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Beryn

OpHe 3 HaWBaXIMBIIIMX Yy Cy4acHId MaTe€MaTHlll, MOHATTSA OaraTroBUIy BHUKPHUCTA-
J30BYyBaocs B poOOTax MEPHIOPSTHUX MATEMATUKIB JIEB ITHAASATOTO cTONITTA. [lepii
y3arajJbHEHHS 17lei MOBEPXHI JJi1 BUIIUX BUMIPHOCTEH 3’ ABWINCH y MpalsiX BUIATHOTO
HiMeIbKOro BueHOro beprrapaTa PiMana. MoMy % HaJIeXUTh caM TepMiH «5araToBHI»
(HiM. — Mannigfaltigkeit ). Y TONMONOTTYHUX JOCIIIKEHHSIX (PaHIy3bKOIO MaTeMaTH4-
Horo renis XKyns Anpi I[lyankape 3HaxoauMo BU3HaYeHHs AUGEpPEHIIMOBHOrO OaraTo-
BUIY, OM3bKe 70 cydyacHOro. CBOro OCTaTOYHOIO, TENEPIIIHBOTO BUIJISY TOMOJIOITY-
HOTO IIPOCTOPY, MOOYTOBAHOTO 3 KYCKIB N-BUMIPHUX €BKJIIJOBUX MPOCTOPIB, «3IIUTUX)»
13 JOTIOMOT'0I0 BiIOOpa)KeHb CHEIIAIbHOTO KJIacy, O3HAYeHHIO 0araToBUIY HaJalu B
1930-x pokax amepukaHChbKU MaTeMaTUK BeblieH Ta iloro yueHb, 3HAMEHUTUI T€OMETP
Banrtxen.

[lonsiTTs GaraToBUy BUSBUIOCH HAJA3BUYAITHO KOPUCHUM y 0araThOX rajay3sx Ha-
yku. O6pa3Ho kaxyuu, AU epeHiiiioBHI OaraToBUAM € Ta apeHa, Ha SIKid po3ropTaroTh-
Csl 3aXOIUIMBI BUCTABU piMaHOBOI reomeTpii. JludepeHniiiiioBHi 6araToBuau 3 Kpaem cTa-
U TPUPOJHUM arapaToM 0araTOBUMIPHUX y3arajibHeHb ¢popmyiin OcTporpaacbkoro —
I'ayca ta dpopmynu Crokca. Inei 6araToBuIiB Ta MOB’sI3aHUX 13 HUMU KOHCTPYKIIIHM MO-
YyajIu MPOHUKATH B TaKi, AajeKl HA TMEPITU TMOTJISA BiJl TOMOJOTIT apuHHU, IK TEOPETHY-
Ha MexaHiKa, TIApoArnHaMiKa, KBAHTOBA TEOPIs MOJI.

Ski1o B mepiiid MOJIOBUHI MUHYJIOTO CTONITTS AudepeHIIioBHI OaraToBUIU mepe-
Ba)KHO OyJIM BUKOHYBAJIM POJb JONOMDKHOTO anapaTy JOCHIKEHb alredpaiuHoi Tomo-
JIOT1i, TeOMEeTpii, aHanizy, nounHarouu 3 1950-x pokis, micns BiakputTs J[>x. MimHopoM
PI3HUX TIaJKUX CTPYKTYp Ha CEMUBHUMIPHINA cdepl, BUBUCHHS Tu]epeHIlinoBHUX Oara-
TOBHUJIIB CTaji0 MPEIMETOM HOBOI, OaraToi HaJ3BUYAWHO IIKABUMHU pe3yJibTaTaMU JHC-
LUIUTIHA — AU epeHIiaibHOT TOMOOT 1.

Tpanuiiiino NiAPYYHUKH 3 Teopii 0araTOBU/IIB MOYMHAIOTH BUKIAJA0M HEOOXITHUX
B1IOMOCTEH 13 3arajbHO1 TOMONOrii. MU JOTpUMYEMOCH 3rafjaHol TpaJullii, IPUCBSITUB-
1M eJIeMEeHTaM 3arajibHoi TOMoJIOTii nepiuii naparpad nociOHuka. OCKUIBKH, SK YKe
Oyno cka3zaHo, IIaJKUNA OaraToOBUJ MOKHA MUCIHUTH SIK MPOCTIp, YTBOPEHUN KyCKaMu
€BKJI1ZIOBUX MPOCTOPIB, «BIIMTUMUY 3 JOIMIOMOTOI0 TTaJKUX BIJOOpaKeHb, IPYruil mapa-
rpadg IpUCBAYEHO HarajyBaHHIO HEOOXIAHOI 1H(OpMaIlil mpo riaaaki BigoOpakeHHs Oa-
raTOBUMIPHUX €BKJIIJJOBUX MPOCTOPIB. Y TpeTboMy maparpadi BBEJACHO Ta PETEIBHO PO-
310paHo LEHTpalbHE JIJIs 3alIPOTIOHOBAHOTO MOCIOHMKA MOHSTTA TJIaJKOro 0araToBHUAY.
YeTBepTuil MpUCBAYEHO MOHATTIO MiA0AraTOBUAY Ta TICHO MOB’A3aHOMY 3 HUM, HEOO-
X1THOMY Jyisi 0araToBUMIpHOTO y3arajibHeHHsA (hopmynu CToKca MOHATTIO OATOBUAY 3
KpaeM. B KkiHIlI MOCIOHMKA BKIIOUYEHO HHU3KY 3a7a4, SIKI COPUSTUMYTh KpalioMy 3acBoO-
€HHIO TEOPETUYHOTO MaTepiany.



§1. Tomosioriuni npocropu

Hexail E — HenmopoxHs MHOKMHA. MHOXMHA T MIAMHOKMH MHOXMHU E Ha3uBa-
€THCS TOMOJIOTI€I0, SIKIIIO BOHA 33/I0BOJILHSE TPH BUMOTH (aKCIOMH TOIOJIOTT):

1) mopo>kHsI MHOKMHA & Ta BCSI MHOKMHA E HaJEXaTh T ;

2) 00’eqHaHHA Oyb-KOi CYKYITHOCTI MHOKHH 13 T TaKO HaJI€XKUTh T;

3) nepeTHH OyAb-SIKOi CKIHUEHHO1 CYKYITHOCTI MHOXHH 13 T HAJEKUTh T.
MHOXuHY E TpH LbOMY HA3UBAIOTh TOMOJOTiYHHUM MPOCTOPOM i3 TOMOJOTI€I0 T, a
MHOXHWHH, 110 HAJIEXKATh T, HA3UBAIOTh BIAKPUTHUMHU MHOKWHAMH I[1€1 TOMOJIOTi.

OnuH 13 HAUOPOCTIIIMX CMOCOO0IB 3aJaTh TOMOJIOTII0 — MeTpuka. Hexail koxHiN
napi TOYOK X,y € E MOCTaBJICHO Yy BIJMOBIIHICTh HEBIJ €MHE A1ICHE YHUCIIO p(x, y), TaK

10 BUKOHYIOTHCSI TP BUMOTH (aKCIOMH METPUKH ):
1) p(x,y) =0 Toai ¥ TUIBKU TOAL, KOJIU X = ) ;
2) nnst Oyab-sIKUX X,y € E p(x,y) = p(y,x);
3) ns Oynb-IKUX X,V,z € E crpaBIXKyeThCsl HEPIBHICTh TPUKYTHHUKA
p(x,y)<plx.2)+p(z,»).
VY takomy pa3i £ Ha3UBalOTh METPUYHUM IPOCTOPOM i3 33J1aHOI0 HA HHOMY MeT-
PHMKOIO P, a YUCIIO p(x, y) — BiICTaHHIO M)XK TOYKaMHU X, y mpocTopy E.

Ilpuxnao 1. Hexait n — HaTypayibHe 4YKci0. MeTpudHHi pocTip R” BU3HAYAIOTH
K MHO>XXHMHY BCIX YIOPSIKOBaHUX HAOOPIB 7 NIMCHHUX YUCEJN, BIACTAHb MIXK JJBOMA TOY-
KaMH X = (xl,xz,...,xn ),y = (yl,yz,...,yn) AKO1 3a1aHO0 (POPMYJIIOIO

p(x,y)=

Hexait £ — metpuunuit npoctip. g Oynb-skoi Touku x € E 1 OyAb-sSKOro yucia

€ > 0 BiIKPUTOIO KyJIeI0 pajiyca € 13 HEHTPOM Y TOULl X HA3UBAIOTh MHOXHUHY
B(x,e)={yeE:p(y,x)<e}.

Bci MoxiuB1 00’ €THaHHS BIAKPUTUX KYJIb YTBOPIOKOTH TOMOJIOT1I0 METPUYHOTO MTPOCTO-
py E.

Hexaii £ — TONOJIOTTYHUN OPOCTIP 13 TOMOJIOTIED T, ¥ — HEMOPOXKHS MIAMHOXKHAHA
E . Tlepetunu 3 MHOXHHOIO Y BIJKPUTUX MHOXHUH MPOCTOpy £ yTBOPIOIOTH Ha Y TO-
HOJIOTIIO T, , SIKa HA3UBAETHCS MOPOZKEHOI0 a00 IHIYKOBaHOKW T. [HAyKOBaHa TOINOJO-

risg T, MEepeTBOPIOE Y Ha TONOJIOTTYHUHN MPOCTIP, KU HA3UBAIOTh MiANPOCTOPOM IIPO-
cropy E.

Ilpuknao 2. Ceporo BUMIPHOCTI n (n — HaTypaJlbHE YKCIIO) HA3UBAIOTh MiAIPO-
crip S” = {(xl,xz,... x,.,):x] +x] +..+x.,, =1{ Tomonoriunoro npocropy R""'. OmHo-

>+l
BUMIpHY cepy S’ Ha3MBAIOTH KOJIOM.
Hexait E — tonosioriunuii mpoctip. OK0JIOM TOUKH X € £ Ha3uBaroTh OyAb-sKY
BIIKPUTY MHOKHHY IIPOCTOPY E, 110 MICTUTH y co01 Touky x . Hexall 4 — migMHOXMHA
TOMNOJOT1YHOro npoctopy E. Touky a € A Ha3uBalOTh BHYTPIIHBOK TOYKOK MHO-
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KUHU A, SIKIIO TOYKA g Mae€ OKiJI, SIKMM MOBHICTIO MICTUTBHCSI B MHOXKHH1 A, MHOXHHY
BHYTPIIIHIX TOYOK MHOXXMHH A Ha3MBalOTh il BHYTPIIIHICTIO Ta mo3HayaroTh IntA.
OueBuano, mo A C IntA, 1 aag BIAKPUTOCTI MHOKMHU A HEOOXiIHA M TOCTAaTHS PiB-
HICTb A=Int 4.

3aMKHEHMMH MHOXXHWHAMH TOIOJOTIYHOT'O MPOCTOpPY £ HA3UBAIOThH JOMOBHEHHS
10 E BciX BIAKPUTHX MHOKUH E . Touky X € £ Ha3uBalOTh TOYKOK AO0THKY MHOXHUHU
A c E, skimio Oyap-sSKUi OKUI TOUKM X MICTUTh INOHAWMEHIIIE OJIHY TOUKY 13 A . SK1io
OyIb-sIKMI OKIJ TOYKM X MICTUTH 00Aail OAHY TOUKY MHOXUHU A, BUIMIHHY BiJl camoi
TOYKH X, TOUKY X HA3MBAIOTh I'PAHHYHOI0 TOYKOI MHOXHHH A. MHOXuHY A Bcix
TOYOK JOTHKY MHOXHHH A Ta MHOXKUHY A’ yciX ii rpaHHYHHX TOYOK HA3HMBAIOTH Bij-
MOBIIHO 3aMHKAHHSAM Ta MOXiJAHOI0 MHOKHHOK MHOXXUHU A . O4eBHUIHO, 10 MHOXKH-
un A ta A' 3aBKaM 3aMKHeHI Ta moB’s3aHi 3 A cmieBimHomenusmM A = AU A'. 3a-
MKHEHICTh MHOKHHU A eKBiBaeHTHA piBHOCTI A = A.

MHoxuHa A TOMOJIOTIYHOTO MPOCTOPY E HA3UBAETHCA CKPi3b IIBLHOIO, SKIIIO
OyJib-Ka HETIOPOXKHS BIIKPUTA MHOXKHMHA MPOCTOPY £ MICTUTH IJOHANIMEHIIIE OJHY TO-
uky MEHOXHHH E, iHakme kaxyun A = E. SJxmo Gynb-aka HEMOPOKHS BiIKPUTa MHO-
KUHA TIPOCTOPY E MICTUTH y cOO1 HEMOPOKHIO BIIKPUTY MIIMHOKUHY, HEIEPETUHHY 3
MHOXHHOIO A, MHOXXKMHA A Ha3WBAe€ThCS Hije He IMJIbHOI. MHOXuHa A Hige HE
IIUTbHA TOJ1 U JIMIIE TOJI, KOIU Int(E | A) — CKpi3b mIuibHa B mpoctopi E. [Ipoctip E
Ha3MBalOTh cenapadejIbHUM, SKIIO BIH MICTUTh y COOl1 3JIlUEHHY CKpI3b IIUIbHY MIIM-
HOXXUHY.

Hexait E,Y — tonomnoriuni mpoctopu. Bimoopaxkennst f : £ — Y Ha3uBarOThH Hele-

pepBHUM y Toulli p € E, axmio ais Oyab-sikoro okoiny V' touku f(p) y mpoctopi Y
icaye okin U Touku p y mpoctopi E, takuii mo f(U)c V. Binobpaxenus f:E —Y
Ha3MBalOTh HelePepPBHMM, SIKIII0 BOHO HEMEPEPBHE y BCIX TOUKax npoctopy E. 3 Kypcy

TOIIOJIOT11 BIJIOMa Taka TeopeMa.
Teopema 1. Hexai E,Y — tonosoriuni npoctopu, f : E — Y — BimoOpaxkenns. Ha-

CTYMH1 TBEPJKEHHS €KB1BAJICHTHI.

a) BinoOpaxkennst f — HemepepBHE.

6) Jlnst 6yap-aKoi BimkpuToi MHOKMHM V' mipocTopy Y ii mpoo6pas f (V) — BIIK-
pUTa MHOKHHA IPOCTOPY £

B) Jlns Oynp-saxoi 3aMkHeHoi MHOkuEE C mpoctopy Y ii mpoobpas f ' (C) — 3a-
MKHEHA MHOXXHHA IPOCTOpY £ .

Cepen ycix HemepepBHUX BioOpaxeHb OCOOJMBE MICII€ MOCIAAIOTh HEMEepPEepBHI
BiI0OpakeHHs1 0COOMMBOrO TUMY — romeomMopdizmu. biekTMBHE HemepepBHE Bi0Opa-
xeHHs1 f :E — Y HazuBaroTh roMmeoMop@izMoM, sKI0 0OEpHEHE 0 HHOTO BimoOpa-
xeHns f ' :Y — E — takox Hemepepsre. Sdkmo f : E — Y — romeomopdisM, TO TOMO-
noriuni npoctopu E,Y Ha3uBarTh roMeoMop@HuMuU. B TOmosnorii 0TOTOXKHIOIOTh To-



MeoMOopGHI TOMOJIOT1YHI TPOCTOPHU, BBaXKatouu roMmeoMopdHUi mpocTopy E TOMOJOri-
YHUU TpocTip Y iHIIOIO peanizalfiero npoctopy E.

Hexait £ — tomosoriunuii mpocTip i3 Tonosoriero T. Cucrtema 3 HEMOPOXKHIX BiJl-
KPUTUX MHOKHUH TOTOJIOT1T T HA3MBAETHCA 0A3010 TOMOJOTII T, AKIIO0 OYIb-IKy HEMO-
POXKHIO BIAKPUTY MHOXUHY TOIOJOTIi T MOHA MOJATHU SIK 00’ €JHaHHS MHOXWH CHC-
temu 3. Skmo E — METpUYHHI TIPOCTIp, BIIKPHUTI Kyii yTBOPIOIOTH 6a3y Tomosnorii £ .
VY Kypci 3arajibHOi TOMOJIOT1i I0BOJSATH TEOPEMY.

Teopema 2. Hexaii E — MHOXUHA, Ha SIKId 33J1aHO CUCTEMY 11 HEMOPOXKHIX MiAM-
HOXuH 3. J{;mst Toro, mo6 cuctema 3 Oyna 6a30r0 Jesikoi TOmosorii T, HeoOXiTHe i 10-
CTaTHE OJIHOYACHE BUKOHAHHS YMOB:

a) st Oyap-sKkoi Toukn x € E icHye mHOXuHaA U € 3, Taka mo x € U ;

0) mwis Oynb-sakux MHOKUH U,V € 3 Henopoxuim nepetmnom UV = Ta
Oynb-sikoi Touku x € U 1V icHye mHO)uHA W €3, Taka o xe W c UV .

PosrasineMo TeopeTUKO-MHOXUHHUM JekapTiB 100yTok X x Y, ne X — Tomonori-
YHUU MPOCTIP 13 TOMOJIOTIE0 T, Y — TOMOJIOTIYHHUM IPOCTIP 13 TOMOJOTiEr0 L. JlekapTo-
B1 100yTKU U X V', ne U — HEMOpOXKHs BIAKPUTA MHOKMHA TOTMIOJIOTIT T, V' — HEMOpOXK-
HS BIIKpUTa MHOKHMHA TOMOJIOTIi L, 3a0BOJILHSIOTH OOUJIBI YMOBU TEOPEMU 2, OTKE
YTBOPIOIOTH 0a3y Aeskoi TonoJiorii . Haainena Tononoriero @, MHOXMHA X x Y mie-
PETBOPIOETHCST HAa TOIMOJOTIYHUM MPOCTIP, KU HA3UBAIOTH J€KAPTOBUM JT00YTKOM
TONMOJIOTiYHMX NpocTopiB X Ta V.

IIpuxnao 3. Topom Ha3UBAIOTH JeKapTiB J00YTOK aBoX Kin 7' =S' x S'.

Top — imeanizoBaHuii MaTeMaTUYHUM 00pa3 TaKUX pealbHUX 00’ €KTIB, SIK MOBEPX-
HS PATIBHOTO Kpyra, NoBepxHs OyOnuka (puc. 1).

Puc. 1. Top.

Tononoriunuii npoctip E Ha3uBawTh raycaopgoBuM, sKio OyJb-iKi JB1 pi3HI
TOYKU X,y € E MaroTh HENMEpPEeTUHH1 OKOJIM, TOOTO BIAKpUTI MHOXUHU U,V | Taki 1o

xeU, yeV, UNV=J. Byas-akuii MeTpu4Huil npoctip € raycaopdis. Ipukiagom
He raycaop(oBOro mpocTopy MOKE CIyTryBaTd MPOCTIpP 13 TPUBIAJBHOK TOMOJIOTIEND —

HETIOPOXHA MHOXKHMHA FE, HaJlJleHa TOIOJOTIEI0, IO CKIAJAAETHCS 3 JBOX BIIKPUTHX
MHOXHH T = {E@} MeHnin TpuBianbHUN HE raycaopdiB MPOCTIP OAEPKUMO, PO3TIISHY-

BIIIM TAKWUW TTPUKIIA].



Ilpuknao 4. Po3rnsiHeMo BOEIEMEHTHY MHOXUHY E = {a,b}, Ha SIKId yBEJEHO TO-
nonorito T ={J,{a},{a,b}}. Ouesnano, neit MpocTip 3a10BOTBHSE BCi aKCiOMH TOTONO-
rii, ane euHMit OKiN {a,b} TOUKM b MICTHTH y COGi TOUKY d .

Hexaii E — Tomonmoriuumii mpoctip, cykymHicTs migmuoxua {U, } (o mpobirae me-
AKy MHOXHUHY IHJIEKCIB) MPOCTOpPY FE Ha3uBalOTh MOKPUTTAM IMpocTopy £, Ko
00’ eHaHHS UU(X = E, IpHu 1bOMY Ka)KyTbh, IO MHOKMHU U NOKPHBAKOTH IIPOCTIP

o

E . SIxmo npu npoMy BCl MHOKMHU U — BIIKPUTI, TOKPUTTS {U a} Ha3MBAIOTh BIIKPH-
TUM NOKPUTTAM. TomosioriyHuii mpoctip £ Ha3uBalOTh KOMIAKTHHUM a00 KOMIaK-
TOM, SKIIO y OyIb-IKOMY HOTO BIAKPUTOMY HMOKPHUTTI {U a} MO>KHA BHJIUIUTU CKIHUEHE
MIMOKPUTTS, TOOTO CKIHUEHY CYKYMHICTh MHOXHH {U o Uy Uy }, SIK1 T€X TOKPH-
BatoTh npocTip E. [liqMHOXKMHY A C E Ha3uBalOTh KOMIAKTHOR), SIKIIIO BOHA KOMIIAK-
THa K manpoctip £ . Bimomo, 1m0 B mpoctopi R” KOMIAKTHICTh MHOYKHHH CKBIBAJICHT-
Ha 11 0OMEXKEeHOCTI Ta 3aMKHEHOCTI, 30KpeMa KoMIakTHi Bci chepu S”. JlekapTiB m00y-
TOK JBOX KOMITAKTHUX MPOCTOPIB — KOMMAKTHUN IMPOCTIP, 3 YOTO0 BHUIIJIMBAE KOMITAKT-
HICTh TOpA.

Hexait a,b — Touku Tomonorigaoro npocropy E. lllnsgxom y mpoctopi £ 3 moua-
TKOM y TOUIli @ Ta KiHIEM Yy TO4YIll b Ha3WBAIOTh HEMEpPEpPBHE BiIMOOpaKEH-
Hi f: [0, 1]—) E, trake mo f(0)=a,f(1)=b. Tpoctip E Ha3uBaoTh JiHiiiHo
3B’ SI3HUM, SIKIIO TSI OyIb-IKUX HOTO TOYOK a,b B mpocTopi E ICHYE MUIAX, ISl IKOTO
TOYKA @ — IOYATOK, TOYKAa b — KiHElb.

Ilpuxnao 5. Cmyra E = {(x y) e R* :‘x‘ < 1} — JIHIAHO 3B’ SI3HUN MIATPOCTIP TIJIOIIHN-
HU Rz, 00 Oyab-sK1 1Bl TOUKKA CMYTd E MOXXHA MOENAHATH ILIAXOM, IO MOBHICTIO Jie-
KUTh y 11K cMy3il. B Tol xe yac mignmpocTip Y = {(x y)e R? :‘x‘ > 1} IUIOLIIMHA HE € JIi-
HIMHO 3B’ A3HUI, 00 IS TOro MO0 3’€IHATH TOYKH (2,0), (— 2,0), OyIb-KUN MUISIX MY-
CUTb IIEPETHYTU CMYTY FE .

§2. I'maaki BigoOpakeHHsA

Hexaii Ha BigkpuTiii MHOKHHI U mpoctopy R” 3amano BimoOpaxkenus f:U —R".

Koxny Touky x € U BimoOpakeHHs EPEBOUTH Y BEKTOP 7-BUMIPHOTO IpocTopy R”

)= (£, f5(Xseees £, (),

BIJoOpaskeHHs f,(x) — Bu3HaueH1 Ha U ¢QyHkuii, o Ha0yBarOTh A1MICHUX 3Ha4eHb. Bi-
noOpakeHHs f Ha3MBalOTh IJIAJAKHM, AKIO Bci GyHkuii f,(x) marote Ha U Hemepe-
PBHI YaCTHHHI MOX1/IH1 BC1X MOPSAKIB.



Ilpuxnao 1. Po3rnsneMo Bu3HadeHe QopMylIaMH X =pPcCOS@,)y =psin@ Bimodpa-
keHHA B R’ BimkpuToi mimMuoxuan U 3 R, 3amanoi HepiBHOCTSIMH p >0, — T < @ < .
Ile B1im0OpaskeHHs — TJIaJIKe.

3ayeagcenns 1. YacTo BUKOPUCTOBYIOTH TepMiH riaakocTi knacy C* (k — HaTypa-
nbHe). BinobpaxkeHHs f HasuBaroTh TnajkuM kiaacy C°, sximo Bei GpyHkuii f;(x) Ma-
10Th Ha U HemepepBHI YaCTHUHHI MOXIIHI BCIX MOPSAIKIB 10 A -r0 BKIFOYHO. SIKIIO BCi
GyHKLil f,(X) MarOTh HENEPEPBHI YACTHHHI NOXIAHI BCIX NOPSAAKIB, BIOOPAKEHHS Ha-
3WBAIOTh TAaAKuM kiacy C”. JIist mpoCTOTH MH OOMEKYEMOCH TIAAKUMH (YHKITISIMHU

kiacy C”, Ha3BaBIIU iX MPOCTO TJIAKUMHU.
Yacto BUHUKa€E moTpeda po3riIsaaTH TJIaaKi BiioOpakeHHsT HE 000B’SI3KOBO BIIK-

putux MHOXUWH. Hexalt 3anaHo BimoOpaxkenHs f:A4—R" noButbHOI MHOXMHU AC R".
BimoOpaxxeHnHss f Ha3WBarOTh IJIAJAKHM, SKIIO HOTO MOKHA MPOJIOBXKHUTH JIO TJIATKOTO

B11IOOpakeHHs JeaKO01 BiIKpuTOoi MHOXKUHU U , Takoi mo AcCU.
3okpema, BinoOpakeHHs 3 npukiany 1 Oyae riagkuM, SIKIIO MOro po3TisiaTH siK
B11I00pakeHHsI 3aMKHEHOT MHOXKUHU p >0, -t < Q< T,

Posrnsinemo rmagke BimoOpaxkenns f:U —R" Binkpuroi muoxuan U CR". B ko-
KHIM TouIll x € U MokHA NOOYAyBaTH MAaTPHUIII0 YACTUHHUX MOXITHUX

AN A
ox, Ox, ox,
Jo®)=ox, ox,  ox, |
S &
a_.xl a cee g

n

(BC1 YaCTHHHI MOXiJ(HI 00YKCICHO B TO4I x). Matpuito J,(x) Ha3WBalOTh MATPUIIEIO
Axobi Gynkuii f y Touwi x, BUBHaAYHUK MaTpulli SAxo0i det(J ; (x)) — AAiko0iaHOM (yH-
KUii f y mii TouIti.

Jlns miticHosmaunoi dymkuii f(x) ommiei mifficHoi sminHoi MaTpura Axo6i ckrana-
€ThCS 3 OJIHOTO eEMEeHTa — MoXiAHoT J ,(x) = ( f ’(x)), a ssKoO1aH — IOPIBHIOE 1I1M MOXij-
mift det(J, (x))= f'(x).

Ilpuxnao 2. Matpuns S1ko61 BimoOpakeHHs 3 TpUKIany 1 1opiBHIOE

cos(Q —psing
sin@ PcosQ
Horo saxo0iaH JOPIBHIOE P .



Hexait U,V < R" — Binkputi MHOXHHH. biektuBHE Bimobpaxenus f:U —V Ha3u-

BaloTh AN eoMopizMoOM, AKIO BOHO TIajKe i obepHeHe Bimoopaxkenns [ :V —-U —
TEX Iajake. 3 TeopeMu Npo 00epHEeHy (PYHKIIII0 BUILIABAE TaKa TEOpEMA.

Teopema 1. Posrnsaemo rnanke BimoOpaxenHs f :U — V' 1IBOX BIIKpUTHX MHO-
xuH UV < R". Binobpaxenus [ € audeomopdizm TOi i TITLKH TOA1, KOJIH BUKOHAHO
JIB1 YMOBHU:

1) BimoOpakeHHs [ — Oi€KITis;

2)y Bcix Toukax x € U saxo0biaH det(J ; (x));t 0.

Ilpuxnao 3. I'nagka ¢pyHkuis 3 npukiany | 61€KTUBHO Bi1oOpaxye BIAKPUTY MHO-
skuny U TUIOUIMHM, 3a71aHy HepiBHOCTAMH p >0, —T< @ <7 Ha V = R” \ ((—o0;0]x {0})
(TOOTO Ha TUIOLIMHY 3 BUPI3aHUM MOYAaTKOM KOOPAMHAT Ta BiJl’ EMHOIO YaCTHUHOIO JiC-
HOI Bicl). 3 mpUKJIaay 2 BUILIMBAE, 110 SIKOOIaH p OO BiAOOpaXKEHHS BIIMIHHUHN BiJl
HyJs y Beix Toukax U . OTxe, po3risayBane BigoOpaxeHHs (PyHKIIiS mepexoy Bif
MOJISIPHUX JIO MPSIMOKYTHUX KoopAuHAT) — audeomopdizm U Ha V.

HacTynHi 1Ba npukiagym Noka3yroThb, IO )KOJHA 3 IBOX YMOB Te€OpeMH 1 oKpeMo He
MOJKE CITyTYBaTH €KBiBaJeHTOM nudeoMopdHOCTI BimoOpakeHHs f .

Ilpuxnao 4. PosrnsHeMo BIAKpUTI MHOXHHU U = {(p,(p): p> 0}, V =R? \{(0,0)} Ha
TUIONTMHI Ta BigoOpakeHHs [, 3amaHe dopMynamu npukiany 1. Xoda B KOIHIA TOYII
MHOXUHU U sikoOiaH BIJOOpa’KeHHsI HE JOPIBHIOE HYIIO, BIJOOpPaKEHHS HE € O1€EKTUB-
HUM (TOYKU MHOXUHM U 3 MOJSPHUMHU KyTaMmH, 10 BIIPI3HSAIOTHCSA HA BEIMYMHY Kpat-
HY 27, IEPEXOJATh B OJHY i Ty caMy TOUKy MHOXKUHU V). OTxke [ — He audeomopdizm.

Ipuxnao 5. Posrnsaemo BimoOpaxenHs g:R — R, 3amane gopmynon g(x)=x".
Lle BimoOpakeHHs — TNajike i O1€EKTUBHE, ajne BOHO He € nqudeomopdizm, 60 oro sikoOi-
an g'(x)=3x" obepraeThcs Ha Hynb mpu x = 0. B ToMy, 1m0 BiToOpaxeHHs g — He IH-
dbeoMopdizm, MOXKHA MEPEKOHATUCS I Oe3MocepeIHbO, 3ayBAKUBIIIH, 1110 OOEpHEHA /10
HpoTo ByHKIIA g (y) = 3\/; He nudepeniriiioBHa B tounl y =0.

3ayeancenns 2. Hexait U,V < R" — Bigkputi MuHOXuHH, f:U—V — rnaake, He 0i-
€KTHBHE B1I0OpakeHHs, TaKe M0 B KOXKHIiH Toull x € U sako0iaH det(J ; (x));t 0. 3 teo-
pemMu mpo oOepHEHY (QYHKIIIO BUIUIUBAE, MO f — JOKaIbHUN mudeoMopdizm, ToOTO
KokHa Touka x € U mae okin U, takuii mo 3ByxeHHa f Ha U_— nudeomopdizm U

Ha JIeAKYy BIAKPUTY MIAMHOKUHY MHOXKUHU V. 30kpema y MHOUHI U npukmnany 4 Kox-
HY TOYKY MO’KHA MOMICTUTH Yy BIOKPUTY CMYTY LIMPUHM 27, sika AupeoMopdHO BiaO-
OpaxyeTbest QyHKITIEIO f Ha CBiif oOpas.



§3. I'maaki 0araroBuau

Hexait n — natypanbhe uncio. I'slagkum 0aratoBHIOM Ha3MBalOTh raycaopdis
TOMOJIOT1YHUM TIpoCTip £, Takuit 11o:

1) mpoctip E nopaHo sik 00’ eHaHHs E = UU . CKIHUEHOro a0o 37114eHOro Habopy

1

BIOKpuTHX MHOXUH U,,U,,U,,...;

2) g KOXKHOI BIIKpUTOI MHOKMHHU U, 3agaHo romeomopdism ¢, :U, =V, ne V, —
BIJIKpHUTA, JIHIIHO 3B’s3Ha MHOXHHA ITpocTopy R”;

3) nns Oymb-axux aBoX MHOxuH U,, U, i3 nenopoxuiv neperunom U, U, # 3,

. -1 .

romeoMopdisM ¢, =@, 0@, :(p,.(U,. ﬂUj)—> 0y (U,. ﬂUj) — Trmagke BimoOpaskeHHS
(ockiibkr MHOKHMHU U;, U, MOXKHA TIOMIHSTH MICISIMH, [I€ O3HAYaE, MO @, — aAudeo-
Mopdhizm).

Ywucno n Ha3uBarOTh BUMipHicTIO OaratoBuny E, mo3Hadatoth n=dim E. KoxHy
MHOXUHY U, pa3oM 13 roMeoMOp(pi3MOM , HA3UBAIOTh KAPTOI0, CYKYIHICTh YCIX KapT

{U,,0,)} nasusators atacom Garatosuny E .

OCKUIbKU KOKHY MHOXUHY U, 3 JOIOMOIOX roMeoMop(pI3My @, OTOTOXKHEHO 3

BIJTKPUTOIO MHOXKHHOIO MPOCTOpY R”, ragkuii 6aratoBua £ MOXHA MUCITHTH SIK POC-

. o . . . . -1
Tip, «3WMUTHI» i3 KYCKiB €BKIimoBOro mpocropy R". Hupeomopdismu ¢, =¢; o @,
IIPU LIOMY TPAIOTh POJIb BiIOOPaXKEHb, 110 «3IIMBAIOTH» B OJIHE IILJIE JIBa CYCITHI «Kja-
uri» — U, U,.

3 apyroro G6oky R" — KOOpJAMHATHi TIPOCTOPH, OTXKe KOOPAUHATH (X,,...,x,) y R"
obpasza ¢,(#) Touku u € U, MOXKHA TIIyMauWTH SIK «IOKAJIbHI» KOOPAUHATU CAMOI TOY-
ki u . BinoOpaxenns @, (puc. 1) npu npomy € QyHKIIT mepexoy Bill OIHUX «IOKab-
HUX» KOOPAMHAT 70 APYTHUX, & TPETS BUMOTA O3HAYCHHs OaratoBHly O3Ha4ae, mo GyH-
KIIii mepexoy — nudeomopdizmu.

JBa atnacu {(U.,0,)}L,{(U},9,)} Ha oxHOMY it TOMyY caMOMy TOIOIOTi4HOMY TPOC-
Topi E Ha3MBaKOTH cyMicHHMH, Ko iX 06’ eananns {(U,,,)}U{(U!, 9! )} — Tex atnac.
CyKkynHICTh aTiaciB, CyMICHHUX 13 aTjlacOM {(U O 1)} OararoBuay E, Ha3UBaKOTH IJIAd-

KOI0 CTPYKTYPOIO ITLOTO 0araToBUy.
Ilpuxnao 1. BBenemo Ha n -BUMIpHIi cdepi
S" = {(xj,xz,...,xn”)e R™ :x]+x]+..+x = 1},

CTPYKTYpPY TJIAJIKOTO 7 -BUMIPHOTO 0aratoBUy, BBIBIIM JJid KOXKHOro k=1,2,...,n+1

MHOXUHH
Ui, = {(xj,xz,...,xn”)e S"ix, > O},
U, = {(xj,xz,...,xn”)e S"ix, < O},

10



Puc. 1. BinoOpaxeHHs nepexony @, =@, o @, MiX JIOKaIbHUMH KOOPJAUHATAMH.

Ta noOyayBaBmu romeomoppizmu ¢, :U,, = D, ¢, :U,_ — D 1ux MHOXKHH Ha BiJ-
KpUTY OJMHUYHY Kynto D = {(xl,...,xn) eER":x]+..+x < 1} npoctopy R", 3amaHi ¢o-
pMyJaMu

Qs (Xsees X, ) = (X X5 X e Xy )s (X0 X, ) €U
Sxmo U, ,, U, MUCIUTH SK BIANOBIAHO BEPXHIO Ta HIDKHIO MiBChepy, TO ¢, — ii mpo-
eKIIs Ha MJIOIIMUHY eKBatopa (puc. 2).

Puc. 2. [Ipoexkiist BepxHbO1 MiBcEepu Ha IJIOMIMHY €KBaTOpa.

[Tokaxkemo, mo noO0yn0BaHa HAMU CUCTEMA {(U js Prs )} BIIKPUTUX MHOXHH Ta Audeo-

Mopdi3MIB CHpaBl € aTiac, TOOTO 3aJI0BOJIbHIE YMOBY 3 O3HaueHHs OaraToBumy. Juis
IPOCTOTH, IEPEBIPUMO YMOBY 3 I BiIOOpaxeHb ¢, ,, ¢, . BinoOpaxenus ¢,, Bu-

3HaueHe Ha MHOXMHI U, , = {(xj,xz,... X )e S" x> O} Ta MA€ BUTIIA

> Vn+1
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¢, (X, Xy ,00X,,,) = (X, X5..,x,,)) €D,
BU3HAYeHE HA MHOXMHI U, _ = {(xj,xz,...,xn”)e S"ix, < O} BiIOOpaXXEHHS @,  Ma€ BH-
IS

¢, (X, Xy ,00x,,) = (X, X5...,x,, ) €D.
Heperun U, NU,_ = {(xj,xz,...,xn”)e S":x,>0,x, < O};t &) BimOOpa)xyeThCs Ha IiB-
KYJII0 BUMIPHOCTI 7

n . 2 2
(P1,+(U1,+ ﬂUz,f)z {(xz,...,xn”)e R":x,<0,x; +..+x,,, < 1},

n+l

Ha AKIi BHU3HAUYEHE OOEpHEHE B1IOOpaKEHHS

-1 2 2 2 2
(p1,+(x2,...,xn+l): (\/1 — Xy = — X ,xz,...,xnﬂlx2 <0,x; +...+x,,, <l.
Toni pyHKIIisI IEPEXOY BIJ OAHUX «JIOKATbHUX» KOOPJUHAT 10 JPYTUX MA€ BUTIIS
-1 2 2 2 2
®,_o (p1,+(x2,...,xn+l): (\/1 —X; — . — X, ,x3,...,xn+1)x2 <0,x;+...+x ,<l.

Ha o6nacTi BU3HaueHHs 11 BiIOOpaXE€HHs Ma€ HEMEepepBHI YaCTUHHI MOX1AHI BCIX MO-
PSIKIB, OTXKE CYKYIHICTb KapT {(U 0N i)} A1ACHO yTBOPIOE aTiIac.

Hexait M, M' — rnanxi 6aratosmmu 3 aTiacamu Binnosimso {(U,,, )} (U 50 )j. Ha

nexapToBuX 100yTKax U, x U', MO’kKHA BUSHAYNTH BiNOOpaKeHHs, 3a/aHi IPaBUIOM

(0% ) Jorx') = (0,(0). 0 ()} x € U2 €U,
[Tapu BIAKPUTHX MHOXKHH Ta BiZOOpaKeHb (Ul. xU', @, x (p’j) YTBOPIOIOTH aTjiac Ha Jie-
KapToBiM 100yTKYy M x M', rmanxuii 6araTtoun M x M', HajiIeHU# MM aTIacoM, Ha-
3MBAIOTh 1€KAPTOBHM J00yTKOM OaratoBuuiB M, M.

Ipuxnao 2. Yeismm Ha Topi T =S' x S' Taaky cTpykTypy J€KapTOBOro J00YTKY
1BOX Kint S', mepeTBOPIOEMO TOp Ha TNIaJKHil JBOBUMIpHUIA 6araToBHI.

Hexait M, N — rnaaki 6aratoBuau (B3araji Kakyyu pizHOi BUMipHOCT1). Henepe-
pBHE BimoOpaxkeHHs [ :M — N Ha3WBaIOTh TJIAAKUM, SKIO I Oyab-IKOi KapTh
(U, (p) OaratoBuny M 1 Oynb-sIKOi KapTu (W \|1) OaratoBuay N 13 HEHOPOXHIM TIie-
peTuHoMm f (U ) (W % BinoOpakeHHS BIIKPUTHX MHOYKUH €BKJIIIOBHX IIPOCTOPIB

wo o oUN (7)) wi) (M)
— rnaake. [Hakme kaxyuu, GyHKIIS f— rioaaka, Ko, 3alMcaBIIM il apryMEHT Y JIOKa-
JBHUX KOOpJIMHATaX OaraToBuay M , a 3HaUeHHS — B JIOKAJbHUX KOOpAMHATaxX Oararto-
BUY N, OJIEpKUMO TIaJKe BIIOOPAXKEHHSI MHOXKHUH €BKIIIIOBUX MPOCTOPIB. SKIO mpu
1bOMYy f — OiekIlis, i oOOepHEeHEe BiToOpakeHHS f ! _ Tex rmajgke, TO BiI0OpakeHHs [ Ha-
3uBatoTh Audeomopdizmom, a rinaaxi 6araropuaun M , N — qnudeomoppHumMn.

3aysascenns 1. Moxna poBectu, o audpeomopdui rimaaki OaratoBuagu M, N
MaroTh OJIHaKOBI BuMipHOCTI dimAM =dim N. B3arami, B Teopii rimagkux OaraTOBHUIIB

nudeomopdHi 6araToBUAN OTOTOXKHIOIOTh, BBAXKAIOYH 1X PI3HUMH €K3EMILIIPAMH OJTHO-
ro i TOro caMmoro GaraToBUAYy.
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YacTo KOpUCHO pO3TsaaTy BiMOOpaKeHHSs, 3aJlaHl HE Ha BChoMy OaraToBuil M, a
Ha SKiich Woro migMHoXkuHI. [agke BimoOpaxkenns f :G — N BiIKpUTOl MiAMHOXKH-

Hu G C M BU3HAYAIOTH SIK BiAOOpa)K€HHS 13 THagkumu QpyHkuismu Burisay (1), npu
bOMY OepyTh KapTu (U, (p) OararoBuny M 3 nepernnom U (VG # O, a kaptu (W \|1)
Ooaratopuny N 13 f (U N G)ﬂ W+, SIlkmo Ac M — He BiIKpHTa MIMHOXHWHA, TO
HernepepBHE BimoOpaxeHHs [ : A — N Ha3WBalOTh IVIAJKHUM, SKIIO HOTO TPOJOBKUTH

710 TJIAIKOTO BIIOOpakeHHS BIAKPUTOi MHOXMHU G, AC GC M .
Hexait M — rmaakuii 6aratoBua BUMIpHOCTI 7, Touka u € M . Illasixom i3 mouyart-
KOM Yy TOuIi u HAasMBAalOTh Thanke BimoOpawenns p:[0,8)—>M,8>0, Take

mo p(0)=u.Hexait p: [0, 6p)—> M,q: [0, Sq)—> M TnuIsSXu 3 MOYaTKOM y TOYIII U, Kap-
Ta (U, @), Takamo u € U . BispMemo 8,0 <8< min{6p,6q}, TaKe 110
p(0.8)cU.q([0.3)<U.

VY TakoMy pa3i BUBHAUYEHO IIajKi 7-BUMIPHI BEKTOP-PyHKIIIT

(X, (1), %, (s, %, () = 9(P(D)), (7, (), y, (0), ., v, (1)) = 9lq(£)), 0< £ < .

Insxu p,q HA3UBAIOTh eKBIiBAJEHTHMMHM, SIKILO PIBHI BEKTOPH
(%,(0),%,(0),...,%,(0)) = (5,(0), ,(0),..., »,(0)), 2
o d : d
7€ TOYKaMHU [MO3HAaYeHO MOX1IAH1 X, (f) = Exk @), y, @)= 7 v, () 3a mapameTpom f.

[Tokaxkemo, 1110 €KBIBJICHTHICTh IUIAXIB 13 MMOYATKOM Y TOYIIl # HE 3JIKUTH BiJl
Bubopy kaptu (U,¢), Taxoi mo u €U . Tpumyctumo, mo (U',¢') — inma xapra, mns
skoi u € U'. Hexaii qist 6yap-sikoro x e U (U’

O(x) = (X, X550+, X,), @' (X) = (X, X},...,X. ).
Toxi BuMora 3 o3HaueHHs1 6araToOBUIY TapaHTye, o st KoxHOi Toukn x € U (YU’ ko-
OpPJMHATH TOYKH @'(X) BHPAKAIOTHCS Yepe3 KOOPAUHATH ((X) CITIBBIIHOIICHHSIMH

X =X(X,Xy,.05X,),
Xy =X,(X, Xy 505 X,),

X=X (XX, es X)),
sIKi 3371210 beomopdism ¢ oo™ 1 (U NU’')— ¢ (UNU'). Hexait
(x, (1), X, (1),....x, () = @ p(D)), (3, (1), ¥, (D), y, (1)) = 9(q (1)),
([0, X5 (1), ... X, (1) = 9'(p(1)). (] (), ¥, (O)s.... ¥, (1) = ¢ (q(1))

Toni 3a mpaBuiom A EpeHIIitOBaHHS CKIIaJAeHOT PyHKIIIT

0 =3 7505103 T 0 k=L,

1

(4acTHHHI MOX1AHI B3ATO B TOUIll (() ). 3BIJCU Ta 3 pIBHOCTEM (2) BUILIMBAE €KBIBAJICH-
THICTh IUIAXiB p,q B Tepminax kaptu (U, ¢').
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MHOXUHY KJacCiB €KBIBaJEHTHOCTI NUISIXIB 13 MOYATKOM Y TOUYIIl % MO3HAYMMO Ye-
pe3s T .M . Ilo6ynyemo in’exTuBHE BinoOpaxenHs L:7 M — R", BU3HauuBIIN 1JI KO-
’KHOT'O KJIaCy €KBIBaJIEHTHOCTI [p|e T M nuiaxy p(t) 3 IOYaTKOM y TOYL U

L([p])= (%,(0),%,(0),...,%,(0)), ne (x,(£),%,(t),...,x, (1)) = 9(p(t)),
(U,9) — xapra, Taka mo u € U . [Tokaxemo, mo BinoGpaxenns L — Giektupne. Hexaii
o(u) = (u,,u,,....,u)eV=0pU)c R".
OckiTbKM MHOKMHA V' — BiTKpHTa, icHye uucio O > (0, Take 10 BiAKpUTA €BKIIII0BA KY-
st B((p(u),S) c V. Po3risiHemMo noBuibHMN BekTOp h = (h,,h,,...,h )€ R" . [IpooGpazom

HYJBOBOT'O BEKTOpa mpoctopy R" Oyne crammid nuisix p(tf)=u,te [0,8), TOMY MO>XHa

BBAJKATH, 110 HhH = \/ hl+h: +...+h’ >0. BusHaunmo muisx p, (¢) piBHIiCTIO
p,()=¢ " (u, +th,u, +1th,,...,u, +thn),OSt<ﬁ.

Horo o6paz L([p,])=(h,h,,...,h ), Tox L — crpaBzi Giexiis. B3aeMHO-0HO3HAYHA
BIATIOBIMHICTE L nmo3BOJsie mepeHecTd Ha 1, M CTpyKTypy JiHiiHOTO mpoctopy R”.
[Ipoctip 7, M , HanineHUil 1i€0 JTIHIMHOI CTPYKTYpPOIO, HA3UBAIOTh JOTHYHHM IPOC-
TopoM OaratoBuny M y touii u. TpaauuiiiHO, €JIEMEHT n-BUMIPHOTO JIIHIHHOTO IpOC-
topy I, M mno3Ha4arots dx = (dx,,dx,,...,dx, ), npu npoMy koopaunatu (dx,,dx,,...,dx, )
BeKTOpa [p]e T, M OTOTOXKHIOIOTH 13 KOOpAUHATAMH HOro oOpasa L([ p])e R" (imaxmie
Ka)Xy4H, pIBHICTb [ p]=(dx,,...,dx ) o3Ha4ae (dx,,...,dx,) :L([ p])).

Ouesunro, inma xapta (U',¢'), u e U’, mopomxkye inmry Giekmito L':T,M — R",
3B'130K MK KoopauHatamu (dx|,dx),...,dx ) Bekropa [ple T M , 3a1aHUMHU «IITPUXO-
BaHOI0» KapTOIO (U ’,(p’), Ta KoopAauHatamu (dx,,dx,,...,dx ), 3aJJaHUMH KapTOIO (U ,(p)
BUILIUBAE 3 MpaBuiia TU(PEpeHIIF0BAHHS CKIIaIeHOT ()YHKITI

e =3 % g k=1,...n,

i=1 OX;
(4acTUHHI TOX1IH1 B3STO B TOUIl O(1) ).

Hexait M,N — rmanki 6araroBunu, dimM =m,dimN =n, f:M — N — rinaake
BimoOpaxenus, u € M, w= f(u). Toxi nns koxHOro muIAxy p(¢) B GaratoBumi M i3
MOYaTKOM y TouIli u B OararoBui N Bu3HaueHo nuiix ¢(¢)= f(p(¢)) i3 moyaTkoM w.
Axmo p,(¢), p,(t) — ekBIBaJEeHTHI LUIAXH 13 TIOYaTKOM y Toull u B OararoBual M , TO
nuixu q,(8) = f(p,(?)), q,(t)= f(p,(t)) — Tex exBiBaseHTHI. lle cniocTepexeHHs n0-
3BOJIsI€ BU3HAUNTH BinoOpaxkenus df, : 1, M — T, N , 3a1aHe IPaBUIOM

df, (p)=L1(pO))].
BinoOpaxxeHHs1 df, Ha3zuBaoTh AudepeHmiagoM ado MOXiAHOI IiIankol QyHKHIl [y
TOYIII .
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Posrasemo kapti (U,9), (W,y) rmagkux 6aratouais M, N BifmosiaHo, Taki mo
touka uelU, welW. KopucTyrouncer JOKAIbHUMH KOOpAUHATAMU TOUOK x €U, ye W ,
3aIaHUMU BIIMOBIIHUMH KapTaMu, 3alIMIIEMO BiIOOpaXeHHs f, TOUHIIIEe, BIIOOpaXKEHHS
(1), mobymoBaHe 3 JonoMororo Bifobpaxkenns / i kapt (U,9), (W, ), y Burasai

N =000, X,,.005X,),

Yy =Y,(X,%y,.005X,), 3)

Yy =V, (X, %5,0.0,%,).
Toni, nng uwaxy p(f) 3 MOYATKOM Y TOYIll ¥, 3aIIMCAHOTO B JIOKAJbHUX KOOPJUHATAX
KapTH (U,(p) y Burmsal (x,(¢),x,(),...,x, (1)) =(p(p(t)), nusix q(t) = f(p(t)), 3ammca-
HUU y JIOKATbHUX KOOPJAMHATAX KapTU (W \|1), MaTHUM€ BUTJISI

y, (&) =y, (x,0),%,(t),...,x, (), k=1,...n.
HudepeHiiitorou 1Mo piBHICTh 3a ¢ 1ipu ¢ =0, oJiepKyeMO
5,0 =3 Y5 0)k=1,....n, @)
i=1 ax,-

Jle YaCTMHH1 MOXIiJH1 BimoOpaxkeHHs (3) B3sATO B Toulll ¢O(¢). Bukopucraemo no3HaueH-
HA dx = (dx,,dx,,...,dx, ) I BEKTOpa IOTUYHOro npocropy I, M , BEKTOp IOTHYHOIO
npoctopy I, N noszHauumo dy =(dy,,dy,,...,dy,). Y TakoMmy pa3i 3 piBHOCTI (4) BUILIU-
Bae, O audepeHnian df, MOXKHa OIep>KaTh MHOXa4dd 3J11Ba MaTpuLio fko01 BinoOpa-
xeHH4 (3), B3ITY B TOUlll @(#), HAa 3alIMCAHUN Y BUTJISIII CTOBIILST BEKTOP dX

LTI M
0oxy 0xy o Oxy, dxl
¥ O )
o ox, v ox, dx b
dy = (df, Jdx = | (5)
Dn Dn D
T o Ox dxm

3 miei popmMynau BUILIMBAE, 30KpeMa, JIHIAHICT oneparopa df, : T M — T N . Paur mi-
HiliHOTO omnepaTopa (5), ToOTo panr maTpuill Jko01 BimoOpaxeHHs (3) Ha3UBAaIOTH PaH-
rOM TJIaJIKOT0 BIOOpaxeHHs [y TOYIIl U.

Panr xBajspaTHOi MaTpUIll pO3MIPY 7 X n JOPIBHIOE 7 TOM1 ¥ TUIBKU TOJ1, KOJIH BO-
Ha He BUpoJKeHa. Tomy 3 Teopemu | monepenHboro naparpada BUIIIMBAE TeOpEMa.

Teopema 1. Hexait M,N — ranaaki 6aratoBuau, dimM =dim N =n. I'magke Oiek-
TUBHE BigoOpaxkeHHs [ : M — N e qudeomopdi3M TOi i TUTBKU TOJ1, KOJIHU HOTO paHT
JIOPIBHIOE 11 y BCIX TOUKax OararoBumy M.

3aysadicenns 2. ludpepeHuian BIHoOpaxkeHHs df, 1 MOHATTS PAHTY B TOYI U MOX-

Ha BU3HAYMTH JJIs BimoOpakeHHs f : B — N, 3a1aHOTO HE HAa BChOMY OaratoBumi M , a
Ha JesKIM BIAKPUTIA MigMHOXUHI B M . [Ipn nboMy KaxXyTb, IO TJIaJIKe BigoOpa-
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xeHHs f:B—>N Mae paHr ¢, sSKIo WOTO paHT IOPIBHIOE ¢ B KOXHIN ToUIll 00JacTi
BU3HAYECHHS.

§4. IlinoararoBuau. baratoBuau 3 Kpaem.

[lepeiinemo, Tenep, 10 BUSHAYCHHS MOHATTSA Mi10araTOBUY, SIKE y3arajJbHIOE TaKi
MPOCT1, IHTYITUBHO 3pO3yMUJIi MOHATTA K KPUBA HA MOBEPXHI, MOBEPXHS y MPOCTOPI.
Hexait M — rnankuit m-sumipHuii 6ararosui. IligdaratoBugom GaratoBuay M Hazu-
BaIOTh MOTO MiAMHOXUHY N C M sika 3a10BOJIbHSE TaKl YMOBH.

1) N —rnaakuii 6araToBUJ BUMIPHOCTI n < m.

2) ns Oynb-sikoi Touku u € N iCHYe KapTa (U ,(p) OararoBuny M (omHOrO 3 at-
JTaciB IIaIKo1 CTPYKTYPH IBOTO OaraTtoBuay), Taka mo u U, nepetur U () N 1OpiBHIOE
UNN={xeU:x,, =x,,=..=x, =0},
ae X;,X,,...,X, — KOOPAMHATH TOUYKH @(x)€ R™, a oOMexeHHs (P‘UHN Ha 1Ie¥l MepeTuH

YTBOPIOE Pa30M 13 HUM KapTy (U NN, (p‘UﬂN) OaratoBuay N .

Yucno m —n =codim N Ha3uBarOTh KOBUMipHicTIO minbaraToBuay N .

Ilpuknao 1. Po3rnsaemo R™ sk 0araTtoBuj i3 aTiacoM, IO CKJIAJA€ThCSA 3 OHIEI-
enuHOi KapT U = R™, poiab KOOPAMHATHOTO BimOOpa)K€HHS Tpae TOTOXKHE BimoOpa-
xeHHsa ¢(x)=x,x € R". [linnpoctip R", n <m, BKIageHuit y R" sk

R" = {(xl,xz,...,xm) eR":x, ,=Xx,,=..=X, = 0}
€ n-BUMIpHHH Tig0araToBuy 0aratoBuay R”™.

Jlns gpocnigxenb OaraToBUIB OyBae KOPUCHOIO TaKa T€OpeMa.

Teopema 1. Hexait M — rnagkuit m-BuMipHui O6aratoBuia, N — HMoro mig0araTtoBu/I
KOBUMIpPHOCTI ¢,q =1,2,....m —1. Toxai nis Oyap-aK0i TOYKH u € N ICHYIOTh BIIKpUTA

MuHoxuHa U < M 1irnaaka ¢pynkmis g :U — R? panry ¢, Taki o u € U , Ta mepeTuH
NNU =g"(0).
Jloseoenns. IlozHauumMo n=m—q, 1 HexXal (U ,(p) — Kapta OaratoBuny M , icHy-
BaHHA fIKOi 3a0€3MeUeHO0 YMOBOIO 2 BU3HAueHHs migdararoBuny. KoxHna touka x e U
Mae JIOKaJIbHI KoopauHatu ¢(x) = (x,,X,,...,X, ). BusHaunmo ¢ynkuito g:U — R? pis-

HICTIO g(x) = (x X ), xeU. IlobynoBaHa (yHKIi 3aJOBOJBHSE BC1 YMOBHU TE€O-

PSEXE
pemu. TeopeMy nOBEAEHO.
ko N — koMnakTHe, iCHye TeopeMa, B IEBHOMY CEHC1 00epHEeHy A0 TeopeMu 1.
Teopema 2. Hexait M — rnagkuil m-BuMipHuii 6aratoBun, N — M — KoMnakTHa
niaMHoXHHA. [lpunmyctumo, mo a1 Oyab-sakoro u € N ICHYIOTh BIAKPUTa MHOXXHHA
UcM, uelU, tarnaaka ¢yaxmis g:U — RY, taki mo N\U =g '(0) i panr Bigo-
OpakeHHs g B Toulll u JopiBHIOE ¢. Tomi N — nmigbaratoBua M KOBUMIPHOCTI .
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Jlosedennsn. 3a3HaumMo, MO0 yMOBa PIBHOCTI ¢ paHTy BimoOpaxenHs g:U — R‘
O3HAYa€ BIIMIHHICTh BIJ HYJS JAESIKOTO (YHKLIOHAJIBHOTO BU3HAayHUKA. OTXKe paHr g
JOPIBHIOE ¢ B JIEIKOMY OKOJII TOYKHU 4. 3BY3UBILIH, B pa3l HEOOXITHOCTI, MHOXUHY U,
MOXHa BBaXXaTH, 1110 PaHT g JOPiBHIOE ¢ Ha Bcit MHOXuH1 U. Takox 0e3 BTpatu 3ara-
JIBHOCT1 MOJKHA BBaxkatH, mo U c W, ne (W, (p) — KapTa O6aratoBuay M, Taka mo u € W
(imakmre Mu mpocTo 3amicte U MoxkeMo B3satH nepetur U (W), Otxe, kpiM (yHKIIT g,
Ha U 3ajjaHe KoopAnHATHE BinoOpaxkeHHs1 ¢ . OCKUIBKHA g MA€ PaHr ¢, TAKUWA caMUil paHT
Mae MaTpuIs SIko6i BimoOpaxkenns go ¢ ' :(U) — R?. 3anumieMo 1e BifoOpaxkeHHs y

BUTJIAIL

3a 03HAaYEHHAM paHTy Horo Matpuiist Sko0i

oyy oyy oyy
0x 0x, 0x,,
0y, 0y, 0y,
0x 0x, 0x,,
ayq ayq ayq
0x 0x, 0x,,

Mae ¢ JIHIAHO He3aJeXHUX CTOBMIIB. [lepeHymepoByroun, B pa3l HEOOXIAHOCTI, KOOP-
OUHATU X,,X,,...,X, , MOKEMO BBaXKaTH, 110 IEpLIl ¢ CTOBILIB JiHIIMHO He3anexHl. Toxal

BU3HAYHUK
AT n
0x; Oxy Tt oxy
D2 D Dy
0Oxy 0x, T oxy £0 (1)
0Oxy 0x, T oxy

Beenemo Ha U HOBI KoopauHATH @ = (X[, X),...,X )

r _ r r ] _ "
xl _ylij —yz,...,xq —yq,qurl —qu,...,xm —xm.

3 piBHOCTi (1) BumIMBae, 110 sIKOOiaH MEPEXOly BiJ HEMITPUXOBAHUX JI0 MITPUXOBAHUX
KOOpJHHAT

m M ol
0ox, T Oxg X1 o Oxy,
m i
Eiy_q Eiy_q Wy Wy Ox; oo Oxg
Ox; Ut oxy Oxgs Ut Owy | — * O
— . . . 9
0 .. O 1 0 o, ,
0Oxy T oxy
0 0 O 1
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OT’KE€ MU MOYKEMO BKIIOUUTH (U, (p’) 1o atimacy 6ararosuay M. Iepetun U (1 N y wmiit
KapTi 3a71a€Thes PIBHAHHAME X{ = X =...= X, = 0. OcKiIbk# N — KOMIAKT, MH MOKEMO

MOKPUTU HOTO CKIHUEHUM YHUCJIOM TaKUX KapT (U, (p’), K1 MU BKJIFOYAEMO JI0 aTiiacy Oa-
ratoBuay M. llloOu nepekonatucs, uo N — 0aratoBu/, 3a3HaYMMO, 10 CKIHYEHHA CY-

KYIHICTb (U ﬂN,(p"UﬂN) yTBOpro€ amiac Ha N. TeopeMy 10BEACHO.

YMOBY KOMMAKTHOCTI MHOXXMHU N MOKHa JEII0 MOCIaOUTH, B3ABIIM 3aMiCTh M
eBKJI1TOBHI TIpocTip R” .

Teopema 3. Hexait N — R" — 3amkHeHa miaAMHOXHHA. [Ipumyctumo, mo 1 Oyab-
akoro u € N icHywoTh BigkpuTa MHOokmHa U C R"™, uelU, Ta rtnagka QyHKIis
g:U—>R?, taki mo NU =g '(0) i panr BimoOpaskeHHs g B TOYLi # JIOPIiBHIOE .
Toxi N — migbaraTtoBu R” KOBHUMIPHOCTI g.

Teopemy 3 MOKHa JTOBECTM aHAJOTIYHO JOBEJIECHHIO TEOPEMHU 2, KOPUCTYIOUHCH
3aMICTh KOMIIAKTHOCTI TUM (DAKTOM, 110 B Oy/Ib-IKOMY BIAKPUTOMY MOKPUTTI 3aMKHEHO1

MIAMHOKHMHE R" MOKHA 3HAWTH CKiHYeHHE a00 3ideHHE MiAMmOKpUTTsa. KiIbKiCTh HO-
BUX KapT, K1 MU MPU LIOMY JOAAEMO JI0 aTiacy Moxe OyTH 37114€HHOIO.
3ayesascenns 1. B Teopemax 1 — 3 mependauaerses, mo 1< g <m. YTim, 111 Teope-

MU MO’KHA TMOILIUPUTU W HA BUMAJOK ¢ =m, AKII0 NiA0AraToBU KOBUMIPHOCTI m pPo-
3YMITH SIK CKIHYEHY a00 3J11YEHHY CUCTEMY 130JIbOBAHUX TOUOK.
Po3rnsHeMo cuctemy piBHAHB Ha R"

fi(x,%,,0x,)=0,k=1,...,q, (2)
3 HEMOPOXKXHBOK MHOKHMHOIO PO3B’A3KIB, Taky 0 (QyHKIIT f, — IVIAAKI, Ta B OyIb-sAKii
. )
TOYII, KOTPa 3aJI0BOJIbHSIE cucTeMY (2), MaTpulls ko001 Y Mae padr g. MHo-
8xj k=l,...q
j=l...,m

*uHa N po3B’s3KiB cucteMu (2) — 3aMkHeHa. BinoOpaxeHHs

(X[5eeer X, ) > (fl(xl,...,xm),...,ﬁ](xl,...,xm))
Ma€ paHr ¢ y BCiX Toukax MHOXUHH N. OTxe, 32 TeOpeMoro 3, MHOXKUHA N pO3B’S3KIB
cuctemu (2) (B reoMeTpii Taki MHOKUHHM HA3WBAIOTh MOBEPXHSAMM) — IigoaraToBua R
BUMIPHOCTI M — ¢ .

n+l

3 IIbOTO CIIOCTEPEIKEHHS, BUTUIUBAE, 30KpeMa, o S” sk moBepxHs mpoctopy R",
3a/1aHa PIBHSHHSIM
xp X e tx, =1,
€ n-BUMipHHMii minbaratosu npoctopy R"*.
[loBepxHi, 3a/1aHl cucTeMaMH BUTIIANY (2), CTAHOBIATH IIUPOKUM Kiac migdararo-
BUIB mpocTopy R". MoKHa TOBECTH, IO OYIb-SIKHI TTAJAKHA OaraToBU MOXKHA pea-
J3yBaTH SIK Mi10araTtoBuI €BKJI1I0OBOIO MPOCTOPY. A came, BUKOHYEThCS Taka TeopeMa.
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Teopema 4. (I'. Bitai) st Oyab-9K0T0 TJIaJAKOTO n-BUMipHOTO OaratoBuay M icHye
mudpeomopdizm f: M — N, ne N — ninbararoBua npocropy R”, nmpu aeskomy m > n.

JloBeneHHs TeopeMu 4 BUXOIUTH 32 MEXKI1 IbOTO MTOCIOHUKA.

[lepeiinemMo 10 BU3HAYEHHS L€ OAHOIO BaXKJIMBO AJIA aHami3y noHsaTTs. Hexai £ —
raycnopdiB TONMoOJOriyHui mpocTip 13 mignpoctopoM N. Ilpoctip E Ha3uBaroTh riaai-
KMM 0araToBHJOM i3 KpaeMm, a caM mianpoctip N — kpaem OaratoBuay E, SKIIO BUKO-
HaH1 TaKi TPU aKCiOMHU.

1) Ilpoctip E monmano gk 00’enHanHs E = UU . CKIHYEHOrO a0o 3J114€HOro Habopy

1

BIOKpuTHX MHOXUH U,,U,,U,,....
2) JIns xoxHOI BiAKpUTOi MHOXMHM U, 3amaHo romeomopdizm ¢, : U, =V, ne V,
— BIIKpUTA, JIIHIHHO 3B’s13Ha MHOKMHA MpocTopy R = {(x1 J Xy X, JER" 1, > 0}.
3) Jus xoxuoi MHOXHHU U, romeomopdism ¢, BimoOpaxye nepetun U, (1N y
MHOKUHY TOYOK V, 3 HyJIbOBOIO OCTaHHBOIO KOOPINHATOO
0,U,NN)={(x;,%,,....%, )€V, :x, =0},
30kpema, ko U, (1N =, V, IOBHICTIO MICTUTBCSL Y MHOXKHHI TOYOK mpocTopy R” 3

JI0IATHOI0 OCTAHHBOIO KOOPJUHATOIO {(xl,xz,...,xn ) eR":x, > 0}.
4) nnst Oynp-sKkux ABoX MHOXMH U, U i i3 HenmopoxkHim mepetuaom U, (U i * D,
. -1, .
roMmeoMopdisM @ ; =@, o @, .(p,.(U,. N Uj)—> 0y (U,. N Uj) — IIaJIKe BiOOpasKeHH.
HatypanbHe 4uciio # Ha3uBalOTh BUMIPHICTIO OaratoBuay 3 Kpaem E. 3 o3HaUeHHS

BUILUIMUBAE, 10 Kpalh N — rinajakuii 6aratoBuja BUMIpHOCTI n —1. Atnac GaratoBuny N

YTBOPIOIOTH HeNopoxHi nepeturn U, (| N Ha SKUX 3a7aHi 3ByKECHHS q)i‘U,ﬂN'

Ilpuxnao 2. Bepxus niBcdepa
S"=x,,x00sx JeR™ ixT+x;+.+x>, =Lx >0
+ 1 2 n+1 1 2 n+1

n+1
€ n-BUMIpHUH OaraToBuj 13 nudpeomopPuuM cepi BUMIpHOCTI # —1 Kpaem
n-1 _ ntl . 2 2 2 _
ST = {(xl,xz,... X, )eR™ X +xI+. . +x=Lx,, —0}

>V n+1

(BUALIECHO >KUPHUM Ha puc. 1).

Puc. 1. Bepxns niBcdepa sik 6araToBuj 13 Kpaem.

19



Ilpuknao 3. 3aMKHEHa KyJsl BAMIPHOCTI 7
D" = {(xl,xz,...,xn)e R":x} +x)+..+x < 1}
€ 6aratoBuj 13 KpaeM
S = {(xl,xz,...,xn)e R : X} +Xx)+..+x = 1}.

[lonsiTTa rmagkoro BimoOpaxkeHHs Ta nudeoMopdizmMy 0araToBUAIB 3 KpaeM BU3HA-
YalOThCsl AHAJIOTTYHO TOMY, SIK 1€ OyJi0 3p00JIeHO 1Jis 3BUYAHHUX TIagKuX O0aratoBHUIiB
(6e3 xparo). HeBaxkko moOaunTu, 30Kpema, 1o 0araToBUIU 3 KpaeM 13 MPHUKIIAIiB 2 Ta 3
— nudeomopdHi.

Teopema 5. Hexalt M — KOMIAKTHUN TIaJKUI n-BUMIpHUI 0araToBUJ, HA SIKOMY
3amano Tianky Gyskmiro f: M — R, Taky 1m0 MHOXXHHA TOYOK, y akux f(x)=0, He-
MOPOXKHS, 1 B KOKHINA Takid Todlll paHr QyHKIii f AOpiBHIOE oAuHUIIL. Toa1 IpoCTip

M, ={xeM:f(x)>0}
€ IIaIKUi OaratoBun 13 kpaeM M, = {x eM: f(x)= 0}.

Loeedenns. 3 ornsny Ha KOMIIAKTHICT, MHOXKMHU M, il MOXKHA TOKPUTH CKIHYE-
HUM 9HCIIOM OKOJiB W, Takux mo W — U ana gesxoi kaptu (U, @), i npunaiiMui oHa 3
YAaCTMHHMX MOXIJHUX (PYHKUII f CKpi3b y LIbOMY OKOJII BIAMIHHA BiJl HyJd. Po3risHeMo

o

OJIMH TaKW# OKLJI, JJisi BU3HAYEHOCTI OyJIeMO BBaXKaTH, 110 8_ # 0 ckpi3p Ha W. Pazom
X

n

i3 koopmuHatamu (X,,...,x,) kaptu (U,p) posrmsHemMo Ha W HOBi KOOpAMHATH

W =0y, »,), 32020 GOpPMyTAMH V| = X,,...., Y, =X, ,V, = f(X,,...,x, ). BusHau-
HUK TIEPEXOJY BIJl CTAPUX KOOPJUHAT JI0 HOBUX JOPIBHIOE

I .. 0 O
_9
0 o 1 0 & D
o of o
ox; Ut Ox,y 0ox,,

TOX (W,l//) yTBOpIO€ Ha M HOBY KapTy, y sikiit W (1M, 3amaerscs piBHAHHSIM y, =0.
Hexait (W,,w,)....,(W ,w, ) — HOBi, 106Gy 0BaHi HAMU KapTH, SKi TOKPUBAIOTH MHOKHHY
M,, B axux M, 3anaerbcs piBasuaaM v, =0, (U,,@,),...,(U,,p, ) — xapTu atacy Gara-
ToBuAy M, 3 Henopoxuimu nepetuHamMu U, (1M, # J, siki NOKPUBAIOTH KOMITAKTHY

MHOXUHY M | . [To3Haunmo L = {x eM: f(x)> 0}. Toni mapu

(Wj mM+,l//j‘W,ﬂM+ j,j =1,...,m; (U,. ﬂL,(p,.‘Uim)i =1,....k

YTBOPIOIOTH Ha M | CTPYKTYpy INIaJKOro OaraToBuny 3 kpaeM M . JloBeneHHs TeopeMu

3aBEPIIEHO.
3acTtocyBaBmu TeopemMy S5 mo pi3HULll f(x)—a, Ae a € R, HEBaAXXKO OJIepkKaTH Ta-

KWW HACIIIOK.
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Hacnioox. Hexait M — KOMTIaKTHUH TTagKAi n-BUMipHui Oaratosun, f : M — R —
riagka QyHKIIS, 1 9uciio @ € R, Taki 0 MHOKHHA TOYOK, V AKUX f(X)=a, HETOPOXK-
Hs, 1 B KOXKHIM Takiil Toull panr GyHKIII f 1opiBHIOE oauHUIIL. Toi mpocTip

M, ={xeM:f(x)>a}
€ IIaIKUi OaratoBun 13 kpaeM M, = {x eM: f(x)= a}.

3agaui

1. Hexait E,Y — tomomoriuHi mpoctopu. Bimoopakennst f : E — Y Ha3uBaeThCs
BIIKpUTHM, SKIIO Tt Oyab-sikoi BigkpuToi MHOKuHU U C E i o6paz  f(U) —
BiJIKpHMTa MHOXMHA TOTOJIOTiYHOTO mpocTtopy Y . Hexaii f : E — Y — HemepepBHa
oOiexuis. JloBectu, mo f— romeoMopdizm Toal il TUIBKU TOA1, Koau f— Binkpute
B110OpakeHHS.

2. Hexaii E,Y — tomomoriuHi mpoctopu. BinoOpaxeHHs HazuBaeTbest f 1 E — Y

HA3MBAETHCS 3aMKHEHUM, SKILO JJIs1 Oy/1b-9KOi 3aMKHEHOi MHOXXUHU U C E ii 00-
pa3 f(U) — 3aMKHEHa MHOXHWHA TOIIOJIOTTYHOTO mpoctopy Y. Hexait f:E—>Y

— HemnepepBHa Oiekiig. JloBectu, mo f— romeoMopdizm To1 i TUTBKU TOA1, KOIU

f — 3amKHEeHe BiTOOpaKEHHS.

3. Po3risitHeMo TEOpeTHUKO-MHOXKUHHUN JIekapTiB 100yTok X x Y, ne X — tomnono-
TYHUN TPOCTIP 13 TOMOJNOTIED T, Y — TOMOJOTTYHHM IPOCTIP 13 TOMOJIOTIE0 V.
Hosectu, 1o nexaptoBi JoOyTku U x V', ne U — HENMOPOKHA BIAKPUTA MHOKUHA
TOMNOJIOTIT T, V' — HEMOPOXKHS BIIKpUTAa MHOKMHA TOMOJIOT1T L, YTBOPIOIOTH 0a3y
nesxoi tonosoriiHa X x Y.

4. Ha MuOXuHI R miticaux 9ucen yseaemo Toromnorito 1= {B}U{RjU{(~0,a):a e R}.
[lepeBipuTH aKCiOMH TOIMOJIOTTYHOTO MPOCTOPY. UM € YTBOPEHUN MPOCTIP rayc-
nopdoBum?

5. Hexaii X,Y — nmiHiiiHO 3B’s13H1 TOMOJOT14HI pocTopu. JloBecTH, 110 iX AeKapTiB
n00yTok X xY — niHiiHO 3B’ A3HUN TOMOJOTTYHUM MPOCTIp.

6. Hexait Y — npocTip, Haniiennit (akTop-TOMOJIOTIEIO MPU BiIOOpaKeHH1
f:E—>Y,ne E — koMmakTHHI npocTip. JloBeaiTs, mo npocTip ¥ — KoMmakT-
HUM.

7. Hexait Y — npocTip, HaiiieHnit (paKTOp-TOMOJIOTIEIO MPU BiIOOpaKeHH1
f:E—>Y,ne E —niHittno 3B’s3HMIA mpoctip. JloBenith, mo Y — miHiiHHO
3B’SI3HUU TIPOCTIP.

8. IlepekoHaTHCH, IO MMAPH BIAKPUTUX MHOXKUH Ta BiT0OpaKeHb (U xU' L@, % (p'j)

YTBOPIOIOTH aTJIac Ha JeKapToBiM 100yTKy OaratoBumis M x M.
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9. Hexait M — Garatosuna BumipHocTi n, p(¢) — murax i3 mogatkom u € M . Jlosec-
TH, IO 1JI OyAb-SIKO1 KapTH (U ,(p), takol o u € U icuye 9, >0, Take 1m0
p([0,81 )) cU.

10.Hexait M, N — rnaaki 6ararouau, dimM =m,dim N =n, f:M — N —rnaagke
BigoOpaxeHus, u € M, w= f(u). Joecty, mo skuo p,(t), p,(t) — ekiBajieH-
THI IIJIAXHM 13 IOYATKOM y Tounl ¢ B OaratoBual M , To nuaxu q,(¢) = f(p, (1)),
q,() = f(p,(t)) — Texk €KBIBAJICHTHI.

11.Hexait N — migbaratoBuj 6aratosuay M. JloBecTH, 1m0 N — 3aMKHEHa MMiIMHOKH-
Ha M. (Yka3ziBka: 1oBecTH, 110 N Ma€ BIAKPUTE JOTOBHEHHS, JIJIsl LIbOT'O PO3TJIsi-
HYTH HOT0 OKPEMO B KOXKHI1I KapTi.)

12.loBecTH, 110 B OyAb-IKOMY BIIKPHTOMY MOKPHUTTI 3aMKHEHOT MIAMHOKUHU R
MOXHA 3HANTH CKIHYEHE a00 3J14eHE MIIIMOKPUTTS.
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