte wyoBHa V(). ITouatkoBa mBuakicte uyoHa V(0)=1,5. Ha

MiJCTaBl Ipyroro 3akona HerotoHa

mﬂ—‘t’ = F(t) = — kv(t), k>0,

ket

dv kvt | V(t):Ceim.

TOOTO =" m

ket

3 _
Ypaxosytoun, 1o V(0)=C=1,5, maemo Vv(t) = - .
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4k In t

3 - k
Ocxinmekn V(4) =2e ™, - =

b|oo||\>

2 71— 1
, TO V(t)=(§] . 3HaiiieMo dYac, MpOTITroM

SIKOTO IBUJKICTE 3MeHIHATHCS 10 0,01 Mm/c:
t*

207 (2
0,01 _@ t _4(Igl,5+1J ~50c.

JIOBXMHY NUISIXy, [0 WOro MpOWIIOB 4YOBEH JO 3yNHHKH, BU3HAYUMO 13

ds

CIIBBITHOIIIEHHS qt = V, ToOTO

t 4 t

S = iv(x)dx = ﬂ%} dx Ig% 1- @]4 :

0

INGPY

Takum 4YMHOM, YOBEH MOJKE T10J10J1aTH BiJICTaHb J0 3yMUHKH HE O1IbIIIe lal5 gl5 ~]5Mm.
)

3agaua 18

MartepianbHa Touka 31kcHIO€ pyx 1o oci OX. Hexait OX — BiCh 13 HIUIBHICTIO,
sIKa TIOCTIMHO 301IBIIY€EThCS (UMM JIalli, THM PYXaTUCS BaK4e). SHAUIITh 3aKOH PyXy

MarepiaabHOI TOUKH.

Po3B’ss3anuna

3aKOH pyXy TaKuM:

dx
at= kx, k=0, X(to) = Xo.

Pozninsitoun 3MiHHI Ta IHTETPYIOYH, MAEMO CITiBBITHOIIICHHS
In|x| = — kt+Inc a6o x=Ce™.
Crany C Bu3Haunmo 3 ymoBH X(fo) = Xo:

— K(t-to)

Xo
C=" abo X=Xee
e

OcraHHs pIBHICTh BU3HAYAE 3aKOH PYXYy MaTepiajJbHOI TOUKH.

3anaua 19

BuBect piBHSHHA pyXy TUla, KMHYTOTO Wi KyTOM ¢ JO TOPU3OHTY 3

MMOYaTKOBOIO MIBUKICTIO Vo, HEXTYIOUHU CHUJIaMU OIOPY.
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V
0 mg

Puc.2

Po3B’s13anns

ObGepeMo oOCl KOOpAMHAT TakK, fK IOKa3aHO Ha PHUCYHKY. Y JOBUIBHOMY
MOJIOKEHHI M Ha TiJIO Macor M Jii€ JWIIe ojHa cwia — Woro Bara P=mg. Tomy
BIIMOBIIHO A0 Jpyroro 3akoHy HploToHa paudepeHIiagbHe pPIBHAHHS pPyXy B

MPOEKINISAX Ha OC1 X 1Y 3aMUIIEeMO Y BUTIISIL

d?x d?
mW:O, m-atg:—mg.

Ckopouyroud Ha M, OTPUMAEMO PIBHSHHS

d?x d?y

=" ae-"9
[TouarkoBi ymoBH pyxy Tina npu t=0 Taki:

dx d
x=0, y=0, dt = Vocosa, a% = Vp'sina.

[HTErpytoun piBHSHHSA 3 YypaxyBaHHSIM TOYaTKOBUX YMOB, JOXOJIHUMO

BHCHOBKY, 110 PIBHSIHHS pyXY Tija 3a7al0Th yepe3 hopmyin

dx _ dy _
gt = v G T+ Ce

[IpoiHTerpyBaBUIM OCTaHHI PIBHSAHHSA, OTPUMAEMO pPIBHSHHS TPAEKTOPIi

MOJIbOTY TiJIa, KHHYTOTO 1] KyTOM JI0 OOPIif0 3 33/1aHOI0 IMIBHUJIKICTIO, SIKE MA€ BUTJISA
x = (vgcosa)t, y = (vysina)t — gt?/2 .

Crmparourch Ha Il PIBHSHHS, MOXKHA 3pOOWTH DPsii BUCHOBKIB PO XapakTep

pyXy KMHYTOTO Tija. Hampukian, MOXHa BIJIMOBICTU HA MUTAHHS MPO Yac MOJILOTY
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Tina a0 HOoro HaI[iHHSI Ha 3CMIJIIO, BiI[CTaHI) IMOJBbOTY 110 FOpI/ISOHTaJIi, MaKCHUMAJIbHY

BUCOTY T1J1a, 1110 JIETUTbh, TPAEKTOPIIO MOJIBOTY TijJa TOIIO.

3anaua 20

BuBecTu 3akoH pyXy TOUKH P Macoro M 1o ropu30HTaNbHIN npsamii L mig aieto

cuu F, mo nputsarae ii 1o Touku O Ha Tii e NpsAMil 1 € mporopitiiaa Biacrani PO.

Po3B’s13anns

®disuyno cwry F  MoxHa peamizyBath  OyJb-SKUM OIIOPOM, 30Kpema

IIPY>KUHOIO.

Puc.3
VYBeneMo Ha npsMmiid L koopauHaty, oOpaBIIM 3a Mo4yaTOK TOUYKy (. 3MIHHY
KOOpauHATY TOUKH P mozHaunmo X=X(t). Y cuiy apyroro 3akoHy HeroTOHA piBHSHHS
pyxy Touku P Mae BUTIISA
mx=F=—-kx a6o mx+kx=0.
OTtpumanu  JiHIHHE  OAHOpiAHE  JAWQEpeHIiabHe PIBHIHHSA 31  CTaJIUMH

koedirienTamu. Po3B’s3K0M 11b0T0 PIBHSHHS € (QYHKIIIS

k k
X(t) = ClCOS\/%‘t + Czsin\/%-t

a00 y OUIbII 3arajJbHOMY BUTJISII —

x(t) = C'cos(\/%'t + (x] :

OcTaHHe pIBHSHHSA MOXHA TPAKTyBaTH M1 KyTOM 30py (i3UKH, € YaCTOTY KOJMBAaHb
BHM3HAYAIOTh MAco M i MpyKHICTIO K 1 BOHA HE 3aJCKUTH Bij MOYATKOBHUX YMOB.
A TIpoTe BiJ IOYATKOBOI'O ITOJIOKECHHS TOYKH Xo Ta ii IIBHUIKOCTI X, 3ajeXaTb

amIuTiTy1a KonuBanb C 1 moyaTkoBa (asa a.
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3agaua 21

Kyns, pyxatouuce 31 mBuakitio Vo=400 m/c, mpoOuBae CTiHY TOBIIMHOIO
h=20 cm 1 Bumitae 3 Hel 31 mBHaKicTIO Vi = 100 m/c. BBaxkaroun cuity omnopy CTiHH

MPOMOPLIHHOIO KBaIpaTy MBHUIKOCTI pyXy KyJi, 3HalTH yac 7' pyXy Kyl B CTiHI.

Po3B’s13anns

3rigHo 3 npyruM 3akoHOM HproToHa nudepeHiiaibae piBHIHHS pyXy Kyl Ma€e

BUTJISL

ae m — maca kyii; V=V(t) — 3MiHHa IMBUJKICTH, KA 3aJISKUTH Bill yacy t; 3HaK MiHyC
O3Hauae, IO CHJIA OMNOPY CTIHM CIHpsIMOBaHAa B OIK, NPOTUJIIC)KHUNA HANPIMKY

mBUAKOCTI. OTKe, OTPUMY€EMO PIBHSHHS

dv K dv K
at=mY 0 =gt
3BIACH
1 K 1 Kk
—V——mt—C abo V—a‘t+C.
1.1 k 1
Ockinmpku V(0) = Vo, ToC="1 -=_t+ - abov= Yo :
V v m Vo
EtVo'l'l

Sxmo mokyacTy B ocTaHHIM popmydi V=V, To t=T, BiaTak T BU3HAYUMO 13 PIBHSHHS

1 Kk 1 ml 1

Vi
K :
1y BH3HAYMMO 3 HACTYIIHUX PiBHSIHb:
__ Vo OS_ Vv _m [k j
m Vo mtVo +
3a ymoBoto 3aaaui S(0)=0 (kysst BXxoauTh B cTiny) i S(t)=h (kyss BUXOAUTH 13
- - _ m__h __h (1 1)y . __
ctian). 3Bigcu C; =0, K= v Orxe, T = Vo [Vl _Voj 1 T=0,00108 c.
Inv—1 Inv—1
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3agaua 22

BaHTtax cmyckaroTh 3 mapauryTom, 1o Mae popmy miBcdepu paaiycom R=4 wm.
Moro maca pa3oM 3 Macow MapanryTa AopiBHIOE 82 Kr. 3HaTH MIBUAKICTH V uepes
2 ¢ Ticlig MOYaTKy CIyCKY 1 BiCTaHb, IpOiieHy 3a Jac t.
BpaxkaTtu, o cuia onopy nositps F; =0,00081:Sv2, ne S — moma Hai6inbILIOro

NEPETUHY, TEPICHAUKYIIIPHOTO HAIPSIMKY PYXY.

Po3B’sa3anns
VY nudepeniianbHOMyY piBHSHHI PyXy MapairyTa
m@ =
dt ’
cwia F € piBHOAIIOYA IBOX MPOTUIIEKHO HANPSAMIIEHUX CHJI: Baru, sika JOPiBHIOE MY,
i cuymm onopy nositps, mo gopisaioe 0,00081-Sv2. Tomy audepenianbHe piBHAHHS
PYXy Mae BUTJISA]

0,00081-S

d d
md_\t/ = mg — 0,00081-Sv* abo d_\t/ =g-av’, de a= .

Pozninsiroun 3MiHHI Ta IHTErpyOYd, OTPUMAEMO HACTYITHUIA BHpa3

dv 1 ~Jg+twa

m:t'FC abo Zmlll\/é_v\/a:t*'c.

Sxmo t =0, To v =0. Orxe, C = 0. TakuM 4rHOM, MAa€MO BiJHOIIIECHHS

= |
2\Jga g -wla
ds

3MIHIOIOYH V Ha at 1 IHTErpyIOYM OTPUMAHE CITIBBIJHOILLIEHHS, OJIEPKUMO BUpa3U

d h(t/g- 1
d—f: Vg%\/% S =ZIn(ch(t~/g:a)) + C.

Ockineku t=0 1 S=0, To C=0, a oTxe,

= Zin(ch(t~g )

OTtpuMaHi ¢popMyJId ONMUCYIOTh 3MIHY IIBUAKOCTI PyXy BaHTaXy 1 MPONUIEHOI

BI1JICTaHI 3a 4Jac t.
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3agaua 23

Meteoput, nepeOyBalo4y MijJ BIUIMBOM 3€MHOTO TSDKIHHA, 31 CTaHy CIIOKOIO
HOYHHAE TPSIMONIHIHHO MajgaTh Ha 3eMiro 3 BUCOTH h. SIkoro Oyia O IMIBHAKICTH
METEOopHUTa MiJ Yac JOCATHEHHS HUM IMOBEPXHI 3eMill 32 YMOBH BiJCYTHOCTI 3€MHOI

atmocdepu? Paaiyc 3emni R = 6377 km.

Po3B’s13anns

Hexaii X=X(t) — BijicTaHb, MpOMICHa METCOPUTOM 3 TIOYATKY MaiHHS; BiJICTaHb
BiJ] MeTeopuTa 0 IeHTpa 3emini B MoMeHT 4acy t mopiBHioe (h—X). Y momeHT t Ha
MeTeoput i€ cuia F=m-o, 1e m — maca mereoputa, 0. — Horo npuckopenss. Ha
MOBEpPXHI 3eMJll Ha TUIO Jli€ cuia TsHKIHHS P = m-Q, Ae § — NPUCKOPEHHS BUILHOTO
MaJ{IHHA Ha MOBEPXHI 3eMJIl.
3rimHo 3 3akoHOM HprOTOHAa 1 CWiM OOEpPHEHO MPOMOPIIIHI KBajpaTam
BiJICTaHEH Tija, 0 Majae, Bia HEHTPY 3eMIIi:
F R? m-a R?
P=(hx? 200 mg— (h—x)?
R%g dv_ R%y dv dvdx dv

3Bimcn o= (h— %) abo 4 = (h—x7? Bpaxosyioun, mo G = 4 dt — dx V-

OTpUMAEMO JAU(EPEHITIaNTbHE PIBHSIHHS

dv R%g dv>  2gR?

axV = —(h — X)2 abo dx = (h— X)2 )

[HTerpyroun ocraHHe piBHSIHHS, 3HAXOAUMO CITIBBITHOIIIEHHS JIJISl ITBUJIKOCTI

OckiIbKH pyX MoYaBcs 13 cTaHy mokoto, T006to X=0 1 v=0 mipu t=0, T0

_ 2R’g _ 2Ry
0_(h—0)+C’ C=-7"".

Tomy 3MiHEHHS MIBUIKOCTI METEOpHTa 3aJeKHO BiJ MPOIACHOI BiACTaHI MOXKHA

2  2R-gox : ) )
300pa3uTu K V :Wi:_x)’ a Ha moBepxHi 3emu, ToOTO 3a X=h-R, mBHIKICTH

R
METEOpUTA ABJISIE COOOI0 PYHKIIIIO V = 2R-g -(1 — F] .
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Ockinbku h 3a yMOBOIO HEOOMEKEHO BEJIMKE, TO, MEPEXOIIYH 10 MEXi 3a

h — o, oTpuMaemo V =1/29°R .

Y ~ MOMEHT  JoCsSrHeHHs  3emisli  IIBUAKICT  METEOPUTY  CTAHOBUTH

v =1/2:9,81-6377000 = 11,2 xmic.
7. BUTikaHHsI PiIMHYU 3 NOCYAUHHU

[[IBUAKICTS BUTIKAHHS PIAUHU 3 TTOCYIUHH KPi3b MaJIMHA OTBIP, PO3TAIIOBAHUI

Ha BiJicTaHi N HIKYe PiBHS PIAWHY, 3 YpaXyBaHHSIM T€PTS BU3HAYAIOTh 3aKOHOM
v=p\2gh,

ne § — NpuCKOpeHHs cuin TsokiHas (¢ = 10 M/c?); u — koe(ilieHT BUTpaTH PiMHH,

TOOTO KITBKICTh PIAMHH, IO BHUTIKAE KPi3b MaJWil OTBIp IUIOMICIO mepepizy S 3a

onunuio vacy. s Bogu n=0,62, aisg racy p=0,6.

Hexaii MmaeMo mocyauHy, IJIOLIA MOMEPEYHOro Mepepi3dy sKoi € (QyHKIIS Bl
Bucotu S=S(h), HamoOBHEHA PiAMHOIO 10 piBHA H. Y 1OHI mocyauHu € OTBIp, uyepes
SIKWI BUTIKa€ PiuHa, TIioma 1soro oTBopy 0. @ynkmis V(h) BU3HaYae MBUIKICTH
3MiHU 00’ €My pIIUHM B MOCYAWHI. Bu3HaunMMo 3aKOH, 3a SIKUM 3MIHIOETHCS PIBEHb
PLAMHU 3aJieXKHO BiJ 4Yacy. [[is mporo mpuimycTumo, 0 B MOMEHT d4acy t BucoTa
pinuau B mocyauHi gopiBHioe h. 3a yac dt Butikae piguHa, 00’€M SKOI OPIBHIOE
dv=5V(h)dt. 3 inmoro 60Ky, piBeHb piauHH 3MeHIIUTHCS HaA 0h, 1 00’eM BiAMOBIHO
crane dv= —S(h)dh (3Hak Minyc ctaBumo Tomy, 1o 0h<0). [TpupiBHIOOYM IIi jJBa
CIIBBIAHOILIEHHS, OTPUMAEMO AU EpeHIIaTbHE PIBHIHHS

1 h S(h)
oV(h)dt=—S(h)dh; t=- 5 V(h)dh :
H

SIKII0 3 MOCYMHM BUTEYE BCs pimuHa, Toai h=0, Tomy yac, 3a SAKkuii MoCcyauHa

CTaHe MOPOKHbOIO, BA3HAYAEMO 31 CITIBBIAHOLICHHS
H
_ 15

=3)V(h)
0
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Skio BUTIKaHHS BiAOYBa€ThCA 4epe3 Majuil OTBIp, TO Ha TMIJCTaBl 3aKOHY
Toppiyemni V =pu+2g-h, 1e g — IPUCKOPEHHS CUIIM TOKIHHA, a [ — €MIIpUYHMI
Koe(IiLi€HT BUTPAT.

3agaua 24

3HaiiTi yac T 3a KUl piAMHA, 110 3aMOBHIOE KOHIYHY BOPOHKY BHCOTOIO H 1

KyTOM IIpH BEPIUINHI 20, BUTEUE Yepe3 MAIU OTBIp G, BUPI3aHUI y BEPLIMHI KOHYCA.

Po3B’s13aHus

Puc.4

O6uncmumo 00’eM pinmuau AV, 10 BUTIKAE Yepe3 OTBIp y JHI BOPOHKHU 3a
npoMikok dacy At. Bin mopiBHOBaTuMe 00’€My IWITIHApA 3 IUIOIICI0 OCHOBHU G 1
BHUCOTOIO V-At, ToOTO AV = cs-k\/@z'At . 3a el npoMixkok yacy At piBeHb piIUHH Y
BOPOHIII 3MeHIHUThCA Ha Ah. O0unciumMo 00’em piguuau AV Mmix piBasmu h i h+Ah
(Ah<0). Bim nopiBHIOBaTHME 00’€My 3pi3aHOr0 KOHyca. 3aMilOl0Yd OCTAaHHIN
LUTIHIPOM 3 Ti€l0 5K BUCOTOH Ah 1 OCHOBOIO, sIKa TOPIBHIOE BEPXHIil OCHOBI KOHYCa,

OTPUMAEMO HACTYITHUM BUPA3

AV = m-h?tg?a-Ah .

Toni
n-h2-tg2a-Ah = — 6-k~[2g'h" At ,
. Ah 3 o-k\/2
3BiJICH A—t:—p-h_/Z, uzftg%cl.
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[lepexonsauu no mexi 3a At—0, maemMo piBHSHHS

% = uh 2

Takum YHHOM, 3aJa4a 3BOAHUTLCA 0O pOBB,HSaHH}I piBHi[HHiI 3 IIOYAaTKOBOX YMOBOIO

h(0)=H. Tenep notpioHO 3HaliTH Yac t=T, ko h=0. [aTerpyroun, ogepkxuMo BUpa3

2
s’ =—put+C,
2 2 2
_E e L2 — Siase
e C—5H , OTXKE, 5h ——ut+5H .

2 2
[MoxnaBum t=T, maemo 0 =—pT + gH” ,3Bimcu T = 5H5/Z .

8. 3aga4i Ha KOHUEHTpaLilo

l'a3 (piouna), wo 3anosHio€ neguuil 00°€M, YHACNIOOK NepemMiuly8aHHs

PO3N0OLNAEMBCS NO BCbOM) 00 €M) PIBHOMIPHO.

3amgaua 25

[Mocyanaa o6’emom 20 m1 mictute moBiTps (80% aszory 1 20% xucHio). Y
nocyanHy Hagxoautb 0,1 1 a30Ty B CekyHIy, SIKUH Oe3mepepBHO MEPEMINTy€eThCs, 1
TaKa X KUIbKICTb 3MIIIaHOTO BUTIKae. Yepes sikuit yac y nocyauni oyae 99% azory?

Po3B’ss3anuna

Hexaii y MoMeHT uwacy t B MOCyIMHI MICTHTbCS X JITpiB aszory. Tomi

. : . X o
KOHILIEHTpAI[ld a30Ty B NOCYAWHI B MOMEHT 4acy { JHOpiBHIOBaTUME 20" Kinpkicts

a30Ty Ha moyatky gocuiay X(0)=20-0,8=16.
PosrissHemo 3Miny Y(t) 3a manuii mpoMixkok 4acy [t; t+At]. 3a gac At KiJIbKiCTb

a30Ty B MOCYAuHI 301IbIIMIach Ha AX 1. 3 1HIIoro 6oky, 3a At utekio 0,1-At 1. 3a

. . .. X
TOH K€ Yac BUTEKJIA TaKa K KUTbKICTh CyMIillli, B SKiil MiCTHIIOCH O,l'At'Z—O 7T a3oTy.
. X
Ile o3nauae, mo B mocyauni goxanocs 0,1°At—0,1 'At'z—o J a30Ty, TOOTO

Ax=0,1"At-0,1 'At'zio abo  200°Ax =20-At —x"At.
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PosnminmuBmm ob6uaBi dactuam Ha Al 1 mepeimoBmu 10 Mexi 3a At—0,
OTpUMAaeMO JUQEPCHITIaNbHE PIBHIHHS, IKE ONMUCYE TAHUH MTPOIIEC:

dx dx dt
gt = 20— X abo 357 =347

200

1
In(x - 20) =555t +InC, |x-20] = Ce 17200 x =20 + Ce /200

C > 0 3a 3mMicTOM 3ajaui.
3a ymoBoro 3anaui  X(0)=16, Toxi 16=20+Ce°, 3Bincu C=— 4.

99-20
Ockinbku 99% asoty cknagae ~qq = 19,8 i X(t)=20-4e” /200 tomi

19,8 =20 — 4e7/200 abo —0,2=-4e /20,

3Biacu

1 t
g1/ 200 =50 a60 — 500~ In20,

oTXe, mykanui yac goopismoe t = 200In20 = 10 xBs.
9. AniabaTHYHUIA CTUCK MOBITPS

Adiabamuunuti (mobmo 6e3 0OMiHYy menia 3 HABKOJIUWHIM cepedosulem)

npoyec xapaxkmepuzyemucs pieuanHam Ilyaccona

B_(Ejk
Po V)’

1€ Vo — IIOYaTKOBUH 00’€M Ta3y; Po— MOYATKOBUI THUCK; K — cTaia CTUCKY I JaHOTO

rasy; V, p — moTo4H1 3Ha4Y€HHS 00’ €MY 1 TUCKY.

3agaua 26

Huniaapuyuny nocyauHy 00’eMoM Vo HaOBHWIM aTMOC(EPHUM MOBITPSM, SKE

aniabaTHYHO CTUCKAETHCA 0 00’ emy V1. OGuuciautu poOOTy CTUCKY.

Po3p’s13anHs

Hexait V 1 p BignoBigHO 00’€M 1 THUCK ra3y B TOM MOMEHT, KOJM MOPUIEHb
3HAaXOJUThCSA Ha BUCOTI h, a S — mioma nopiiHs. Toal mpu OMyCKaHHI MOPIIHS Ha
Bucoty dh o6’em rasy 3menmmthes Ha BenmumHy dV=S-dh. Takum umHoM Oyne

BUKOHAHO POOOTY
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dW=-p-S.«dh  abo dW=-p-dV.

BpaxoByroun, 110

P (Vo ko _ QoVok

po - V 1 p - Vk

Qovok
Vk

maemo piBHsHHA W = — ‘dv, TIPOIHTETPYBABIIM SKE, OJIEPKUMO HACTYIHUHN

BHpa3

k
dw PoV
= - pOVOk VK = (k _Ol)ovk-l +C, k=1

I3 moyarkoBoi ymoBu W(Vo)=0 3Haxoaumo 3HaYCHHS CTAIO

_ PpoVo
c=—1"2,

TakuM 4rHOM,

3 OVO ﬁkfl :|
W_k—l(vj -1

3a ymoBu V=V; MaTuMeMoO IIyKaHe 3HaYeHHSI POOOTH CTUCKY
B OVO ﬁ k-1 :|

10. 3agayvi, noB’si3aHi 3 TeNJIOBUMH NOTOKAMM

Kinekicms mennomu Q, sika npoxooums yepe3 niowsy S, wo nepneHoOUuKyIapHa
HanNpsiMKy mMenio8020 MNOMOKY, NPONoOpyiuna niowi S 1 wWeuoKocmi 3MiHU

memnepamypu T 3a uac X, BUBHAUYAEMBCHL SIK

dT
q4=-kSgy.

ne K — koedilieHT TerIonpoBiIHOCTI.

3agaua 27

[ToposxHs 3ami3Ha KyJjst IepOyBa€ B CTAIl[lOHAPHOMY TEIUIOBOMY CTaH1 (TOOTO y
CTaHi, 3a SKOr0 TeMIlepaTypa B PI3HUX TOUYKaxX TiJla pi3HA, aje B KOXKHIA OKpeMii

TOYIIl 3 YaCOM HE 3MIHIOETHCH).
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BayTtpimHiit pagiyc kyii 6 cM, 3oBHImHIN — 10 cM, TemnepaTypa BHYTPIIITHBOT
noBepxHi 200°, 3oBHIHBKOI — 20°. 3HalTH TeMIiepaTypy B TOYKAX PO3MIIIEHUX HA

BijicTaHi 9 CM BiJ IICHTPY KYJTi.

Po3B’s13anns

Y naHoMy BHMAJKY, 3TiHO 13 CUMETPIEI0, TEIJIOTa MOMUPIOETHCS PaialibHO,
TOMY TeMIlepaTypa B KOXHIM Toulll € yHKIis ii BiJicTaHl Bij HeHTpy Kyimi. [lnoma
MalJaHInKa, Yepe3 SKy MPOXOJUTh TEIUIOTa — II¢ TIJIOIA MOBEpXHI Kyl pamaiyca I,
T00TO S=471%, TOMY

dT
— kP2 —
q=—4mnkr dr-

A BTIM KUIBKICTh TEIUIOTH, IO MPOXOJIUThH YEpe3 JBI JTOBLIbHI KOHIIEHTPUYHI

chepuuHi MMOBEPXHI, OJHA 1 Ta XK, TOMY
dT
— ki —=q=
4w kr dr const.

Pozninsitoun 3MiHHI Ta IHTErPYIOYH, OTPUMAEMO PO3B SI30K PIBHSHHS

q

4n~k-T=F+C.

I3 ymoBu, mo T(6)=200, T(10)=20, 3naxomumo Bupasu misi qi C
q=10800m-k, C=-1000 k.

2700

Toxi T=T(r) ZT—ZSO, OT)KE TeMmIiepaTypa B TOYKaX, IO 3HAXOISATHCS Ha

BiZCTaHI 9 cM Bij 1ieHTpY Ky, mopiBHioe T(9)=300 — 250=50°.

3anaua 28

[uniaapuyHa KOTYyIIKa BUTOTOBIIEHA 3 MiTHOTO JpoTy. [1iq yac mpoxopkeHHs
gyepe3 KOTYIIKY EJEKTPUYHOTO CTPYMY BHIISETHCSA Teruio. BuBectu dopmymny s

TEeMIIepaTypu BCTAHOBIIEHOTO PEXKUMY, K (PYHKIIIT Bi acy t.

Po3B’si3aHHna

Hexait To — Ttemmeparypa cepenoBHIlla, B SKOMY pO3MIIIEHa KOTYIIKA,

T(0)=To, ¢ — nuTOMa TEIIOEMHICTH Mifi, Y — ii rycruna, V — o0’em, S — muiora
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MOBEPXHI KOTYIIKH, ( — KUIBKICTh TEILJIa, 10 BUALIIETHCS MPOTATOM OIUHHMII Yacy, K
— Koe(iLIEHT TETUIONPOBITHOCTI.

KinpkicTe Temma, sike BUAULIEThCS 3a dac Af, mopiBroe (At . I{a1 BenmunHa
CKJIQJAEThCA 3 JIBOX YAaCTHH: TEILIA, [0 BUTPAYAETHCS Ha MiABUINCHHS TEMIICPATYPH
AT, 1 Tema, MO MOTpAIUIsiE B CEPENOBHUINE, K€ OTOUye KOTymKy. [lepma gactuHa
nopisatoe C-V-y-AT, npyra— K-S+(T — To)-At, 3Bincu

T
q= C-V-y-((jj—t + k-S-(T = To) abo C(Ij— —a(T-To) +P,

kS
e o=y o B= CVy

Pozninsitoun 3MiHHI Ta IHTETPYIOYH, OTPUMAEMO PO3B A30K PIBHSAHHS y BUTIIAI

1
t+C———|n‘T—T0—E‘ :
o a

1
Ockinbku T(0)=Tp, 0 C=- o In g , TOMY

1 1
t—-lnﬁz——ln 'T—TO—E' .
o o

=)

o

E . q 7kSt
3pigcy T=To+ (l e™) abo T=To+ 5{1 ecr/J

Y

Taxum unHOM, POpPMYITY U TEMIIEPATYPU TOUOK KYJIl BUBEJIEHO.
11. PeakTuBHMII pyX

Hna pyxy min 3i 3minHot0 macorw Opyeuti 3akon Hveromona nenpuoammuil,
OCKIbKU 8IH NOUUPIOEMbCS MIIbKU HA MILA 3 NOCMIUHO0 MAcoio. YV ybomy 8unaoxy

3acmocogyroms pieHanHsA Mewepcvrozo

dv

ne F — piBHOAIFOYA BCIX 30BHINIHIX CHUJI, MPUKJIAICHUX O Tija (TOYKH) 3MIHHOI MacH;
m — Maca MaTepiaabHOI TOYKHA B MOMEHT 4Yacy {;
V — a0COJIIOTHA IIBUKICTh TOUYKH;

U — IIBUJIKICTh YACTUHOK, SIK1 IIPUETHATIACS.
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VY pasi dt >0 Maca TOYKM 30UIBLIYETHCS (YACTHUHKU TPHENHYIOTHCS);

m .
SIKIIO ~§ <0 — 3MeHIIy€eThCS (YJACTHHKY BiJOKPEMITIOIOTHCS);

dm ) X )
SIKIIO " =0, TO Maca TOYKH IOCTIWHA 1 3 PIBHAHHI MeEIEpChbKOro MaeEMO APYTUid

3akoH Hrrorona.
PiBasiHHS MemepchKoro MOJKHA TaKOXK 3aIMCAaTH Y BUTIISII

dmy) __ dm
at —FF U

ﬂKHIO BBCCTH BCKTOD BiI[HOCHO.l' IIIBI/II[KOCTi YaCTHUHOK, IO IIPHEIHYIOTHCA,

U+ V= Ug, TOIl piBHIHHA HaOyJie BUTTISTY

dv__,,dm
dt =7 T Uyt

dm
3a Up=0 orpumyemo npyruii 3akoH HpioroHa. Bemmumny R =Up"y; HA3UBAIOTH

PCAKTHBHOIO CHJIOIO.
PiBHsHHS Memepcmcoro B [IO3HAYCHHAX MOKHA 3alIMCAaTH TaK.

dv

E=F+R'

Touka 3MIHHOI Macu MOX€ pyXaTHucs 3 MPUCKOPEHHSIM HaBiTh 3a BiJICYTHOCTI
o ; dm . .
3oBHiIHIX ¢ F=0. Bennunna peaktuBHOi cuiu |R| = at |uo| mpormopiriiiHa 3MiHi

dm ) )
Macu B OJMHHIIO 4acy |+ («ceKyHOHOI Macu») 1 IIBUJKOCTI YaCTUHOK, IO

B1JIOKPEMITIOIOTHCS 200 TPUETHYIOTHCS.

3agaua 29

Pakera 3 moyaTkoBOIO Macor My pyXaeTbCs BEPTUKAIBHO Bropy il AI€r0
CUJIM BiJJa4l BiJ BUTIKAHHS ra3ziB. Maca M pakeTu 3MIHIOEThCS 3aJIe’KHO BiJ dacy t
3a 3akoHOoM M=f(t) (3akoH 3ropsius manuBa). [LIBHAKICTS BUTIKAHHS Ta3iB MOCTIHHA
(110,10 paKeTH), CIPsSMOBAHA BHU3 1 TOPIBHIOE Ug. 3HANTH BUCOTY MiAHOMY PaKeTH SIK

(GyHKIIIIO0 Yacy, AKII0 M0YaTKOBA MIBUJKICTh PAKETH HA MOBEPXHI 3eMJIl JOPIBHIOE V.
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Omnip moBITPS 1 3MIHY NPUCKOPEHHS CHJIM TSDKIHHS 3aJI€KHO BIJ BUCOTH IIIHOMY
pakeTu He BpaxoByBaTH (3amada L[ioJKOBCHKOTO TPO PyX PAKETH 3 ypaxyBaHHIM

CWJIH TSDKIHHS).

Po3B’s13anns

Busnaunmo cucremy koopauHat. Hexair Bick OV chnpsiMmoBaHa Bropy, TOA1

PCAKTHUBHY CUJIY MOKHA BUPA3UTH K

dm
Uo‘a = — Uof(t) ,

a cuiy TsokiHHS K F = — g+f(t) . Binrak piBHsSHHS Meniepcbkoro Ha0ye BUTIISTY
dv
f(t) Gt = — U () — g /),

dv (g+m%%%tmov:_gp¢mmaa»+c.

Bpaxosytoun, mo f(0) = Mg, a v(0) = v , oTpumMaemo Bupasu

C =V, + upInMg V(t) =—-gt- Uo'|n(f(t)) + Vo + UgInMy .

d
Aune ockinbku V(t) = d_¥ , TO

t
_ gt

dy = (— gt +upln ][\(/I—t;woj dt, y=- 5 T Uo Jln f(t)dt +vot + Cy .
0
3pakatoun, mo Y(0) =0, To C; =0, a BixTaKk OTPUMAEMO BHCOTY MiTHOMY
pakeTu K QyHKIIIIO yacy ty BUTIISII

(0——&—+wfmﬂnm+vw

110 ¥ MoTpiOHO OYJI0 MOKa3aTH.

3agaua 30

Maca pakeTu 3 MOBHHUM 3amacoMm TMajuBa AopiBHIoe M, 6e3 manmuBa — m,
IIBUJKICTh BUTIKAHHS TMPOAYKTIB TOPIHHS 3 pPAaKETH JOPIBHIOE C, MOYAaTKOBA
IIBUJKICTh PAKETH JOPIBHIOE HYJIO. 3HAWTH MIBUIKICTH PAKETH IMMICHS 3TOPSHHS

NajivBa, HEXTYIOUH CHJIOIO TSKIHHS 1 oropoM noBiTps (popmyia L[101K0BCHKOTO).
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Po3B’s13anns

[To3Haunmo yepe3 V(X) MIBUIKICTH paKeTH ITICIIs 3TOPSHHS MMaJliBa Macoro X. Y
I[eld MOMEHT Yacy mMaca pakeTu cTaHoBUTHME M — X, a KUIBKICTh pyXy (B IIPOEKIIIi Ha
BiCh Y) JIOPiBHIOBATUME HYJIIO.

Qi=m;vi= (M — x)-v(x).

Haii, micist 3TOpsiHHS IMaquBa Macor Ax Maca pakeTH JOpiBHIOBaTHME
M—X—Ax, MBUAKICTH BIAMOBIAHO V(X+AX), IMIBHAKICTh 3ropiJioi YaCTHHH TaJliBa —
V(x+Ax)—C, a KIJIBKICTh PyXy CUCTEMH JOPIBHIOBATHME

Q=myvi + myVo= (M — X — Ax)v(x + Ax) + Ax-(V(x + Ax) — c).
OCKUIbKYM 32 YMOBOIO /€10 30BHIIIHIX CHJI MOYKHA 3HEXTYBAaTH (CHJIa TSKIHHSA, OMIP
noBITpsi), T0 Q1= Q21
(M —=X)v(X) = (M — X —Ax)v(x + Ax) + A x(v(x + Ax) — C),

- v(x + Aﬁc—v x) _ .

(M =Xx)v(x + Ax) — (M = X)v(X) =Axc, (M

[Tepexoasiun 10 Mexi, Kot Ax — (), OTpUMa€EMO PiBHSIHHS

C C
(M —x) v'(x)=c; v'=|vI 0 v(x) = JM “ dx=-c In(M —x) + C,.
VY nouarkoBuit MOMeHT vacy 3a X=0 , maemo V(0)=0. 3Biacu

v(0)=— cInM+C1=0; Ci=c’InM; v(x)=- ¢ In(M —x)+c:InM;

v(X) =c:(InM — In(M — X)) = c*In M —x

: M :
Ockimpku M — x > 0, To V(x)=c’In M —x Takum guHOM, TIICTS 3TOPSHHS BCHOTO

najauBa 3a X=M-m mBuAKICTb pakeTu OyJie JOPIBHIOBATH

Mo M
"MoM—m) M

v(M—m) = ¢

12. I'eomeTpuyni 3agaqi

s moeo wob po3e’sazamu HageoeHi Hux@Cue 2eoMempudti 3a0ayi, NOmpioHO
nooyoysamu KpecienHs, nozwauumu wykany xpusy Y=Y(X) (sxwo 3adaua 6
NPAMOKYMHUX —KOOpOUHamax) [ eupasumu 6ci eeiuuunu uepes X, Y, Y,
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CKOPUCMABUUCL 2eOMEMPUUHUM 3MICMOM NoXiOHOI. ToOi 3adane 8 ymo8i 3adaui
CNIBBIOHOWIEHHS NepemeopUmvbCsi HaA OugepeHyiaibHe DIGHAHHA, 3 K020 MOJNCHA
sHaumu wykamny @gyuxyiro y(X).

3agaya 31

3HalTH KpUBI, y SIKUX TOYKA MEPETHHY OYIb-IKOi JOTHYHOI 3 BICCIO aOCIuc

Mae a0CIUCY, yABIYl MEHIIY a0CIIUCH TOYKH JIOTHKY.

Po3B’s13aHus

Puc.5

Hexaii Touka TOTHKY Ha IIyKaHii KpuBid y=y(x) B AekapToBiii cucremi XOV
Mae koopauHaTtH (x, y). Toal piBHSAHHS JOTHYHOI 0 KpHBOi y=y(x) HaOyae BUTIISTY
Y—-y=k(X-X), ockimbku kK=tga=y", 10 Y —y =)' (X—X). Busnauumo abcuucy
TOYKHM NEPETHHY JOTUYHOI 3 Biccto OX.

[Tpunyckatouu, mo Y=0, oTpumaeMo piBHSIHHS

abo X=§L7y.

—y=y'(X=X
y =y ) B

X —
3a yMOBOIO 3a/1a4l 2= )‘C%Y . Orpumaemo piBHsHHS Xy’ — 2y = 0.

3BijcH piBHAHHS IIYKaHOT KpUBOi Mae Bursiy Y = CX2,
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3agaua 32

3HalTHU KPUBY, SIKa MA€ TaKy BJIACTUBICTh: NOBXKHHA 11 IyTd, YKIAJCHOT MIX
Oyab-sIKuMU J1BoMa ii Toukamu P 1 Q, mpomopiiifiHa pi3HHMII BiACTaHeH 10 TOYOoK P i

Q Bix Hepyxomoi Touku O.

Po3B’s13anns

L 4

o ":'\__/

Puc.6
Axmo 3adikcyBatu Touky P, To ayra QP Oyae 3MIHIOBaTHCS MPOIOPIIITHO
pizauLi OQ 1 craniit OP. YBeaeMo NoJsipHI KOOPAUHATH, y3sBIIM TOUKy O 3a MOJIHoc,
a OP — 3a nonspHy Bichb. [udepeHuian ayru KpuBOi B MOJIAPHUX KOOpJAMHATAX

(ds)? = (dr)?+ (r-do)>.
: 2.(dr)2 = 2 2 _ iz dr_ dr
3igcu k?+(dr)? = (dr)? + (r-do)* abo do =+/k*-1- P [aTeTrpyIoun,
OTPUMAEMO, IO IIyKaHa KpuBa € jorapudmivHa cmipais I = Ce*? .

3agaua 33

3HaANTH KpUBY, sIKa MPOXOJUTH Yepe3 MOYATOK KOOPJUHAT 1 TaKy, IO B1IPI30K
il HOpMasi, IO BiJCIKAETHCS CTOPOHAMHU IMEPIIOTO KOOPAWMHATHOIO KyTa, Mae
MOCTIHY JTOBXHUHY, 1110 TOPIBHIOE 2.

Po3B’s13anns

Hexaii AB — HOpMalTh, IPOBEICHA JI0 MIyKaHoi kpuBoi Y=Y(X) y Touri M(X,y).

PiBHsHHS 111€1 HOpMAaJIi Ma€ BHUTJIST

L (X x)

Y_vyv=—
y Y

ne X, Y — HOTOYHI KOOPJAMHATHA TOYKA HOpMaJIl.
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y/\
A
M(x.y)
>
@) B X>
Puc.7

Opaunary ToukH 4 1 abcuucy TOYKHA B BU3HAYAEMO 3 PIBHSIHb

oo x 1

y—y” Yy = Y’
X 1
yj, B(X + yy"y).

3a yMOBOIO 3aj1aui

T00TO A = (0;y +

\/(x +yy')’ + (y+§j2 =2, (x+yy)y + [y+%]2 =4, (x +yy') (1 +ﬁ) = 4;

4y'? 2y' 2y'

N2 — . | B S —_
(X +yy) =14y X+yy_i\/1TW’ X—\/Ty.g-

OcTtanHe pIBHAHHS € HEPO3B’SI3HE BIJHOCHO TMOXIAHOI. 3aCTOCOBYEMO METO]

YBEJICHHS ITapaMeTpa:

2p
N 2 _
21+ 2p2,—l+p2

S iy = :
V' =Py =P a6 x=TaE s yp i = 1+ p dp — pdy —ydp;
dy _2+2p°—2p° .(1 j N S
= dp —pdy — ydp; |~ +pjdy = ~ ydp;

p (1+p2)3 P —pay —ydp P pjdy (1+p2)3 yap

1+p? o2 p 2p

P dy:(\/lsz)s—ydp;y+1+p2y:(\/1sz)5-

OTpumaHne JiHIMHE PIBHSIHHS PO3B’sI3ye€MO MeTof0oM bepryti:

uvp

__2p
1P (L)

y=uv; Yy =uv+vVvu UuUv+vu+
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v'=—1—Y|_%; %— 1—_5_)?dp, Inv =-0,5In|1+p?
oL w2 . p
N = A ()
2
R T A
y=(—1+pg+cj\/1172=_1+c+cgz;
PF (1+p)

o2 (1+C-Cp) _2p+2pP+p-Cp-Cp®_ 3p+2p° Cp’Cp
VP (e T ()’ T+

JoBuzHauaemo craimy C 3 yMOBH, 1110 KpUBa IIPOXOJAUTH YE€PE3 MOYATOK KOOPAUHAT

:—1+2+2p2 _ 1+2p°
W] TR
X:3p+2p3—2p3—2p; x:L;
(\/1+ pz)3 (1+ pz)3
_-1-+1+p? _ p?
T T
_3p+2p°-p-p. _2p+p
U e iy

1 OTPMMA€EMO PIBHSAHHSA IIYKAaHOT KPUBOI B apaMeTpUuHii (popmi.

3anaua 34

3HaTH pIBHSAHHSA KpHUBOI, OyJb-fiKa JOTHYHA A0 SKOI YTBOPIOE 3 OCSMU

KOOPJAMHAT TPUKYTHHK IUIOLIEIO 2872,

Po3B’si3anHna

Zanumemo piBHIHHS A0THYIHOIL: Y — Y(Xo) = Y'(X0)(X — Xo). Y Hammomy BUIAAKY
Xo = X*, (X*;y*) — KoOpaMHATH TOYKH JOTHUKY. B TouIri (E ;0) Ma€eMO PiBHSIHHS
0-y0c) =y'0c) (@ —x*).

y'(x*) x* — y(x*)
y'(x*) '

3Biacu a =
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M(x*,y*)

\ 4

Puc.8

VY Touri (O; b ) OTPUMAEMO PIBHSHHS
b —y(x*) =y ()0 -x*); b=y (x)(x*) +y(x*);
y(X*)=y* =y, x*=xyx)=y.
OCKiNIbKH 32 YMOBOIO S = % ‘E ‘ )F ‘= 2a2, 10 a-b = 4a2 Binrax

y'.x_y ! ! 18 ! 1
%‘l(—y x )| =4ad (x-y)R=daty’ yix—y = R2ay'

OTtpumaBiu piBHsAHHA Kitepo, po3B’sskeMo HOro METoI0M YBEACHHS MapaMeTpa:

a
y=yx+2a\y'; v =p; dy = p dx; y=pxi2a\ﬁ);xdpi%dp=0;

a a a
+—F==0: =4+—-ry=—": —=— 4y =4 —'Vy=+4—,.
dp(x \E)] 0; \/p Y= g2 = =1y <
TakuMm 4MHOM, IIYKaHOK KPUBOIO € rimepbona x-y = a’.

3agaua 35

3HANTH KpWBI, y SKUX IUIONIA TPUKYTHHKA, OOMEKEHOTO IOTHYHOIO, BICCIO
a0cIuC 1 BIAPI3KOM BiJl TOYATKY KOOPAMHAT JI0 TOYKU JOTHUKY, € BEJIMYMHA MMOCTIAHA 1

Taka, 10 JOPiBHIOE a2,

Po3p’s13anHs
Hexaii y(X) — piBHSIHHS KPHBOI, IO 3aJ0BOJILHSE YMOBY 3amadi, (Xo, Yo) — 11

JIOBLJIbHA TOYKA.
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Yo t-------

y=y(x)

v

X B X

Puc.9

[TpoBeaeMo AOTUYHY uepe3 TOUKY (Xo, Yo) 1 OMYCTUMO 3 HEl MEPICHIUKYJISAP
) ) i 1
AH mna Bichk abcruc. Toxi moria TpukyTHUKa OAB Oyjie NJOopiBHIOBATH S= 2 OB-AH.

3a mooynoBoro AH= |yo|. 3naiinemo OB. PiBHSIHHS JOTHYHOI Ma€ BUTJIST
Y = Yo=Y'(Xo) (X — Xo).
VY touri B y=0, 3Biacu 3HAHIEMO X:

Yo

y' (%) °

Y
0 — Yo=Y'(Xo) (X — Xo); ‘WQO) =X—Xo, X=Xo—

Yo

1 Yo
0=y, ol a0 |[-je)

Ockinbku Touka (Xo, Yo) B3ATa JOBLIBHO, TO OCTAHHE PIBHSHHS BH3HA4Ya€ BCI KPHBI,

o1
1 S—2

Bixrax OB= Xo— ng —a2.

) ) ) ) y
SIK1 3aJ0BUIBLHAIOTH YMOBY 3a1a4i. Po3B’soxkeMo piBHSHHS 3a YMOBH (X — |y >0:
Yy y y

l — 2. y_2 2 —qN- 1 2 -
x—y.y—2a, xy—y.—2a =0; xyy'—y--2ay'=0.

Maemo y3aranbHeHO-0JHOpIIHE PiBHAHHS. Bu3HaunMo KoedilieHT 0OJHOPIAHOCTI !
2k=2k=k-1; k=-1.

1 z
3pobumo 3aminy: y =z 1= 2 Y'=—2, Toxi

Yy =0—ocobausuti po38' 30Kk,
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Xl 21, 1 2 Z_
—ZZ—1+2az, Z [Za —Z]—l.

VY pe3ynbTari MaeMO OJTHOPIJIHE PIBHSHHS, JUIsl pO3B’SA3aHHS SIKOTO BBEAEMO 3aMIHY:

Z=UX,Z'=U++xu'. TakuM 4YMHOM, OJECPKUMO HOBE PiBHIHHS
, 1 , du
(u+ xu )(Za2 —a] =1; (u+xu) (2a°u - 1) = u; x g (28°u - 1) = 2u - 2a%u?
(2a%u—1)du _ (dx
2u(l-a%) ~) x -

Jlani, 3aCTOCYyEMO METO]T HEBU3HAYCHUX KOC(IIIEHTIB:

202-1 _A B _A-Asu+Bu
u(l-a?u) " u 1-a%u~ u(l-a%)

A:—l, _ A:—l, B %_l (l a2 jd .
—Aa2+B:2a2;_> B=a’; = x T2 ) Cut1mam)

1
Injx| =5 (= Inju| - In|1 - a2u| + InC); 2In|x| + Inju| + In|1 — a%u| = InC;

1 1
xu(1-a’u) = C; XZ% (1—a2§j:(:; 2(x-a’2) = C (x—a2 §j:C;

1
x—a2§:Cy abo xy = Cy? + a2,

Oco6muBuii po3B’a30K Y=0 BXOAUTH B OTPUMMAHMI 3aralbHUN y pasi, akmo a> = 0

1 C=0. ixmo (X — %j y <0, To po3B’s130Kk HaOyA€ TAKOTO BUTIIATY:
xy = Cy? + a%.

TakuM YUHOM pIBHSHHS IIYKaHUX KPUBUX BU3HAYEHI.
13. Inmi 3aaa4i Ta NpUKJIaaU iX 32CTOCYBaHb

3agaua 36 ( 3agaya riapaBiikm )

[IpsmominiitHOIO TpyOOIO pamiyca R Teue pinuna. [IIBUaKICTH TEUil V KOKHOTO
mapy piiIiHU 30UTBIITYETHCS 3 HAOIMKEHHSIM HOTO JI0 IEHTPY TPYOu (BICh LIWIIIHPA).

3HaiTH V K QYHKIIIO BiJICTaH1 I' BIAMOBIIHOTO APy PLAMHY Bifl OCI MUAIHAPA.
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Po3B’si3anHa
3 TriAgpaBiikd BiJIOMO, IO 3aJCKHICTh MIX IIBHIKICTIO V | BijcTaHHIO I

BUpPaXalOTh Yepe3 PIBHSIHHS

dv_ yir
dr™  2¢
ne € — Koe(dimieHT B’A3KOCTI, | — TigpaBiIiyHAl CHan; — TI'YCTHHA PIAUHM.
p Y y p

[IpoinTerpyBaBiiu piBHSHHS, OTPUMAEMO BUPA3 JJIS IIBUAKOCTI

-i-r2

V= e +C.

Crany C BH3HaQUMMO 3 YMOBH, IO INBHJKICTh Tedii Iapy piauHU, SKUN

0e3mocepeIHbO MPHIIATaE 10 TPYOH, TOpiBHIOE HYIMH0, TOOTO V(R) = 0 :

i-R?
V(R)= - R? + C=0; =1

Takum unnom,  V(r) = :Y4.—8|-(R2— r?) .

3akoH boitns-MapioTra: TycTUHa OpONOpPIiAHA TUCKY.
T=const, PV=const abo PV = PyV,
3akon ['en-Jlrocaka :
P=const, V=Vol+at).
3akon [laps:

V =const, p=po(1 + apt) .

3anaua 37 (atmocdepHuUil TUCK)

Bigomo, mo uYmM BHINE MOBITPA Haa pPIBHEM MOpsA, THUM OUIBII BOHO
po3piKeHe — aTMOCEpHUN THCK 3 BUCOTOIO 3MEHITYEThCSA. BU3HAUNTH 3aJICKHICTD

p = p(h) Tucky p Big BucoTH h.

Po3B’s13anus

3a BenuuuHy aTtMoc(epHOro THCKy OepeMO Bary BEpPTHKAJIbHOIO CTOBIA
noBitps 3 miomero neperury S=1 cm?. IIpoBemeMo [IBa TOPU30HTAJIBHI IIEpEpi3H
poro croBmna Ha Bucotax h i h+Ah. Pizauus tucky p(h) — p(h+Ah)=— Ap(h) Ha nux
BHCOTaX YMCJIOBO JOPIBHIOE Ba3l CTOBMYMKA TOBITPS MK IBOMA TIepepi3aMu:

—Ap(h)=Amg,
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e Am — mMaca 1bOro MoBITPs; § — MPUCKOPEHHS BUILHOTO MaJiHHS.

Ah /

PiBens Mopst

Puc.10

O0’em AV croBmumka nopiBHIOe AV=S-Ah=Ah, ToMy sKIIO CpeaHs TycTHHA
HOBITPS B CTOBITYHUKY JOPIBHIOE Peep, TO AM= peep AN, 3BizCH

Ap(h
—Ap(h)= - pecpAh, Z(h d-_ 9 Pep -

[To3naunmo ryctuny moBiTps Ha BucoTi h uepes p(h). Toai 3a Ah—0, cepenns
ryctuHa peep— pP(h). ITlepexonsum 1m0 Mexi B OCTAaHHBOMY CIHIBBiJIHOIICHHI,

oJiepKUMO epeHianbHe PIBHIHHS

d
h=—0ph),

ne dyunkuis p(h) HeBigoMa.
[Tpunyckatouu, 10 Temreparypa TOBITpsSl OJIHa M Ta X cama y BCIX IIapax
aTMocdepH, 13 3akoHy boilns-MapioTTa a00 3 piBHSHHS Ta30BOr0 CTaHy OTPUMYEMO,

110 TUCK NPONOPLINHUI I'yCTHHI

p(h)=b-p(h).

Otxe, p-V=R-T=const, ne R — yHiBepcaabHa razoBa nocTiiiHa, 3BiJICH

RT M
ae b= ™ p(h) = Vo M — monsipHa Maca rasy.

dp _

Otpumaemo audepeHIiaibHe PiBHIHHS dh ——%-p, 3BIICKM MAaeMO IUIyKaHy

g
3aIIeKHICTh TUCKY P Bix Bucoty h y Burmsiai p(h) = pee "
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3agaua 38 ( mpouec mepexoay B AJIEKTPUHIHOMY JIAHIIO31)

VY naHIo31 3 IHAYKTUBHICTIO B1IOYBa€EThCS MepeXiaHu nporiec. [HIyKTUBHICT
L i akTtuBHuil omip R moctiitai. Hanpyry U 3agaHo sik ¢yHkiio Big gacy u = f(t).
[TouaTtkoBuii CTpyM MAOpiBHIOE Ip. 3HAWTH 3aleXHICTH CTpyMy |1 Big dvacy t

(pO3TJISIHYTH BHIIAJI0K, KOJIM U = Ug = CONSt).

Po3B’s13anns

CtpyM | B JIaHIIFO31 3 YaCOM 3MIHIOE€THCS, BHACIIIOK HASABHOCTI 1HIYKTHBHOCTI

L BuHUKaE enekTpopymIiiiHa cuia (e.p.c.) caMOiHIyKil

e=—L7g-

3rigHo 13 3akoHoM Kipxroda mamiHHS HaNpyrd B JAHIIO31 JOPIBHIOE CyMi €.p.C.,
TOOTO
d'

dt + R-i =U.

di
= R+ abo Ldt

Maemo niHiliHe AudepeHIiaibHe PIBHSIHHS TEPUIOTO MOPSAKY, PO3B’S30K SKOTO

ITYKaTUMEMO Y BUTJISII

i(t) = p(H)q(t) .

[ro dhopmy po3B’sA3Ky MiJACTABISIEMO Y BUXI1JIHE PIBHSHHS

d d
L-q-alit2 + p(LFCt{ + R-qj =u.

OyHKIIT P 1 ( 3HAXOAUMO 13 CUCTEMHU

dq
d,[+Rq 0
d
qui)—u

Po3B’s13y10un 1110 cucTEMY, 3HaX0IMMO IIYKaHUH pO3B’SI30K BUXITHOTO PIBHSHHS

_Ry 1 Ri
=e' C+Efu(r)eL dt
0

Ockinbku 1(0)=ip, u=f(t), To
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Sxmio x f(t)= Up=const, TO

I3 pocTom t ekcroHeHTa € " 3MEHIIYEThCS, 1 Yepe3 JesAKUil MPOMIKOK Yacy

. Uo
IIponecC MOKHA BBAXKATHU CTAJIUM. CTpYM BHU3HA4YATHUMCMO 34 3dKOHOM OMa: |1 = E .

3agauya 39 (opToronajibHi TpaeKkTopii)

Ckmactu audepeHIianbHl pIBHSHHS TPA€EKTOPIM, SIKI NEPETHUHAIOThH JIIHII
nanoro cimeiicta X?>+ C?= 2Cy nig xytom 90°.

Po3B’s13aHHs

Jns toro moO ckiacTu audepeHuiabHe PIBHSHHA TPAEKTOPId, MOTPiOHO
ckiacty AudepeHliaibHe PIBHSIHHSA 3aJaHoro ciMeiicTBa. lle piBHAHHS MaTuUMe
BUTJISA]L

f(x, y, y")=0.

[TpoaudepeHiiroeMo piBHIHHS ciMeiicTBa 1 Bupa3umo C:

2x—2Cy' =>C =,

y
MOTIM MIACTAaBUMO Y BUXIJTHE PIBHSHHS:
22 1 2
X2+ % = % xz(l + Fj = % XL +y?) =2xyy,; x(1+y?) =2yy"

VY 3amgaui TpaekTopii MepeTHHAIOTh JIHIT JaHoro cimeictBa mig kytom 90°,

OT)KE, TPAEKTOPIi € OPTOTOHAJIBbHI, TAKUM YHHOM, Yy HACIIJOK OPTOrOHAIBHOCTI

1
th:_tg_a’
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. i 1 :
7e tgo — KyTOBHIM KOoe(iIlieHT TpaekTopiit, a tgf = y', Tooto y' = — 7 . IlizcraBumo

Ym
JaHy pIBHICTh y naudepeHIiagpHe PIBHAHHS CIMEHWCTBA 1 OTPUMAEMO IITyKaHI

audepeHiiaabHl pIBHIHHS OPTOTOHAIBHUX TPACKTOPIN
x(l + L} =2 S X(1+(y'm)?) = —-2yy'
(y'm)z - yy'm ) ym - yym

3anaua 40

JIns 3ynUHKU PIYKOBUX CYJIEH O MPHCTaHl 3 HUX KUJAIOTh KaHAT, SKUN
HaMOTYIOTh Ha CTOBII, IO CTOiTh Ha MpHUCTaHi. Slka cuia Oyme raabMyBaTH CYIHO,

AKIIO KaHAaTOM pOOJIATH TPU BUTKA HABKOJO CTOBIA, KOEQIIIEHT TEPTSd KaHATY

JTIOPIBHIOE 3 PoOGiTHHK Ha MpHCTaHi TATHE KaHAT 3a BUIBHUHN KiHEIb 13 Cuiioro 10 Kr.

Po3B’sa3anuna

Hexaii y(¢) — cuia HATATY KaHATy, M0 3MIHIOETHCS 3aJI€KHO BiJl KUJIBKOCTI
BUTKIB. To/i i1 KOKHOT Mayioi BifCTaHl Ha Ay31 AQ cuila HaTATY 3pOCTaTUME 3a

3akoHOM Y(@ + A®) — Y(9) = Ag-uy(9), ae ¢ — Bimcranp Ha ay3i (B pagiaHax), U —

Koe(dimieHT TepTsa KaHaty. Tozl

°
y'= % i V' =n(9); y(e)=y(0)e3,
ne Y(0) — cuia, 3 kot poOoumii TsrHe KaHaT. TakuM YMHOM, TalbMiBHA CHJIA IS
CyJiHa JIOP1BHIOE
y(6m) = y(0)-e?® = 5000 xr.

3anaua 41 (kpuBa NOroHi)

MiHoHOCeIb TOJIFOE 32 MIJIBOJHUM YOBHOM y TYCTOMY TyMaHi. Y SKHICh
MOMEHT 4acy TyMaH pO3BisiBCA 1 MM1JIBOJJHUN YOBEH BUSIBUBCS BUSBJIIEHUM Ha MTOBEPXHI
BOJM Ha BijcTaHi 3 Muib Bij MiHOHOCIA. [IIBHIKICT, MIHOHOCHA yABIYl OuTbIIA
IIBUKOCTI MiJBOAHOTO YOBHA. [I0TpiOHO BU3HAYUTH TPAEKTOPIIO (KPUBY MOTOHI), TIO
K1 Ma€ CITyBaTH MIHOHOCEIb, III00 MPONUTH TOYHO HAJ MiJBOJHUM YOBHOM, SIKIIIO
OCTaHHIN BIpa3y K 3aHYPIOEThCS MICJsA HOTO BUSBICHHS Ta MpsIMy€e€ Ha TMOBHIN

IIBUJKOCTI Y HEBIIOMOMY HampsIMKY.
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Po3B’s13anns

Puc.11

YBeaemo MnosasipHi KOOpJAWHATH T, 0 TakuM 4uHOM, 1100 nojroc O nepedyBaB y
TOYIIl BUSIBJICHHS IT1JIBOJHOTO YOBHA, a MOJSIPHA BICh 7 MPOXOJAMIIA Yepe3 TOUKY, B
AKI y MOMEHT BHSBJIEHHS IMIJBOJHOTO 4YOBHa OyB MiHOHOcelb. llepmr 3a Bce
MIHOHOCIIFO TpeOa 3aiHATH TaKy IMO3MIl0, 1100 1 BiH, 1 MABOJHUN YOBEH Oy Ha
oJHiM BiAcTaH1 Bia noitoca 0. IloTiM MiHOHOCEIL Ma€e pyXaTUCsl HAaBKOJIO Tojtoca O
Mo Takid TpaekTopii, mo0 o0uaBa pyxoMux OO'€eKTH BECh 4Yac MepedyBaiu Ha
OJIHaKOBIi# BijicTaHi BiJ TOUkU 0. TiIbKU B IIbOMY BUTIAJKy MIHOHOCEI[h, PyXalOUHCh
HaBKOJIO TIoyrroca O, TIpoiiie Haa MiABOJHUM YOBHOM. 3 BHINECKA3aHOTO BUILIMBAE,
[0 CMOYaTKy MIHOHOCEIh MOBUHEH PYyXaTHCh MPSIMUM KypcoMm A0 To4ukd O 1O TUX
Mip, TOKU HE ONUHUTHCS Ha TiM K€ BiACTaH1 X BiJ mostoca O, 1o 1 MiABOAHUIN YOBEH.

BiacTanp x MO)XHA 3HAUTH 3 PIBHIHHS

x 3—x
v 2v
abo
x 34+x
v 2v’
€ vV — MBHUAKICTh MIABOJHOTO 4YOBHA, 2V — IMIBUAKICTh MIHOHOCI.

Po3B’s13yr0un OoCcTaHH1 PIBHSHHS, 3HAXOJIUMO, IO BIJICTaHb X JOPIBHIOE a00 OJHIN,
a00 TPbOM MHIISIM.
Hami, saxmo «3ycTpidi» He BiAOyJocs, TO MIHOHOCEIh TOBUHEH HaJasl

pyxaTucs HaBkojo momoca O (32 TOJAMHHHUKOBOIO CTPUIKOK abo0 MpOTH),
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BIIJAJIAIOYNCh BIA HBOrNO 31 IMMBUAKICTIO IMIJIBOAHONO 4YoBHA V. Po3kiamemo
IIBUJIKICTh MIHOHOCIISI Ha JIBl CKJIAJIOBI1: padiaibHy U, 1 MAH2EHYIANbHY Vr .
Paoianvna cknadoséa — 11e MBUAKICTD, 3 KO MIHOHOCEIb BiITAISETHCS Bij

noJjiroca O, To0TO

dr

v, = —.
Toodt

Taneenyianvua cxknadoséa — 1e NiHIWHA MBUAKICTh PYXy MIHOHOCIST HaBKOJIO
: . . de :
nontoca 0. Bona nopiBHIO€E 100yTKY KyTOBOI IIBUKOCTI dt Hapamycr, TOOTO

do

Vp =T —.

T dt

AJle OCKITBKH U, = 1, T0 Uy = 4/ (2v)2 — v2 = /3.

OTxe, po3B’A30K BUXIAHOI 3a7a4i 3BOJAMUTHCS /10 PO3B’SI3aHHSI CUCTEMH JIBOX
nudepeHIliaTbHUX PIBHIHB

dr do
E=17, T'E=\/§U,

dr d&@

sJgKa, y CBOIO 4CPIry, MOXKC 3BOOUTHUCA 10 OJHOI'O piBHHHHH T = % BUKJIIOYCHHAIM

3MiHHOI t. Po3B’s3ytoun octanne qudepeHIiiaabHe piBHSIHHS, OTPUMYEMO PO3B’ 30K

y BUTJISIL

0
r = Cev3, ne C — nOBiNbHA CTANA.
3BaXkarouu, 110 MIHOHOCELb TOYMHAE PyX HaBKOJIO notoca O 3 moJIsIpHOI OCi 7
Ha BIJICTaHl X MWIb BiJ Touku O, TOOTO BpaxoByroun, mor = 13a8 = 0Ttar = 3 3a
0 = — 1, HO0XO0AMMO BHCHOBKY, 10 y nepmomy Bunaaky C = 1, a B apyromy C =
3e™V3, Takum YUHOM, 11100 BUKOHATH CBOE 3aBIaHHS, MIHOHOCEIb Ma€ MPONTH ABI
abo MICTh MWJIb MPSMUM KypCOM Yy HaIpsIMKy IO MICLS BHUSIBJICHHS I1JBOJHOIO

YOBHA, a MOTIM pyXaTucs

. 6
mocmipani  r=Ce V3 aGo 1 =3e®+m/V3,
Lelt mpukiaa JEMOHCTPYE 3aCTOCYBaHHS AUQPEpEHIIAIbHUX PIBHAHb ISl BUOOPY

MPaBUJILHOI CTpaTErii Mij] Yac po3B’si3aHHS 3a/a4 MOITYKY.
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3agaua 42 (MaJi KOJIMBAHHA MAasITHHKA)

Kynpka macoro m 3akpimieHa Ha KiHii M HeBaromoro crepxHs OM,
miABIIIeHOTO TapHipHO B Toumi O Tak, 10 BUXOIWUTh MAasTHUK, KU TOHTA€ThCS B

OJIHIH IUTOIMHI. 3aIiCaTH 3aKOH MaJINX KOJIWBAaHb.

N

I\

|\\\\
BARN
RNEN

I VN N\
Y
R
o ©O

Puc.12

Po3B’sa3anuna

Bigxunennss wmasitHuka OM Big ToNOXeHHS piBHOBaru OM, 3pydHO
BUMIPIOBATH BETUYUHOK Y KyTa M,OM, BUpaxxeHOIO B pajiaHax.

Ha kynbky Iit0Th JB1 CWJIM: HamlpaBjieHAa BEPTUKAIHHO BHU3 CHJIA TSIAKIHHS
Fr = —mg Ta nanpasiena no paaiycy MO cuna peakilii ctep>xus N.

3anumiemMo Apyruil 3akoH HpI0TOHA B MPOEKITIAX HA JOTUYHY:

2
mo3 (ly) = —mgsiny

abo
d’y g .
W = —TSIH .
PosrnsitHemMo wmami KONMHMBAHHS MAasTHHKA, TOOTO BBXKATHMEMO BEIMYHHY
y Mmanow. Toxai siny MOXHa 3aMIHUTH Ha Yy, 3HAIOYH, IO chi_r>r(1) Sl;lx =1, 1 Big

OTPUMAHOTO PIBHSHHSI MIEPEUIEMO /10 PIBHSHHS BUTIISTY
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abo

baunMo, 1m0 3a MaNMX BIIXWICHb BIiJ TOJIOKCHHS PIBHOBArW KOJMBAHHS
o . g .
MasiTHUKA € Maike TapMOHIYHI 3 YaCTOTOI W) = \/;, 10 HE 3aJIC)KUTH BiJ MAaCH M Ta

B1JI TOYATKOBUX YMOB, TUIbKHU O Y, Ta Uy OyJId JOCTATHHO MaJIUMHU.

3amgaua 43

[Ipominb cBiTiia magae 3 TOYkU A B TOUKy P 31 MIBUAKICTIO Vj, a MOTIM
MPOXOJUTHh B OUIBII IIUIBHOMY CEPEIOBHUIII BiJ TOYKH P 10 TOYKH B 3 MEHIIO

HIBUIKICTIO V. [100y1yBaTH 3aKOH MOIIMPEHHS CBITIA.

(041

LY

N
99

Puc.13

Po3B’s13anus

[ToBHuit yac 7, HEOOXIIHUI JJIST TIPOXOJKEHHS IMPOMEHIO CBITJIA BiJl TOUYKU A
710 TOYKU B, BU3HAYMMO 3 PIBHOCTI
Vaz+x2 /b2 + (c — x)?
T = + :

%1 v,
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SIKIIIO MPUITYCTUTH, 110 MPOMIHb CBITJIA MPOXOAUTH Bl TOUKH A 10 TOUkH B

BKa3aHUM NUISIXOM 3a MiHIMalibHUM yac 7, To moximgua —_ = 0. Bigrak
’ dx

X c—X

vVaZ +x2 v,4/b% + (c — x)?

abo

sina;  sinay
T
OcTaHHsI PIBHICTP CTAHOBUTH BIJOMHUN 3aKOH 3aiomieHHs CHeliyca, BIAKPUTHN
CHOYATKy €KCIIEPUMEHTAIBHO Y (hopmi

sin o
= a,

sin o,

nea = const.

BucnosneHe npumnyiieHHs, 10 NPOMIHb CBITJIA TPOXOAUTH BiJ TOUKU A 10 Touku B
3a MIHIMAJIbHUN Yac, Ha3uBalOTh MpUHIUIIOM Depma HaWMEHIIOT0 4Yacy. 3HaueHHs
I[bOTO MPUHIIMITY TOJIATa€ HE TUIBKK B TOMY, IIIO0 BiH JIa€ pallioOHAJIbHY OCHOBY IS
BHUBEJIeHHsS 3akoHy CHemiyca, ane, 30Kpema, 1 B TOMy, IO BiH MOXe OyTH
3aCTOCOBHUN [IJISi 3HAXOPKCHHS TPAEKTOpli MPOMEHs CBITIa, KOJM OCTaHHIM
MPOXOJUTH YEPe3 CEPEAOBUIIE 3MIHHOI HIIJTLHOCTI, B3araji KaXyuu, He MO BiJIpi3Kax

MPSMHUX.

Puc.14
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Jlis mpukiiany posmisHeMoO MmapyBare cepepoBuine (puc.14). Y koxHOMY
OKpEeMOMY Iapi IIBHUJKICTh CBITJA IIOCTIMHA, ajie BOHA 3MEHIIYEThCA Yy pasl
nepexoy BiJ BHUILOTO mapy Ao Hux4doro. Cragaroumii MpOMiHb CBITIA MiA Yac
nepexo/ly BiJ MIapy 10 IIapy 3aJOMIIOETHCS BCE OLIbIIE 1 OLIbIIE Y HAMPSMKY 0
BEepTUKAI. 3aCTOCYBaBIIMN 3akox CHenniyca 10 KOPIOHIB MiX IIapaMH, OTPUMAEMO

CIIBBIIHOIIICHHS

sina; sinay sinaz sinoay

v, vy vz vy
[Tpunyctumo Temnep, Mo TOBIIMHA MAPiB HEOOMEKEHO 3MEHIITYEThCS, a YHCIIO
mapiB HeoOMexkeHo 3poctae. Toal y pas3l mepexoay 10 MeXl HIBUIKICTh CBITIA

criajiae Oe3nepepBHO 1 MU OTPUMYEMO, 110

sin a

=aq, a = const.
v

[TomiObHa cutyarisi CrocTepiraeTbes (3 MEBHUMHU 3aCTEPEKEHHSIMHU) y pasi
CHaJaroyoro Ha 3€MJII0 IPOMEHSI COHIIS, KOJU BiH YHOBUIBHIOE WIBUJAKICTH MpU

MPOXOJIKEHHI uepe3 arMocdepy 31 3pOCTarovor0 HMIUTBHICTIO.

3anaua 44 (OpaxicToxpoHa)

3amauy mpo OpaxiCTOXpOHY, a00 KpUBY HAWIIBUIIIOTO CITYCKY, TMOCTaBHB
mBeirapcbknii MaTemaTik M. Bepryini B 1696 p. BoHa 3a/IMIIa€ThCsl aKTYaIbHOIO i
ceorojiHi. Ha mpaktuiii OpaxiCTOXpOHHU MOXKYTh OyTH 3aCTOCOBHI Y TEXHII IS
CKOPOYEHHS Yacy OTpUMaHHs HEOOX1IHUX PE3yJIbTATIB POOIT, HAIPUKIA/, Y BUMAAKY
BU3HAYEHHSI ONTUMAaJIbHOI (pOpMHU aBapiiHMX HaJAyBHHMX TpaliB, Kl B JaHUH dyac,
KpIM KOPUCTYBaHHS B KOXXHOMY TMacCaXHUPChbKOMY JiTaKy, HaOyBalOTh IIHPOKOTO
3aCTOCYBaHHA B CHUCTEMax MOXKEXHOI OE3MeKH Yy IIKOJaxX 1 JIKapHAX SIK IIBHUIKHMA
cnoci0d eBakyallli 3 HH>KHIX [TOBEPXiB Oy/IIBJI1 Yepe3 BIKHA. Y BUIIAJKAX 3aCTOCYBaHHS
TaKUX TpamiB y OYIIBIAX iX (OpMY MAIOTh PO3POOJIATH 1HIUBIAYaTbHO I KOXKHOTO
BUIIAJIKa 3 ypaxyBaHHAM MiCbKOi 3a0y10BU. Pe3ynbTraTi Takok MOKHA 3aCTOCYBATH y
BIICBKOBO-KOCMIUYHUMN Traiy3i Mi 4yac pO3paxyHKy TPAEKTOPIH AJs 3alycKy pakeT 3
HEPYXOMHUX O0'€KTiB, PO3MIIICHUX HAJl TMOBEPXHEIO0 3€MJI, OCKIJIBKUA JI03BOJISIOTH

OTPUMYBATH TPAEKTOPIi, 1110 3a0€3MEUYOTh HAUIIBUIIIE TOCATHEHHS II1I1.
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VY BepTUKaJIbHIN IJIOMIUHI pO3MIIIEeHO 1Bl Touku A 1 B (puc.15), o He nexarh
Ha OJIHIM BepTukaii. HeoOxigHo cepes yciX KpUBHX, 11O MPOXOASATh Yepe3 3a3HaueHI
TOYKH, 3HAWTU TaKy, CIyCKAIOYUCh MO SIKIA MiJ J1€I0 CHJIM TSKIHHA, MaTepiajabHa

TOYKa CKOTUJIAch OU 3 TOUKU A B TOUKY B 3a HAWKOPOTIIUI Yac.

Po3B’s13aHus

\ 4

Puc.15
VYBenemo cucrteMy KOOpAMHAT Y BEPTUKAIbHIN IJIOLIUHI TaK, SIK 1€ TOKa3aHO
Ha PUCYHKY, 1 ySIBIMO, IO KyJjbKa (1M0A1I0HO NPOMEHIO CBITJIA) 3aTHa BUOpaTu coOi
TaKy TPAEKTOPIIO CIYCKY 3 TOYKU A B TOUKY B, 11100 4ac crycky OyB HAMEHIIIUM.
Toni, 3a aHaJOrIYHUX MIPKYBaHb (AUBUCH MOIMEPEIHIO 3a7ady) Mae MICIIC

dbopmyna
sina

=a, a = const.
v
Cnuparounch Ha TPUHIMI 30€pEKEHHS €HEeprii, OTPUMY€EMO, IO IIBUJKICTb,
JOCSITHYTa KYJBKOIO Ha 33JIaHOMY PiBHI, 3aJI€KHUTh TIILKHU BiJl BTPATU MOTEHIIMHOI
€Heprii mijJ yac JOCSTHEHHsS LbOro PIBHS, @ HE BIJ BUIJIALY TPAEKTOpIi, MO SKIH
CKOUY€ThCs KyJbKa. Lle o3navae, mo v = /2gy .

3 1iHmoro OOKy, T€OMETpUYHI MOOYJOBH TOKa3ylHOTh, IO MAIOTh MiCIEe

CIIIBBITHOIIIEHHS
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T 11
SeCB_\/1+thB_\/1+(y’)2.

Kombinyroun TOAi mepiry piBHICTH 3 OCTaHHIMH JIBOMa BiJHOILICHHSIMH,

sina =cosf} =

OTPUMYEMO PIBHSIHHS

, —
y[1+ 0 =C
OcTtanHe piBHSIHHA 1 € AUdepeHLiaabHe piBHAHHA OpaxicTroxponu. [lokaxkemo 3apas,
: . - . d
o OpaxicToXpoHa — Iie MUKJIOiNa, i TiTbkH BOoHA. J[ificHO, OCKiIbKH Y = é, TO,

PO3AUTUBIIN 3MiHHI, OTPUMAEMO PIBHSHHS BUTIISTY

Yy \1
= 2
dx <C—y) dy.

YBeneMmo Tenep HOBY 3MiHHY (P, BBOXKAIOUH, 110

y 1
2 =
<C — y) 8-

y = Csin?¢g, dy = 2Csing cos @ de,

Tomi

dx = tgedy = 2Csin?¢@ dg = C(1 — cos 2¢) d.

[HTErpyBaHHA  OCTAaHHBOTO  PIBHSHHS  OPUBOJUTH  JI0  CIIBBIJHOILIECHHA
C
X = E(Z(p —sin2¢) + (4,
1ie, B CUJTy moyaTkoBUX yMoB, X =y = 03a @ = 01inoctiitna C; = 0.
OTtxe,
C _ _ C
x=z(2(p—sm2cp), y = Csmchzi(l—cosZ(p).

bynemo BBaxaru, 1o C/Z =71 20 = 0,
BIJITaK MPUNIEMO JI0 CTAaHAAPTHUX MApaMETPUYHUX PIBHSIHB ITUKIIOTIH:

r(0 —sin0), y=1r(1—cosB), nmer — paniyc kona, 0 — KyT.

TakuM YUHOM, PO3B’A3KOM 3ajayl Mpo OpaxiCTOXPOHY € Jyra IUKIOiIU 3
TOPU30HTAJILHOK0 OCHOBOO, TOUKA TTOBEPHEHHS SKOI PO3MIIIEHa B TOYIll A, 1HAKIIE
KOKy4d, MAa€ BEPTUKAIbHY NOTHYHY B Toulll A. 3a3HauMMo, M0 Yac CIyCKy HE

3JIKUTH BiJl pO3TalllyBaHHS MOYATKOBOT TOUKHU Ha Jy31 LIUKJIOIIH.
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3agaua 45 (Moaeti 60iOBHUX i)

[Tin wac Ilepmioi cBiTOBOI BIMHM aHTTINACHKUNA 1HXKEHEpP 1 MaTeMaTHK
@.VY .Jlanuectep moOyayBaB JEKiIbka MAaTeMaTUIHUX MOJEIICH BEJICHHS MOBITPSHUX
outs. IloTiMm mi Moxaeni Oynu y3arajdpbHEHI 1 TOIMMPEHI HA BUIAIO0K OOHOBUX il
pPETYJISIpHUX BINCHK, MApTHU3aHCHKUX 3'€MHAHh a00 THUX Ta IHIIUX OJHOYACHO.

[ToGynyBaTu audepeHiiaibHe piBHAHHS, 1110 OIUCYE TaKl CTPATErii.

Po3B’s13aHus

L1i Tpu Moziesi MU 1 pO3TIISTHEMO HUKUE.

Hexaii X 1y — AB1 mpoTUOOpY1 CTOPOHHM; t — yac (J1H) 3MIHU YUCEIBLHOTO CKIIaIy.

OLR — mBHAKICTB, 3 KOO CTOPOHA X a00 Y Hece BTPATH BiJl XBOPOO Ta 1HIIHMX
YWHHMKIB, HE TTOB'I3aHUX 3 OOMOBUMU JIISIMU.

CLR — mBHAKICTH, 3 KOO CTOPOHA X a00 Y Hece BTpaTH B Ipoiieci 00H0oBUX
T 13 CTOPOHOIO Y.

RR — mBuakicTh migxoay miakpimieHns X(t) ado y(t).

3aI‘aJ'II)Hy IHBHIIKiCTb 3MIHU YHCEIBHOTO CKJIay 3aaaMo piBHSIHHSIMH

dx(t)

= —(OLR + CLR) +RR,
dy(t
% — —(OLR + CLR) + RR,

a, b, ¢, d, g, h — HeBix eMHI TOCTIHHI, [0 XapaKTePU3YIOTh BIUIUB PI3HHUX
YMHHUKIB HA BTPATH B *xUBii cuii cropin X(t) 1 y(t);

P(t) i Q(t) — nomaHku, MO BPaXxOBYIOTh MOXIIMBICTH MiAXOAY IiJKPIILICHb
cujaM X 1Y poTSATOM JIHS,

Xo 1Yo — YMCEIBHUM CKJIa] CUJI X 1Y Tepe]l ToYaTKoM OOMOBHX .

HudepenmiansHa cucrema Tuiry (A)

O = —ax(t) - by(t) + P(t)

2O = —cx(t) — dy(t) + Q1)

onucye OOWOBI 1T MIXK PETYJISIPHUMHU BIHIChKaMH.
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JHudepenmiaabHa cuctema Triy (B)

=0 = —ax(t) - gx()y(®) + P(t)

di’i_(tt) = —dy(t) — hx(t)y(t) + Q(¢t)

onucye 00MOBI JiT MK MAPTU3aHCHKUMU 3'€ THAHHIMHU.

HudepenmiaasHa cucrema (C)

=0 = —ax(t) - gx()y(6) + P(t)

2O = —cx(t) — dy(t) + (1)

OTIHCYE 3MIIIAHUN TUI OOMOBUX JIIH PETYISAPHUX BIMCHK 1 MAPTU3aHCHKUX 3'€THAHb.
Brpatu B JkuBil cuiai, He mOB’s3aHi 3 OoioBuMu mismu, ax(t) i dy(t);
IIBUJIKICTh BTpAT:

ldx ldy

xdt ydt
by(t) i cx(t) — OorioBi BrpaTH; koedimientn b 1 ¢ — epekTHBHICTH OOMOBUX il
CTOPIH Y 1 X BIJIITOBIJTHO.
ldx ldy

y dt ’ x dt
b= yPy; € = TxDx,
JIE Ty, Ta Ty — KOE(ILIEHTH BOTHEBOI MOTYXKHOCTI CTOPIH X T Y,

Py Ta Py — BIPOTIIHICTB TOT'O, IO KOKEH 13 TIOCTP1IiB CTOPOHU Oy 1€ BIIYYHHUM:

Ve = —CX .

[lepeiinemo Big cuUcTeMHM JO PIBHSHHS JPYroro TMOPSAKY 13 CTaJIUMHU

Koe(ilieHTaMu Ta pO3B SHKEMO HOTO:

X = —by
X = —b(—cx)
X = bcx

k?—bc=0
k1,2=im



OTpuMaeMo Po3B 130K BOTO PiBHSAHHS y BUIIsAAl cucteMu (D)

x(t) = C,eVPet 4 ¢, eVbet

y(t)=\gCle‘/f—\/%Cze“/f

Hexaii OoiioBi cwim mapTu3aH uucenbHICTIO X(t) 3aiiMaroTh TepuTopiro R,
3aJIMIIAI0YUCh HEBUJIMMHUMHU JIJIsi CYNPOTUBHUKA. BTpaTu mapTu3aHChKHUX 3'€/IHAHb X
samumemo 'y Burgai —gX(t)y(t). Jdus BusHaueHHS e(eKTHMBHOCTI OOHOBHMX Jii
CTOPOHH Y MOXKEMO CKOpHUCTAaTUCS Koe(illieHTaMd BOTHEBOI TOTYKHOCTI Iy,
BIPOTIAHICTh BJIYYHOI'O MOCTPiAy 3 OOKy Y IpsSMO MPONOpIliiiHA TEPUTOPIaTbHIM
eexTUBHOCTI Ary OTHOTO NOCTpLLy 3 OOKY Y 1 00€pHEHO IpomnopLiiHa 10 miony AX
teputopii R, 3aiiHsaToi cmiamu X. Yepe3 Ary mo3HauyuMo IUIONLY, SKy 3aiiMa€e OIUH
naprtu3saH. Biporigani GopMynu s BU3HaUeHHS ctanux ¢ i h Taki:

g=r ﬂ h=r, &
Y Ax’ X Ay

Takum yuHOM, cuctemu audepeniianbuux piBasHb (A), (B), (C) omucyroTrsh
TpH pi3HiI Mopeni OoioBux miif, cucrema (D) meMOHCTpye poO3B SI30K UIS OXHOTO
BUITAJIKY, KPIM TOTO HaBeJleH1 (hOPMYJIIH JJi1 OOUHUCIIEHHS HEBIJIOMUX CTAJIHX.

OxpiM HaBeJEHUX BUILE MPUKIAAIB MEBHUN 1HTEpEC sBIIAE cO00I0 MOOya0Ba
MaTeMaTU4yHIX MoJeNed 1 BIANOBIAHMX JU(EepeHLIaTbHUX PIBHAHb /Ui 3aKOHIB
Kennepa pyxy mmadeT i HeOeCHOI MeXaHIKH, pPO3B s3aHHS CEKOJOTIYHHMX 3aaad 1
npoOJeMu KapHOI BIJAMOBIJAIBHOCTI 32 OpakOHBEPCTBO, 3adady MpO BOJSHI,
MasgTHUKOBI Ta ILUKJIOIAAJbHI TOAMHHMKH 1 IX TOYHICTh, 3aJad MOJCIIOBAaHHS
HEBAroMocCTi, 3324 MPO CTIMKICTh TOYOK PIBHOBATH 1 MEPIOUYHUX PO3B SA3KIB, 33724
(dhopMyBaHHS Ta pPEryJrOBaHHs MOMUTY 1 MPOMO3UIIii, 3a/1a4 €PEKTUBHOCTI PEKJIaMH,
BUPOOHMUMX 3a/lady MPO TPAHCIOPTYBAHHS, €KOHOMIYHUX 3a/lad MPOTHO3YBAaHHS

(1HaHCOBHUX PU3HUKIB TOILIO.
14. 3aBnaHHs 11 cAMOCTIiiTHOT podoTH

1. 3naiiTu KpuBi, AN SKUX CyMa KaTEeTIB TPUKYTHHKA, OOMEKEHOro IOTHYHOIO,

OpJIMHATOIO TOYKHU JOTHUKY 1 BICCIO aOCIIMC, € CTaja, 1110 JOPIBHIOE A.
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VY yan HanmuTo 1 ;1 BOaM, TemIiepaTypa [Koi AOpiBHIOE 22°. Y BOJYy OIyUIEHO
amoMiHieBUM mpeameT Macoro 0,5 kr, mnuromMoro TteroeMkictio 0,2 1
TeMriepatyporo 75°. Uepe3 XBWIMHY Temreparypa BOAW 30iUIbIImIacs Ha 2°.
[IpotsiroM sikoro yacy pi3HUIL TeMIlepaTyp BOAM 1 mpenMera aocsre 1°7
Brparamu Temna Ha HarpiBaHHS YaHy Ta IHIIMMH 3HEXTYBATH.

Ha matepiasibHy TOUKY Macor m Jii€ cTajia CHIa, sSika HaJa€ TOYIll TPUCKOPECHHS
a. Cuna omnopy HaBKOJMIIHBOIO CEPeNOBHUINA MPOIMOPIiiiHA MIBUIKOCTI PyXy
TOYKH 3 KOC(DIIEHTOM MPOMOPIIHHOCTI Y. 3HAWTH 3aJCKHICTh IIBHUIKOCTI Bij
4acy, SKIIO B TOYaTKOBUI MOMEHT TOYKa NepedyBalia B CTaH1 CIIOKOIO.

[IpoTsirom sAKOTO 4Yacy BUTEYE BCS BOJA 13 IWIIHAPUYHOTO YaHy J1aMETPOM
2R=1,8 m i1 Bucotoro H=2,45m uepe3 otBip y ani? JliameTp oTBOpY 2r=6 CM™.
Bick yana BepTukaibHa.

V¥ yan Hanuto 100 11 pornu, o MicTUTh 10 Kr coi. 31 MIBUAKICTIO 5 J1 3a XBUJIIUHY
B YaH J0Jal0Th BOAY, 3MIIIYIOYM 1 3 pOINOI0, MIATPUMYIOYH PIBHOMIPHY
KOHIIEHTpAIlI0. 3 TaKOIO XK IMIBUAKICTIO CyMill BHTIKae 3 4yaHa. CKIUIBKH COJI
3QJIMIIUTHCS B YaH1 3 PO3YMHOM Y€pe3 TOJIUHY ?

Temneparypa nositps nopiBaioe 20°. Tino npotsarom 10 XB 0XO0JIOAKYETHCS Bijl
100° mo 60°. 3maiiTm 3ayexHICTH TeMIeparypu Bim dacy. YUepe3 sikuii dac
TeMITepaTypa Tija 3HU3HTHCS 10 25°7

[IBuAKICTh, 3 SKOI MaTeplaibHa TOYKAa PYXAEThCA MO MPAMIiM, OOEPHEHO
MpOMOpIiiHA TPOWAEHOMY MLUIAXY. Y TOYaTKOBHMM MOMEHT pyXy TOYKa
MICTHJIaCS Ha BIJICTaH1 5 M BIJ MOYaTKy OOJIKY IUISIXY 1 Majia mMBUAKICTH 20 M/C.
Sxuii nuax npoitne Touka npotarom 10 ¢ micng nmoyatky pyxy? Skoro Oyne ii
MIBUKICTH B [IE MOMEHT?

3a sKui yac BUTEYE BCS BOJA 13 IWIIHAPUYHOrO 4YaHa 3 jmiameTpoMm 2R=18 m 1
Bucotoro H=2,45 m yepe3 oTBip y aHi? {iameTp oTBOpY 2I=6 cM, Bichb HMIIHAPA
TOpU30HTAJIbHA.

Cknacty pIiBHSHHS KPUBHX, JUIS SKHX BIAPI30K OCl aOCIMC, IO BiJITHHAETHCS
JOTHUYHOIO 1 HOPMAJUTIO, TIPOBEICHUMH 3 JOBUIBHOI TOYKH KPHBOi, Ma€ CTaly

TOBXUHY 24.
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10

11.

12.

13.

14.

15.

16.

17.

.Y nosirpi kimMHaTH, 00’eM skoi cranosuth 200 M3, wmictuthca 0,15%
Byriekucioro rasy (C0). Benrtwnsatop mojae 3a xBuauHy 20 M3 mosiTps, 10
cknany sikoro Bxonuth 0,04% CO,. 3a sikuil yac KUIbKICTh BYTJIEKUCIIOTO ra3zy y
MOBITPi KIMHATHA 3MEHIIUTHCS BTPUY1?

Kycox meTtany, Temmneparypa SKoro a rpaayciB, HOMICTWIH B mid. TemmepaTypa
meyl MpOTATOM TOAWMHU PIBHOMIPHO MMiJABHUINYBajacs BiI a 10 b rpamyciB. 3a
pI3HHUIII TemmepaTyp medul 1 Mmertanmy B T TrpaayciB MeTal HarpiBaeThCs 31
mBuAKICTIO kT TpaayciB 3a XBWIMHY. Bu3HauuTu TemiepaTypy MeTaly uepes
TOJIUHY.

VYcTaHOBICHUI BEPTUKAIBHO YaH IHJIIHAPUYHOI (OpMU Mae€ OTBIp y JIHI.
[TosioBMHA BOJM 3 TOBHOI'O YaHA BUTIKAE 3a 5 XB. 3a sIKUI yac BUTEUE Bcs BoAa?
KinpkicTh CcBiTIJIA, 10 MOTJMHAETHCS M Yac MPOXO/KEHHS Kpi3b TOHKHUH IIap
BOJM, TPOMOpPIIAHA TOBII IHapy 1 KUIBKOCTI CBITJIA, LI0 MaJa€ Ha HOTO
MOBEPXHIO. SKIIO Mg 4Yac MPOXOKEHHS Kpi3b MIAp TOBIIMHOIO 35 cM
MOTJIMHAETHCS TOJOBUHA IMOYATKOBOI KIIBKOCTI CBITJIA, TO SIKYy YacTUHY L€l
KUJIBKOCTI MOTJIMHE I1ap TOBLUIMHOIO 2 M?

3HAUTH KpHUBI, IS SIKAX TOYKA MEPETHHY AOBUIBHOI JOTUYHOI 3 BICCIO aOCIUC
Mae abCIHCy, Y/IBi4l MEHIIY 32 a0CITUCY TOUYKH JOTHUKY.

VY yan, skuil MicTuTh 20 71 BOAM, HETEPEPBHO 31 IMBUJIKICTIO 5 J 32 XBUJIUHY
MOJIA€ThCSl PO3UMH, B KOXKHOMY JITpi sikoro wmictutbes 0,2 kr comi. Pozumn
MEePEMIIIYETHCS, 1 CYMIII BUTIKA€E 13 YaHa 3 Ti€l0 X MBHAKICTIO. CKIJIBKH COJI
Oyne B yaHi uepe3 4 XBUIMHU?

HuniaagpuuHy KOTYIIKY BHUTOTOBJIEHO 3 MigHOro apoty. Ilim yac mpoxoKeHHs
yepe3 KOTYLIKY €JIeKTPUYHOrO CTPyMy YTBOPIO€ThbCs Temio. Busectu (opmyity
s temrnepatypu T = T(t) ycTaleHOTo pexuMy 3aleKHO BiJ dacy t, SKIIO
TEeMIEepaTypa HaBKOJIUIIHBOTO CEPEAOBHUIIA TOPIBHIOE Tj.

Jlitika mae GopMy KoHyca, OOCpPHEHOTO BEPIIMHOI BHHU3, paaiycoM R=6cM i
BrucoToro H=10 cMm. 3a sikuif gac BUTEUE BCS BOJA 13 JIIMKU Yepe3 KPyTaui OTBIp 3

niamerpom 0,5 cM y BepIIMHiI KOHyca?
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18.

19.

20.

21.

22,

23.

24,

25.

26.

[TapamryTuct ctpubHYB 3 BUCOTH 1,5 KM 1 po3KpuUB mapamryT Ha BUCOTI 0,5 km.
[IpotsiroM sikOro yacy BiH MajaB JI0 PO3KPUTTA MapairyTa, SKIIO TPaHUYHA
MIBUKICTh TAJ1HHA JIIOJUHU y TMOBITPI HOPMAIbHOI T'YCTUHU AOpiBHIOE 50 Mm/C?
BBaxaTu orip noBiTps NPONOPIIHHUM KBaApaTy MIBUAKOCTI. 3MIHOIO TYCTUHU 3
BHCOTOIO 3HEXTYBATH.

BusHaunuti KpuBi, SKi TOIUISAIOTH TPSIMOKYTHHK, YTBOPEHUN KOOPIAWHATHUMU
OCSIMU Ta NEPHEHAUKYJIIPAMHU, OMYIICHUMH HAa HUX 3 Oy/b-sKO1 TOYKU KPUBOI, Y
BiHOIIEHH] 1:2.

VY yani mictuthes 50 1 Boau. HenmepepBHO 31 MIBUAKICTH 2 J1 32 XBWIMHY B YaH
BJIMBAETHCA pOMa, Y KOXHOMY JITpi sikoi Mictutbest 0,3 kr coii. Po3uun
MEePEMIITY€ETHCS 1 BUTIKAE 13 YaHY 3 TI€IO K WBUAKICTIO. CKUIbKHM coiil Oy/ie B YaHi
yepes S XBUIUH?

@ytOonbHN M’ a4 Baroto 0,4 Kr miaAKUHYTO Bropy 31 mBuakictio 20 m/c. Omip
MOBITPS € MPOMOPIIIHHUN KBaApaTy MIBUAKOCTI 1 3@ MIBUIAKOCTI 1 M/C CTAHOBUTH
0,48 r. O6uncIUTH Yac MiaioMy M’siua Ta HaWOLIbIITY BUCOTY.

VY OpsSIMOKYTHHMI 4YaH po3MIpoM IUIOIIMHU OCHOBH 60%75 cMm 1 Bucororw 80 cm
nojaeTsest 1,8 1 Bonu 3a cekynay. JlHO yaHa Mae OTBIp, IUIONIA SIKOTO CTAHOBUTH
2,5 cM?. 3a sSTKUii 4ac HATTOBHUTHCS YaH?

3a 30 gHiB posnanoch 50% MNOYATKOBOI KUIBKOCTI PajlOaKTHUBHOI PEUYOBHHHU.
UYepes ckinbKH JTHIB 3aUIMINATHCS 1% BiJl MOYATKOBOI KIJIBKOCTI ITi€1 PpEYOBUHU?
Kpusa y = y(x) npoxonuts uepe3 Touky (1, 2), a koxkHa 11 TOTHYHA TIEpETUHAE
npsMy y =1 y Todri 3 aOCIMCOI0, sIKa JIOPIBHIOE TOABOEHINM aOCIHMCI TOYKH
JIOTUKY. 3HAUTH KpUBY ¥ = y(X).

[Tocynuny, 06’em sikoi ctaHOBUTH 40 11, HamoBHeHO noBiTpsAM (70% azoty 1 30%
KHUCHIO). Y mocyauHy nojaeTtbest 0,2 1 a30Ty 3a CEKyHIy, SKUH HenepepBHO
NEPEMINIY€EThCA, 1 3 MOCYJMHU BHUTIKAE Taka X KUIbKICTh cymim. [IpoTsrom
SKOTO Yacy B mocyauHi 0yne 85% azoty?

3riiHO 3 €KCIEPUMEHTOM MPOTITOM POKY 3 KOKHOTO IpaMa pajiio po3nagaeTbes

0,44 mr. Yepes CKITbKM POKIB PO3MAIETHCS MOJOBUHA MTOYATKOBOTO PajIito?
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217,

28.

29.

30.

31.

32.

33.

34,

MarepiasibHa TOUYKa, Maca SIKOi JOPIBHIOE M, pyxaeTbcs B3A0BXK oci Ox. PoboTta
CHJIH, SIKa JII€ Ha TOYKY, IIPOTOpIIiiHA Jacy t BiJ MOYATKy PYXy 3 KOe]illieHTOM
MPOMOPLIAHOCTI k . 3HAWTH 3aKOH pyXy TOYKH, AKIIO B MOYATKOBUM MOMEHT t =
0 Touka mepeOyBaja B CTaHI CIIOKOIO Ha BIACTaHI1 .Sy BiJl TOYATKY BIJIIKY.
[Tocynuny, mo Mae GopMy MBKYJIl pajiycoM 2 M, HallOBHEHO BOJOIO. 3a SKHA
yac BUTEUE BCS BOJIAa Yepe3 KPyIJIuil OTBIp y JiHI 3 paaiycom 0,1 m?

JloBecTH, 10 KpHBa, IS SKOI BCi ii HOpMami mpoxomsaTh depe3 Touky (a,b), €
KOJIO.

JlHo pesepByapa, 00’em sikoro ctaHoBuTh 300 j, Bkpute cimmo. [IIBuakicTh
PO3YMHEHHS COJI1 MPOMNOpPLIHA PI3HUII MK KOHILIEHTPAIIIEI0 B JaHUW MOMEHT 1
KOHLIGHTpali€0 HacuyeHoro po3uuHy (1 xr comi Ha 371 BOAM ), MOYATKOBA
KUIBKICTh YUCTO1 BoJU po3umHse 1/3 kr comi 3a xBuiuHy. CKIIBKH cojl Oyje B
po3uuHi yepe3 1 roguny?

Temneparypa noBitpst cranoBuTh 40°. 3a 30 XBUIUH T1I0 0X0JI0HYJI0 Bia 200° 10
120°. Koau ti10 oxoiaoHe 10 80°?

ToBmuHa nomrku cranoBuTh =10 cMm. Kyust BiTae B qomky 3i MIBUAKICTIO Uy =
200 M/c, a BuitiTae, MpoOUBIIH ii, 31 MBUAKICTIO V; = 80 M/c. 3HaliTH Yac pyxy
KyJIi 4epe3 JIOIIKY, SKIIO CUjia OMOpY JOIIKA CTOCOBHO PyXy KyJl MpOMOpIIiifHa
KBaJpaTy IMBHIKOCTI PyXY.

[Tocynuny, mo Mae hopMmy HUITIHAPA 3 BEPTUKATHHOIO BICCIO, PAlyC OCHOBH SKOI
2 M 1 BUCOTa 6 M, HAalTOBHEHO BOJIOI0. 3a SIKUM 3aKOHOM 3HI)KAaTHMEThCS PIBEHb
BOJM B MOCYAMHI 3 TUTMHOM 4acy?

Jlesika KUIbKICTh HEPO3YMHHOI PEUYOBMHUM MICTHTH Y CBOiX mopax 10 kr comi.
[Tignaroum 1i aii 90 1 Boau, mobaurum, 1o 3a 1 TOAUHY PO3YMHUIIACS TTOJOBHHA
HAsSIBHOI KUTBKOCTI couii. CKUIBKH COJIlI PO3YMHUIIOCS O MPOTSATOM TOTO CaMOro
yacy, SKIIO KUIbKICTh BOAM TOABOITH? BBakaTu MIBUAKICTH PO3YMHIOBAHHS
MIPOTIOPIIIHHOIO KITBKOCTI HEPO3UYMHEHOI COJII Ta PIZHUIN MK KOHIICHTPAIIIEIO

PO34YMHY B JaHWW MOMEHT 1 KOHUEHTpAIIIEI0 HaCH4eHoro po3uuny (1 xr Ha 3 m).
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36.

37.

38.

39.

40.

41.

42.

43.

44,

3HaliTH KpuUBY, s Koi 1ioma Q, oOMexeHa KPUBOIO, BICCIO aOCHMC 1 JBOMA
opauHatamu X = 0 Ta X = x, € nanoro gyskuiero y : Q = a?In (%)

Temneparypa noBiTpst ctaHoBUTh 20°. 3a 10 xB TW10 0Xx0s0HYINO Bia 100° mo 60°.
Konu tino oxonone go 25°7

Axkuil nuAx mpoiAe TLIO 3a 4Yac t, AKI0 MOro IMIBUAKICTH IPOIOPIIHHA
MPONHCHOMY IUIAXY 1 sIKIIO Ti10 mpoxoauts 100 m3a 10 ¢ 1200 m 3a 15 ¢?
3uaiitu yac T, 3a SIKHUW KEPOCHUH, IO 3alOBHIOE KOHIYHY JIMKY BUCOTOIO 50 cM 1
KyTOM IIpu BepiiuHi 60°, BUTEeUe 3 Hei uepe3 Manuil oTBip IiomuHow 0,3 ¢cM y
BEpIIKHI KOHYCA.

3HaAlTH KPUBY, 110 MPOXOJUTH YEpe3 MOYATOK KOOPJUHAT, JJI SIKOI IUIONIa, IO
oOMeKeHa KpUBOIO, Biccio OX Ta TOBUIBHOK OpJMHATONO, TOPIBHIOE KyOOBI III€l
OpJIWHATH.

Y nosiTpi npuMminieHHs, 06’eM skoro craHoBuTh 10800 M3, mictuteca 0,12%
CO,. Ckineku moBiTpa (M3), axe mictute 0,04% (€O, nOTPiOHO mNOAABATH
IIOXBWJIMHU 70 IpUMIiTIeHHs, 100 depe3 10 xB y Hpomy mictriiocs 0,06% CO,?
KinpkicTh CcBiTJIA, 10 MOTJMHAETHCS MiJ Yac MPOXOKEHHS Kpi3b TOHKHUH IIap
BOJAM, TPOMOPIIHHA TOBIIl IMapy 1 KUIBKOCTI CBITJa, IO NaJa€e Ha MOro
MOBEPXHIO. SIKMIO T dYac TPOXO/KEHHS Kpi3b Iap 3aBTOBIIKH | M
IIOTJIMHAETHECA 1/4 MOYaTKOBOI KUIBLKOCTI CBITJIA, TO sIKa YacTHHA L€l KIJIBKOCTI
nicTaHeTbes rubunu h?

Kopabenb ynoBuUIbHIOE CBI PyX MiA JIEI0 ONOPY BOJM, SIKAW € MPOMOPLIAHUMN
roro mBuakocti. [ToyaTkoBa mBUAKICTE Kopabist 10 mM/c, MBUAKICTH HOTO Yepes
5 ¢ cranoButuMme 8 m/c. Konut mBUIKICTE 3MEHIIIUTHECS 10 1 M/c?

3HaiTi aTMoc(hepHUI THCK Ha BUCOTI N, K10 Ha MOBEpXHi 3eMJIi THCK JOPIBHIOE
1 xmM/cM? i ryctuna nositps cranoButh 0,0012 r/cmM3. CkopuTcaTHCs 3aKOHOM
boilins-MapioTTta, 3riIHO 3 SKMM TyCTHMHA TOBITPSI MPOMOPIiiHA THUCKY, TOOTO
3HEXTYBaTH 3MIHOIO TEMIIEPATYPH MOBITPS 3aJICIKHO Bij] BUCOTH.

3HaliTH KpuWBi, JUIS SIKUX BIAPI3OK, MI0 BiATMHAe jgoTuyHa Ha oci Ok,

MIPOTIOPIIIHHUN KBaJAPATOBI a0CITUCH TOUYKH TOTHKY.
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52.

Y npuMiienHi, 06’em sikoro craHoBuTh 10800 M3, mositps mictuts 0,18%
BYTUICKUCIIOTH. BEHTIIIATOPH MTOAAOTh CBIXKE TIOBITPSI, 0 CKJIAIy SKOTO BXOJIUTH
0,06% BYTJIECKUCIIOTH, y KilbKOCTi a M3 /XB. SIKO0 MOBMHHA OYyTH IOTYXKHICTH
BEHTWJIATOPIB, 11100 yepe3 10 XB y MOBITPI MICTHIIOCS BYTJEKUCIOTH HE Oiblie
0,04%?

MarepiajibHa TOUKa, Maca K01 CTAaHOBUTH | T, pyXa€eTbCs MPSIMOJIIHIAHO 1T J1€10
CHJIM, TPOTOPIIIIHO Yacy 1 00epHEHO MPOMOPIIINHO IMIBUIKOCTI pyXy TOYKH. Y
MoMeHT t = 10 ¢ mBUAKICTH JopiBHIOBaNa 50 cM/c, a cuia — 4 niHu. SIkoro Oyne
MIBUIKICTh Yepe3 XBUIMHY IICIIS TOYATKY PyXy?

3rilHO 3 €KCIIEPUMEHTOM IIBHUJKICTh PO3MHOKEHHSI OakTepldl mpomopuiiiHa ix
KUIBKOCTI. 3a SKUH 4Yac KUIbKICTh OakTepiil 30UIbIIUTHECS B M pa3 MOPIBHSIHO 3
MOYaTKOBOIO KUJIBKICTIO?

3a kUil yac BUTEYE BCs BOJA 13 MOBHOT'O KOHIYHOTO pe3epByapa aiamerpamu [,
BepXHbOi (O11b11107) 1 D, — HIKHOT OCHOB Ta BUCOTOIO H uepe3 Kpyriiuid OTBIp 3
JlaMeTpoM a y JiH1?

Hopmans MQ xpuBoi neperunae Bick Ox y Toutii Q. JloBectu, 1mo xoiu adcuuca
Touku Q BABOE OibIma 3a aOCIUCY TOUYKHU M, TO KpuBa — piBHOOIYHA Trinepooa.
Jlesska pedoBHMHA TEPETBOPIOETHCA Ha 1HITY PEUYOBHMHY 31 IIBUIKICTIO,
IIPOTOPIIITHO KUTBKOCTI HemepepBHOI peuoBUHU. KinbKicTh HEmepeTBOpPEHOl
PEYOBHHM Yepe3 roauHy craHoBwia 31,4 T, yepes Tpu rogunu — 9,7 r. 3HalTH
3aJIeKHICTh MK KUIBKICTIO HETIEPETBOPEHOI peYOBUHM ( 32 yacoM t. YcTaHOBUTH,
CKUIbKU OyJIO PEYOBMHU HA MOYATKY MPOIIECY.

KinbkicTh CcBiTJIa, 10 MOTJMHAETHCS MiJ Yac MPOXO/KEHHS Kpi3b TOHKHUH Iap
BOJM, TPOMOPIIIAHA TOBII IMapy 1 KUIBKOCTI CBITJIa, M0 MaJa€ Ha WHOTO
MOBEPXHIO. SIKMIO T dYac TPOXOKEHHS Kpi3b Iap 3aBTOBIIKK 2 M
IOTJIMHAETHCA 1/3 MOYaTKOBOI KUIBKOCTI CBITJAa, TO CKUIBKM BIICOTKIB Iii€l
KUJILKOCTI JOCITHE rinonau 12 m?

VY uuninapuyHOMy pesepByapi P 06’emom ) atmocdepHe NoBiTps aniadaTuyHO
(ToOTO0 6€3 0OMIHY Terjia 3 HABKOJIMIIIHIM CEPEIOBUIIEM) CTUCKYETHCS JI0 00’ €My

V;. OGuucnutu poOOTY THUCKY.
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3a sSKMil Yac BUTEYE YBECh KEPOCHH 13 IMOBHOI 3aJ1i3HOJOPOKHBOI LIHUCTEPHU
noBxkuHOIW L 1 miamerpom D depe3 KOpOTKM 37IMBHMI MaTpyOOK B 11 HMXKHIN
YaCTHHI, SKIIO IUIOIIA ITOMIEPEYHOTO TIepepi3y marpyoka JOPiBHIOE w.

3HalTH KPUBY, AKa MPOXOAUTH 4yepe3 Touky (0, -2), KO0 KyTOBHMA KOe(illieHT
JOTUYHOI B JOBUIBHHM 11 TOYII JOPIBHIOE MMOTPOEHI OPAUHATI I1€1 TOUKH.
[TapamryTicT cryckaeTbes 3 MmapamryToM, 1o Mae Gopmy miBKy’l pagiycom R =
4 m. Moro Maca pa3oM ¢ Macolo napanryTa JopiBHIOe 82 Kr. 3HAHTH MIBUIKICTb, 3
SKOIO CITyCKA€ThCSl TAapallyTUCT, 4Yepe3 2 ¢ MICHs MOYaTKy CIyCKy 1 NUIX,
npolinennii 3a yac t . BeaxkaTtu, 10 cuia onopy nositps gopisaioe 0,00081Sv2,
ae S — mioia HaOIIbIIoro nmepepizy, MepueHANKYIIPHOTO A0 HANPSIMKY PYXY,
UV — MBUJAKICTb PYXY.

KinbkicTh CBiTJIa, MOTJIMHYTOrO MiJ Yac MPOXOJKEHHS KP13b TOHKHI 1Iap BOAM,
MPOMOPIIifiHA TOBIII MIApy 1 KIIBKOCTI CBITJIA, IO MaJa€ Ha KWOTro MOBEPXHIO.
Sxio mig yac mpoXopKeHHs Yepe3 ap TOBIIMHOIO 3 M MOTJIMHAETHCS MMOJOBUHA
IMOYAaTKOBOI KUIBKOCTI CBITJIa, TO SKa YaCcTHHA IIl€] KIJIBKOCTI JICTaHEThCS
rimbunu 30 mM?

HuniagpuyuHy MOCYAWHY 3 BEPTUKAJIBHOIO BICCIO HAMOBHEHO BOJIOK0. Maunii
OTBIip y JHi OCYAMHY 3aKkpuTuii miadparmoro i mae 40 cm?. 3a t = 0 miadpparma
MIOYMHAE BIJKPUBATHUCH, IIOIIA OTBOPY, KU MPHU 1IbOMY BUHHKAE, MTPOTOPITiiiHA
gacy (w = kt). Jliadhparma BiAKpUBA€THCS MOBHICTIO Yepe3 T CeK. 3HANUTH piBEHb
h, BoAM B MOMEHT 4Yacy T, SKIIO BUCOTa HWJIHApa HOpiBHIOE H cM, a mIoma
OCHOBH — S cM?.

ernsna crina mae toBmuHY 30 cM. 3HaWTHU 3aJEXKHICTH TEMIEPaTypH Bil
BIJICTaH1 JI0 30BHIIMIHBOIO Kparo CTiHH, SIKIIO TeMmIiieparypa aopiBHioe 20° Ha
BHYTpimHIA 1 0° Ha 30BHINIHINA MOBEPXHI CTIHW. 3HAWTH, KPIM TOTO, KUIHKICTbH
Tema, Ky cTina (Ha 1 cM?) Bijjae HA30BHI IPOTATOM JTOOH.

3HaiiTi popMyIry A3epKana, 1mo 30upae BCl mapaieabHi IPOMEHI B OJHY TOUKY.
3HAUTH KpUBY, JUIA SKOi JOBXHHA TMEPHEHIANKYJSIpA, MPOBEICHOTO 3 TMOYATKY

KOOPJIMHAT Ha JOTUYHY, JOPIBHIOE aOCIIMCI TOYKU JOTHUKY.
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BusHauutu KpuBy, NI SKOI BIIHOUIEHHS JTOBXWHU BIJApI3Ka, YTBOPIOBAHOTO
JOTUYHOIO Ha oci Oy, 10 TOBXKUHU pajilyca-BeKTopa, € cTaje.

3HaTH KpWBY, JUIS SKOI JIOBXKMHA BIApi3Ka, YTBOPIOBAHOTO HOPMAJLIIO,
IIPOBEJICHOIO B SIKIH-HEOyab TOYINl KPHBOi, JOPIBHIOE BIJICTaHI Ii€1 TOYKU BIJ
MOYaTKy KOOpAUHAT.

3HaiiTi popMy A3epkaia, o BiIOMBA€E BC1 IPOMEHI, SKi BUXOATH 3 OJTHIET TOUKH
O napanenbHO JaHOMY HaIpsiMy.

3HAWTH KPUBY, 3HAIOYH, 110 JOOYTOK aOCIHCH SIKOi-HEOYIb TOYKH HA BEITUIHHY
BiJIpi3Ka, YTBOPIOBAHOTO HOpMail0 Ha oci Oy, JOPIBHIOE TOJBOEHOMY
KBaJIpaToBi BiICTaHI MiX Ii€f0 TOUKo0 i Toukoio (0, 0).

3HANTH KPUBY, 3HAIOUH, IO TPUKYTHUK, YTBOPIOBAHUI JTOTUYHOIO JI0 HET, BICCIO
Oy Ta paaiyc-BeKTOpPOM TOUKH JIOTUKY, € PIBHOOEIPEHUIA.

Buznaunti KpuBY, Ui SKOI BIJHOIIEHHS JOBXHHHU BIJPI3Ka, YTBOPIOBAHOIO
TOTUYHOIO Ha oci Oy, 10 JOBXKUHU BiJIpi3Ka, YTBOPIOBAHOTO HOPMAaJUIIO Ha OCI
Ox, € BeIMYMHA CTala.

Busnauntu KpuBy, yci JOTHYHI 10 KO IPUXOJSATh Yepe3 MOYaTOK KOOPUHAT.
BuzHnauuTti KpuBy, 3HaIOUH, 1110 TPUKYTHUK, YTBOPIOBAHUN HOPMAJLIIO B YCAKIN ii
TOUYLI1 3 OCSIMU KOOPJAMHAT, € PIBHOBEIUKUN TPUKYTHHUKY, YTBOpEHOMY Biccio Ox,
JTOTUYHOIO Ta HOPMAJLIIO.

[Tmomma Tpamnertii, yrBOpeHOi TOTHYHOIO JI0 ACAKOI KPHUBOI, OCIMHU KOOPAWHAT Ta
OPAMHATOIO TOYKH JOTHKY, € BEIMYMHA CTaja 1 JOpiBHIOE a?. 3HANTH 1110 KPHBY.
VY yan vanuro 100 1 ponu, 1o Mictuth 10 Kr po3drHEeHOT coi. 31 MBUIKICTIO 5 JT
3a XBUJIMHY B YaH MOJAETHCS BOJIA, a CYMII 3 TI€IO K MIBUAKICTIO MEPEINBAETHCS
B Apyruil 100-miTpoBHil 4YaH, HAMOBHEHUW CHOYATKY YHCTOIO BOJIOIO; HAJIMIp
pPO34YMHY 3 HBOTO BHJIMBAETHCS. KOMM KUIBKICTH COJII B JIpyromMy 4Yadi Oyne
HaloIbIo? YoMy BoHA 10pIBHIOE?

Ckmactu piBHSHHS KPUBOi, IO MPOXOJIUTH Yepe3 TMOYaTOK KOOPAMHAT, SKIIO
cepenrHa BiJpi3Ka i HOpMall, IKM YyTBOPIOETHCS MK BCSIKOIO TOYKOIO KPUBOI 1

Biccro Ox, MicTUTBCS Ha mapaboini y2 = ax.

79



72,

73.

74.

75.

76.

77,

78.

79.

80.

81.

82.

83.

3HalTH KpUBI, VIS SIKUX IJIOIIA TPUKYTHUKA, YTBOPEHOTO TOTUYHOIO, Biccio Ox i
BIZPI3KOM MDXK MOYATKOM KOOPAMHAT 1 TOYKOIO JOTHKY, € BEJIMYMHA CTaja, L0
nopiBHIOE a’.

3HAWTH KPUBY, CEpPeIHs OpauHarta sikoi Ha mpomikky [0,x], ToOTO BenmumHa
1 x i : o

- ) , Ydt, nponopuiiina opaunari B npasomy Kinui [0, x].

3HalTH KpUBY, JOTUYHA JO SIKOI yTBOPIOE Ha oci Oy BIAPI30K BETUUYHMHOIO, IO

1
CKJIagae€ ; YaCTUHY CYMH KOOPAHWHAT TOUYKHU JOTHUKY.

3HaTH KpUBY, KOKHA JOTHYHA N0 SKOI MepeThHae mpsMmy Yy =1 B Toumi 3
a0CIMCO10, 110 AOPIBHIOE MOABOEHIM a0CIIUCT TOUKH JIOTHKY.

JloBecTH, 110 TOTUYHI IO IHTETPAJIbHUX KPUBHX JIIHIHHOTO PIBHSHHS, IPOBEICHI
4yepe3 TOYKH NEpPEeTHHY LUX KPHBUX 3 MPsAMOI0, HapaienbHoro oci Oy, abo
NEPETHUHAIOTHCA B OHIH 1 TiH 5ke Toulll, a00 mapajeiabHi Mk co00IO.

Hexait Bimomi aBa pi3HI PO3B’SI3KM JIIHIHHOTO PIBHSHHS MEPIIOTO MOPSAKY.
3anucaTy 3 iX JOMOMOTO0 3araJIbHUM pOo3B 430K LOTO PIBHSHHS.

Touka ¢ Macoro m pyxaeThcs MpsiMotiHiitHO. Ha Hel nie cuna, mponopiiiiHa yacy,
1 cwia OmNopy CepeloBHIla, MPOMOpLIHA MBUAKOCTI. 3HAUTH 3aJEXKHICTH
IIBUJIKOCTI BiJl 4acy, sIKIIIO TOYaTKOBA MIBUAKICTh IOPIBHIOE HYJIIO.

3HaTH KpPUBY, 3HAIOYM, IO JIOBXKMHA BIApi3Ka, YTBOpeHOro Ha oci Oy ii
JOTUYHOIO B IOBUIBHIM TOUIIl, TOPIBHIOE KBAAPATy a0CIUCH TOYKH JIOTHKY.
3HaANTH KPUBY, JJIA SIKOI BEJIMYMHA BIJIPI3Ka, YTBOPEHOIO JNOTHYHOIO Ha oci Oy,
JOPIBHIOE MIBCYMI KOOPJIMHAT TOYKU JIOTHKY.

3rifHO 31 CHOCTEPEKEHHSMHU MIBHIKICTh 3pOCTaHHS MOMyJiALii OakTepil B
MOMeHT t JopiBHIOE po3Mmipy momyssmii x(t), moxiaeHomy Ha 5. OmumcaTu ekt
npoiiec 3pocTaHHs AudepeHIiaTbHUM PIBHIHHIM A71st X (t).

JpiKIKI B pO3UUHI IYKPY POCTYTh TaKUM YHMHOM, 11O iX Maca 30UIbIIYEThCS 31
IIBUJIKICTIO, 1110 JIOPIBHIOE IMOJOBHMHI Mack B MOMEHT t. Omucatu 3MiHYy Macu
JPIAKIKIB 32 T0MTOMOT010 AU(EePEHIIabHOTO PIBHSIHHS.

B ekcniepuMmenTi 3 TO0yBaHHSIM Maca BUMTPOOyBaHOro 3a 30 qHIB 3MEHIINIIACS 3

140 no 110 kr. IloaeHHi BTpaTH MacH, 3TITHO 31 CIIOCTEPEKECHHSIMHU, OYyIU
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PONOPIIIHI Maci BUMIpoOyBaHOT0. 3HAUTHU Macy JOCHIHKYBAHOTO Ticis 15 nHiB
TOJIOTyBaHHSI.

Y pasi BUpONIyBaHHS B IJ€IbHUX YyMOBaX TMOMYJAli MyX iX KUIBKICTb
3pocTtajia 0 €KCIOHEHIaabHO 31 cTalioo a, mo aopiBHIoe 0,1. Yac paxyeTbes B
THSX. 3a TPUITYHICHHSM IMOYaTKOBa MOMyJslis mopiBHioe 100, yMOBH poCTy
iaeanpHl. 3HalTH po3mip nomyssii uepes 10, 20, 50 qHIB 3pocTaHHS.

Hexaii piBusans dx/dt = 2x + e3! BimoOpaxkae HMIBHAKICT POCTY IIOMYJSLi
x(t) B MoMeHT 4acy t. /latu GioJIOTiuHy IHTEPIPETAIiI0 KOKHOMY WICHY MpaBoi
YaCTUHM PIBHSAHHA. 3HAWTH po3mipu momyJssmii B moment t=0,1, t=0,2, 1 t=0,5,
SIKIIO TTOYaTKOBHA po3Mip ctaHOBHTSH X (0) = 50.

Hexaii T(t)— pi3HuI TemmepaTyp 00'€kTa 1 HAaBKOJMIIHBOTO CEPEIOBHINA B
MOMEHT Yacy t. 3akoH HploTOHa CTBEPIIXKYE, 110 Y pa3i OXOJIOIKEHHS IBUIKICTD
3MIHHM PI3HHUII TeMIlepaTyp MpomnopiiiHa camiii pisuuii. Ile o3naudae, mo T(t)
3a[I0BOJIbHAE Au(epeHIiagbHe piBHIHHSA nepmioro nopsaaky dT /dt = —kT, ne
k>0 — nesika cranma, IO € XapakTepHa JJIs JAHOTO 00'€KTa i HABKOJHMIITHBOTO
cepenoBuiia. Bupasutu depe3 K TpuBamicTh 4yacy, HEOOXiTHOTO JJIsl TOTO, 00
MOYaTKOBa PI3HUIIS TeMIepaTyp 3MeHIImIacs BaBiui. Po3paxyBaTu uac, uepes
AKUHW PI3HULA TEMIIEpATyp 3MEHIIUTHCS 10 1/4 CBOro MOYaTKOBOTO 3HAYEHHH.
PosrasiueMo reH 3 1Boma anensiMu A 1 a, sSiKi B JesIKii MOIMmyJIsiii B MOMEHT Jacy t
300paskeni 3 yacrotamu p(t) i q(t) = (1 —pt). 3a npumymeHHsM anenb A
MyTy€ B ajlelb @ B OJUHUINI0 Yacy 3 iMmoBipHicTIO W. lle o3naudae, o
dp/dt = —p, @ - ngeska craja, IO HA3MBAETHCS YACTOTOK MyTamid 1 €
XapakTepHa s gaHoro mnporecy. Bupasutu p(t)iq(t) uepes W, sKmo B
novyarkoBuii MomeHT p(0) = q(0) =0,5. Bupasutu dvepe3 p vac, HEOOXiTHHIT
s Toro, mob p(t) 3smenmmiacs 10 0,3.

VY momynsIio BETUKOTo PO3Mipy 3aHeceHO 1H(eKIliliHe 3aXxBOoproBaHHA. YacTka
JIOZICH, SIKI TIEpEHECIIM 3aXBOPIOBaHHs, 3pocTae 3 yacoM. Hexait p(t) mo3Hauae

YacTKYy JIFOJIeH, K1 IEpeXBOPUIM Ha 1110 XBOpoOy 3a t pokiB miciis ii BAHUKHEHHS B
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nonyJswii, i nexait p'(t) = [1 — p(t)]/3. 3uaiigits p(t) musg ycix MOMeHTIB t >
0, sixriio p(0) = 0. 3a CKiIBKH POKIB JA0JIS TIepexBopiux gocsirae 90% ?
Crnio>xuBaHHS LIMTapOK Ha YTy HACEJIEeHHA B Kpaini 3pocna 3 50 mwrt. B 1920 p. mo
6900 mr. B 2019 p. (mani npubau3Hi). BBaxkarouu, 1m0 3poCTaHHS CIIOKHUBAHHS
[IUTAPOK MiAMOPSIKOBYETHCS JIOTICTUYHOMY PIBHSHHIO 1 IO MEXKOBE CIIOKHBAHHS
ctaHoBuTh 7000 11T., OIiHUTH piBeHb criokuBaHHA B 1930, 1960, 1990 1 2010 pp.
Posrimsaytd monyismiro x(t), ska 30LIBIIYEThCS BIiAMOBIAHO 10 PIBHSHHSI
gorictuyroro pocry dx/dt = x(f — 6x). JloBecTH, 1110 MIBUAKICTH POCTY CSTHE
MaKCHMaJbHOTO 3HAYCHHS, KOJHM PO3MIp MOMYJIAIii JOPIBHIOBaTHME TOJOBHHI
PIBHOBaYKHOTO 3HAYEHHS.

[Tomynsimis 6akTepiit 3pocTae Bij mo4aTkoBOro po3mipy B 100 oa. 10 rpaHUYHOTO
(piBHOBaxkHOTO) po3mipy B 100000 ox. Hexaii mpoTsrom mepiioi TOJWHU BOHA
30ubryetbess g0 120 om.  BBakarouw, 10  3pOCTaHHSA — HOMyJISLIi
M1IOPSAJIKOBY€EThCS JIOTICTUYHOMY DPIBHSIHHIO, 3HAWJITh i1 po3Mip sIK (PYHKIIIIO
gacy. YUepe3 CKIIbKH TOAWH po3Mip momyssarii gocsrae piBas 1000; 10000;
50000 ox.?

OaHUM 3 HEJIOJIKIB JIOTICTUYHOI MOJIEN1 POCTY MOMYJISIT € TON (aKT, 10 MUTOMa
. 1dx
WBMIKICTE POCTY ——— TNparHe JI0 CBOTO MaKCHMAJbHOTO 3HAYCHHS, KOJHA
X

nomyJisitist x Mana. JlificHo, 6arato BHiB BUMHUPAIOTh, KOJIU 1X MOMYJISAIIl CTAlOTh
3aHaaTO ManuMmu. Hexall M BiAMNOBIAa€ MIHIMAJIbHOMY >KUTTE3ATHOMY PO3MIPY
nomyJisitii Takoro Buay. [lomyssiii po3Mipom, MEHITUM M, OyIyTh BUMHUPATH.
JoBeniTh, 1m0 Moaudikaiiis gorictuaHoro piBHsHHSA dx/dt = x(f — dx)(1 —
m/x) Mae TaKy BIACTHMBICTB, IO SKIIO X < M, TO BimOYBa€ThCS BUMHUPAHHS
nonysaiii. Tyt 1 —m/x € xoperywouuii 4ieH, SKiii BpaxoBye (GakTop, 10 HE
OpaBcs 710 yBarv y BUX1IHIH MOEI1 MOMYJISIHHOTO 3pOCTaHHS.

bakTepii, mo cayxarb DKEHO Ui TOMyJAIii MPOCTIMNUX, HAAXOASATH B
eKCIIEpUMEHTaIbHE CEPEAOBHUIIE 3 MOCTIMHOIO MBUAKICTIO ®. BecTanoBneHo, 1m0
BOHU PO3MHOXKYIOTBCS 31 IIBUAKICTIO, MPOMOPLIAHOIO KBApaTy iX KOHLIEHTpAIIi.

Konnenrpartiis c(t) Gakrepiii B cepemoBHII B MOMEHT t 3aJ0BOJBHSE, TAKHM
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YMHOM, PiBHAHHS IEpINOro nopsaaky dc/dt = w —rc?, ge r - IO3UTUBHA cTana
npornopitiiHocTi. Bupasutu konnenrparito 6akrepiii c(t) gepes c¢(0). Buuncmuru
3HA4YCHHS PIBHOBA)XXHOI KOHIIEHTpalii OakTepii, TOOTO 3a SKOTO 3HAYEHHS C
noxigHa dc/dt HaOIMKaeThes 10 HyJIS?

3poCTaHHA 1 MOAUT KIITUH BH3HAYAIOThCS MOTOKOM IOXHUBHUX PEUYOBUH Yepes
000J10HKY KJIITHHH. TOOTO Ha paHHIX CTAAIAX KIITHHHOIO POCTY 30UIBIICHHS
MacH KJIITHHU MPOMOpIiiiHe riomli ii moBepxHi. SKmo mija yac pocty gopma i
I[IBHICTh KIITHHM HE 3MIHIOIOTBCS, TO Maca kimituHu X(f) B MomeHT t
npornopliiitHa KyOy pajiyca, a IJIoIa MOBEPXHI MPOMopliiifHa KBaapaTy pajiyca
kaiTuHA. [lepekoHaTHCs, II0 HAa paHHIX cTamisx pocty x(t) 3aJ0BOJIbHSE
piBHSIHHS mepioro nopsaky dx/dt = cx?/3, ne ¢ - nosutuBHa crana. Bupasutu
Macy KITHHU X(t) B MOMEHT t yepe3 ctany C i modatkoBy Macy X(0). Busnauntu
Jac, 3a KA Maca KITHHU MOABOIThCH, sikmo C=3, a X(0)=1. ¥V womy mossrae
OOMEXKEHICTh 3aJlaH0i MOJeNl KIITUHHOTO pocty? I[loOynyBaTu y BUTIIAIL
nudepeHIiaJbHOTO PIBHSHHS TaKy MOJENb, sika O BpaxoByBaja, IO ICHYE
MaKCUMaJlbHa Maca, Ky KJIITHHA HE MOYKE TIEPEBUIITUTH.

VY TenepimHii yac g 3a0e3MeUeHHs DKEI OJHIET JIFOAMHN HEoOXiIHA IIIoIa
0,1ra. Ha 3emniii kym 4000 MaHTa MaxoTHUX 3eMelb. ToMmy, SKIIO HE
BpaxOBYBaTH MOSABY y MaWOYTHbOMY HOBHUX JDKEpesl ik, HaceJIeHHS 3emiil
MOBUHHO OyTH oOMexeHUM KuUTbKicTIO 40 Mup o, Konu Oyzae HOCATHYTO IO
MEXY HACMYEHOCTI HACEJICHHS, SIKIIO BOHO HEMEPEPBHO 3pPOCTA€ 31 IIBHJKICTIO
1,7% Ha pik?

Hacenennst 3emmi y 2000 p. cranoBmwio 5600 MaH 4o0id., a piYHMA NPUPICT
HaceJIeHHs opiBHIOBaB 60 MIIH 40i. 3HANTH MPOTHO30BaHE 3HAYEHHS KUIBKOCTI
HacesneHHs y 2020 porii.

B excniepuMeHTI 3 rojioAyBaHHsIM Maca JABOX BUIpoOoByBaHMX 3a 30 qHIB crnasa
3 140 1 170 xr BigmoBiguo A0 110 1 125 xr. BcraHoBneHO, 110 MIBUAKICTh BTPATH
MacH KO>KHHM BHIPOOOBYBAaHUM IPOMOPIIiiHA #oro maci. BusHauntu x(t) sk
CyMapHy Macy JBOX BHUIPOOOBYBaHMX miciasi t nHIB ronomyBaHHs. Yomy

JOpPIBHIOBaTHME CyMapHa Maca miciisi 15 aHiB ronoayBaHHs?
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98.

99.

JBi peuoBunu C; 1 C,, 6epyun y4acTh B XIMIYHIH peakiiii B pIBHUX KUJIBKOCTSX,
Jar0Th HOBY peuoBuHY C3;. Hexail a 1 b mo3Ha4yaroTh MOYaTKOBI KOHIIEHTpAIT
pedoBuH C; i C,B MomeHT 4vacy t=0. Buznauutu X(t) six koHuenrparmito C, y
noBUTbHUM MoMeHT dacy t. IlIBuakicTe 30UIbIIEHHA KOHILEHTparii Cs
BUpaxKaeThes BeanmuuHowo dx/dt = r(a—x)(b — x), ae I - MO3UTHBHA CTala.
3HaiiTn KoHueHTpamilo Cz; gk QyHkmio yacy 3a t>0, skmo X(0)=0. 3naiitu
MeEXOBY KOHIIeHTparlito Cs, skmo ¢ = 10, ab = 15.

Y  nmedakux XIMIYHHX pEaKlisiX OKpeMi MPOAYKTH MOXYTb BHUCTYNaTu
KaTaJi3aTOpaMH BIACHOTO yTBOpeHHs. SIKio X (t) - KiJBKICTh TAKOTO MPOJIYKTY B
MOMEHT 1, TO MOJEIII0 Takoi peakuli MOXXEe BHUCTYNATH PIBHSIHHSA
dx/dt = rx(x — c). Peaxiiis 3aKiHUyeThCS, KOJU X = C, TOOTO B pe3yJbTaTi
BUYEPIAHHS OJHOrO0 3 KOMIIOHEHTIB peakuli. Bupasutu 3aranbHuil  po3B’ 30K

gyepe3 crami I, C, X(0). Orpumarn mrykane 3HadeHHs X(t) mis r=1, ¢=100,
x(0)=20.

100. V wmopmeni emigemid OOWMH 3apaXeHWW IHAMBIAYYM BBOAHUTBCS Yy

CIIBTOBApUCTBO, IO CKJIAMA€Tbcd 3 N IHAUBIAYYMIB, CHPUUHSATIMBUX JO
3axBoproBaHHs. Hexait x(t) - 4YHCENbHICTh HE3apaXCHUX IHAMBIIYYMIB B
nomyJisitii B MOMeHT t. YV mpunyiieHHi, mo 1H(EeKis MOIIMPIOEThCS HAa BCIX
CIPUIHATIMBUX 10 3axBoproBaHHs, X(t) Oyme 3MeHIIyBaTHCS BiJl MOYaTKOBOIO
suauenns x(0) =n  go wyma. PiBHsaaam s x(t) MOXKE  CIYKHTH
dx/dt = —rx(n+ 1 — x), ne r - NO3UTHBHA CTaJia, IO XapaKTEPU3Y€E MIBUAKICTD
3apakeHHs. 3HANTH KUTbKICTh 3apa)K€HUX Y JIOBUILHUNA MOMEHT 4yacy. Buznauntu

4ac, KOJIM MIBUJIKICT MOIIUPEHHS eMiieMii 0y1e MaKCUMalbHOO?
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101.Y nesxkux BHJIB MNTaxiB 3arajJbHUM Yac, 110 BUTPAYAETHCS HAa XapdyBaHHS,
KOJMBAETHCA B MIHIMAJIBHOTO 3HA4YeHHS 2TOA B JIEHb (BIITKY) [0
MaKCUMaJIbHOTO 3HAYEHHS 8§ TOAMH Ha JIeHb (B3UMKY). BpaxoByrouw, 110 3MiHU
BUTPAT dYacy Ha XapyyBaHHS OMNHCYIOTbCS PIBHSHHSAM TapMOHIYHOTO
OCIIWJIATOPA, BHW3HAYUTH TPUBAIICTh JO00OBUX BUTpaT HAa XapuyBaHHS SK
(GYHKITII0 IOPH POKY.

102.Y cropusaTIMBUX yMOBax BHPOIIYIOTH JABI momyisimii myx. s momymsmii 1
nuTOMa MIBUIKICT pocTy craHoButh 0,1. Jlns nomynsmii 2 aHanoriuyHa
mBHIKICTE cTaHOBUTH 0,08. BusHaumtu x(t) SK CyMmMapHy YHCENIBHICTH JIBOX
NOMyJISIIA B MOMEHT t. 3HAWTHU 3arajibHy YMCENbHICTh momyJiiniid yepe3 10 1
yepe3 20 NHIB 3pOCTaHHs, SKIIO B MOYATKOBUA MOMEHT pPO3MIpU TOMYJISIIN

nopiBHioBanu 1o 1000 og.
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