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Beryn

3anponoHOBaHU MOCIOHUK MPUCBSYCHO MUTAHHSIM 301KHOCTI YUCIIOBUX PSIIB —
NUTaHHSIM, 0€3 SKUX HEMOXJIMBE BUBUEHHS PsAIB (DYHKIIOHATHHHUX, 30KpEMa TaKHX,
HAJ3BUYANHO BAXIIMBUX NI (PI3UKHU 1 TEXHIKM (PYHKIIOHATBLHUX PSJIiB, K CTETICHEBI Ta
TpuronoMerpudHi psau. [lociOHUK ckmamaeThes 3 ATty maparpadis. B mepmomMy maxi
OCHOBH1 O3HAYEHHS OB’ A3aH1 31 301KHICTIO PSIIIB, EAKI HAUMPOCTIII MPUKIAINA Ta OC-
HOBHI ¢aktu. B npyromy maHo kputepiii 301KHOCTI psIy 3 HEBiJ €MHUMHU YICHAMU Ta
IHTETpaJIbHy O3HAKYy 301’KHOCTI, 3 JOMOMOTOIO SIKOi, 30KpeMa, OOTPYHTOBAHO 301KHICTh
y3arajJbHeHOTO TAPMOHIYHOTO psiay. B TpeThoMy BBEIIEHO MOHSTTS aOCOTIOTHOI Ta yMO-
BHOI 301)KHOCTi, OOTPYHTOBAaHO YMOBHY 30DKHICTh psay JleiOHina i o3naky JlenOHina
301KHOCTI psiay. B deTBepToMy yMIIlIEHO Mepinry Ta APYTy (TpaHUYHY) O3HAKH TOPiB-
HSIHHS, 3 JOTIOMOTOIO TEPIIOi O3HAKU MOPIBHSHHS 00IpyHTOBaHO o3HakH [laimambepa Ta
Ko 36ixkHOCTI 4rcoBOro psiay. Mu no3Boiuiu TyT coOi BiIIWTH BiJl 3arajibHOTPHIA-
HSTOI CXEMU BUKJIAJCHHSI, 3T1/IHO 3 SIKOIO TIepIlla 03HAKa MOPIBHSIHHS, 03HaKa J[amambepa
it o3naka Ko ¢opMynrol0ThCS CIIOYATKY JUIsl PSAIIB 13 JHOJATHUMH YJICHAMH, MOTIM
BBOJIUTHCS TIOHSTTS a0CONIOTHOI i YMOBHOT 3015KHOCTI, BiITaK Mepiia 03HaKa MOPiBHSH-
Hs1, o3Haku Jlamam6Gepa it Kot GpopmymioroThest BxKe B 3aralbHOMY BHITQJIKY SIK O3HAKU
a0COJIOTHOI 301KHOCTI. B moCciOHUKY 11i TeopeMu cpopMysIbOBaHO W JIOBEJICHO OJIpasy
JUISL 3aTalibHOTO BUTIAIKY, K O3HAKU a0coyoTHOT 301kHOCTI. [1’aTnii maparpad npucss-
YeHO TakuM (haKkTaM, SIK MOXKJIUBICTh JOBITbHUM YMHOM TPYIYyBAaTH WICHU 301KHOTO Psi-
1y 1 IepecTaBHa BIACTUBICTh a0COIIOTHO 301KHUX PSITIB.

He mignsirae cymHiBY, 110 BIPaBHICTh Y PO3B’sI3aHHI MAaTEeMAaTUYHUX 3a7a4 HEMOXK-
auBa 03 PO3yMiHHS MTHOWHHUX 3B’S3KIB MK YMCIICHHUMH MaTeMaTUYHUMU abCTpaKili-
SIMH, SIK€, PO3YMIiHHS, JA€THCS PETEIILHUM BUBYCHHSAM JIOBEJICHh MATEMAaTHIHUX TEOPEM.
Tomy OCHOBHY yBary B MOCIOHHKY MPHUAICHO OOIPYHTYBAHHIO BCIX YMIIICHUX Y HHOMY
TBEPKEeHb. BTiM, y TeKCTi MOCIOHUKA PO3B’SA3aHO HU3KY MPUKIAAIB, IO LIFOCTPYIOTh
3aCTOCYBAaHHSI PI3HOMAHITHUX O3HAK 301KHOCTI, a HANPHKIHIII HaBEJCHO 3HAYHY KiJb-
KICTh 3aJ1a4, MPU3HAYCHHX JIJI1 BUKOPUCTAHHS HA MPAKTUYHUX 3aHSITTAX 13 NUCHUILITIHU
«Bwuma maremartuka» abo AJisi CaMOCTIMHOT pOOOTH CTyIeHTA.



§1. 30ixkHi psiav: OCHOBHI 03HAYEeHHS Ta (PAKTH.

Hexai#i a4, ay, ...,a,, ... — HECKIHYEHHA TOCIIIOBHICTh JiicHMX uyucesn. HeckiH-
YeHHUM PsiIoM a00 TTPOCTO PSIIOM HA3HBAETHCS (DOpMaIbHA CyMa:

a1+a2+ +an _Za (1)

YacrkoBumu cymamu psiay (1) HazuBaroThCs CKlquHi CYMH:
S, =a;+a, +-+a, n=1273,..
SIK110 MOCTIOBHICTh YACTKOBUX CYM S, Ma€ CKiHUeHyy rpa”uio lims, =S, to
n—-oo

pan (1) Ha3uBawTH 30IKHUM /10 YKcaa S, a caMe Yuciio S Ha3MBarOTh MOro cymomo. Sk-
10 K MOCHIIOBHICTh YAaCTKOBUX CyM psny (1) He mae rpaHuili, abo Mae HECKIHUCHHY
rpanuiito, To psn (1) HazuBawTh po3odixHuM. SAxino psn (1) — 301KHMIA, TO KaXKYTh, 10
BiH 30ira€rbes, K0 PO301KHUN, KaXyTh, 110 PO30IiracThes.

SAxmo S — cyma pany (1), ueit pakT CHMBOIIYHO 3aTUCYIOTh TaK:

S =ian.
n=1

Ilpuxnao 1. 3 Kypcy MKIUIbHOT MaTeMaTHUKH BIJOMO, IO CyMa HECKIHUEHHOI
reoMeTpraHoi nporpecii 1 + q + g% + «+++ q™ + -+ 36ixknmit pag upu |g| < 1, i cyma
HoT0 MOpIBHIOE

1+q+q2+---+q"+---=;,

Ko K |q| = 1, To e# psag — po30iKHUI.

Ilpuxnao 2. llocnigoBHicTs 1,2,3, ..., 1, ..., YaCTKOBUX CyM PsITy

1+1+--+1+--

Ma€ HECKIHYCHHY TPaHUITI0, OT)KE IeH psl — pO301KHUM.

Ilpuxnao 3. ITocaiAOBHICTS YACTKOBUX CYyM PSY

1-14+1-14+1—"-

mae Burisig 1, 0, 1, O, .... g mocnigoBHICT HE Ma€ TPAaHMII, OTKE P — PO3OLKHHMIMA.

3a3Buyaii, mMoOyJoBa MOCTIIOBHOCTI YAaCTKOBUX CYM TOTO YH IHIIOTO PSIIy
OB’ s3aHa 31 3HAUHUMH TEXHIYHUMHU TpyTHOMAMH. ToMy, SKIIIO HAC HE MIKABUTHh KOHK-
peTHE 3HAYCHHS CYMH PAIY, a IIKAaBUTh JIUIIIE MUTAaHHS HOT0 301KHOCTI a00 po301>KHOC-
Ti, KOpUCHUMU OyBarOTh PI3HOMaHITHI YMOBH 301KHOCTI psiAiB. Halimpocrimma 3 HUX 1a-
€THCS TAKOIO TEOPEMOIO.

Teopema 1 (Heobxiona ymosa 36ixcnocmi pady). SAxmo psg (1) 361xaui, TO #0-
IO 3arajlbHui wieH npsiMye 10 Hyast: lima, =0.

n—»0
Hoeedenns. BisbMeMoO 1 > 2 Ta 3allUIIEMO CyMy
Spn=a1+a, ++a,_1+a,18,.1 =a4 +a, + -+ a,_;. ko Bix S,, Bia-

HATH Sy, _q, TO :ay = S, — Sy_4. lIpumyctumo, mo psij Zan 30iraeThCs 0 yncia S:

n=1

lims, =S. Tomi lima, = lims§, — 11m Sn ., =8—58 =0, mo # cimijg 0yJI0 TOBECTH.

n—>00 n—>0o n—0o0
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3 HeoOX11HOT YMOBH 301>KHOCTI Psily aBTOMAaTHYHO BUILIMBAE PO3O1KHICTh PSIIB
NPUKIAAiB 2 Ta 3, OCKUTBKH B 000X WX MPHUKIAIAX 3arallbHUH YiICH HE TPSAMYE 0 HyJIs.
3a3HauuMo, MPOTE, 0 HEOOX1THA YMOBA 301KHOCTI PAIYy B KOJHOMY pasl HE € JOCTaT-
HBOIO: iCHY€E 0e3Jiu po30DKHUX PAIIB 13 3aTAIbHUM WICHOM, KOTPUM MPSMY€E 10 HYJIS.
OnuH 13 TakuX psAiB — TaK 3BaHUN TAPMOHIYHUI PsI:

1,1 1
T+-+-+ -t =t
2 3 n .
Le#i psa 3a10BOJBHSAE HEOOXITHY YMOBY 301’KHOCTI: MOTO 3arajJlbHUN WICH —=

0, komu n — oo, Ane rapMoHIYHUHN pan — po30ixkHui. [1[00 mepexkoHaTHCs B 1IbOMY HaAM
3HaJ00UTHCS TaKUN KpUTEPid 301KHOCTI PSy.

o0
Teopema 2 (Kpumepiti Kowi 36iscnocmi pady). Psix D a, — 3061KHUI TOII # TiNb-
n=1
KM TOJlI, KOJIU 1Jisi Oyab-sikoro € > 0 icHye HarypanbHe uucio N, Take 1o s Oyab-
SIKUX HAaTypaJIbHUX YUCET M, M, KOTPi 33J0BOJIBHIIOTE YMOBY M > N = N BUKOHY€THCS
HEPIBHICTH

m
D a|<e.

k=n+1

o0
Jloseoenns. Pap Zan — 30DKHUM, 1€ 03Ha4dae, [0 301KHI HOCIITOBHOCTI HOT0 4acTKO-

n=l

BUX cyM S, .Binnosigxo no kpurepito Korri 301kHOCTI TOCTIJOBHOCTEH:
Ve>0 AN e N:Vn,m, m>n=N:|[S,, — S, <¢g,
TOOTO
|Z;cn=n+1 akl <Ee&.
Teopemy noBesneHo.
BbyBae kopucHo ¢opmymroBatu kputepiii Kot 3615KHOCTI psily B A€IIO 1HIIOMY

BUTJISAII.

/ .« v . . . . V) L)
Teopema 2' (Kpumepiii Kowi 36iscnocmi pady). Psan Y a, — 36bxHui Toxi i
n=1
TITBKU TOJI, KOJMU JJisi Oyab-sikoro € > 0 icHye HarypaibHe umcio N, Take Mo s
OyIb-sIKOTO HaTypaibHOro 1 = N 1 Oyab-KOrO0 HAaTypajJbHOTO YHCIA p BUKOHYETHCS
HEPIBHICTh
|ant1 + aniz + -+ angp| < e
3acrocyemo Teopemy 2’ mis 0OOrpyHTYBaHHS PO30IKHOCTI TAPMOHIYHOTO PSAY.
[Tpumnyctumo 1110 rapMOHIYHU#E psia — 30ixkuaui. Toi, BianoBigHo 10 Teopemu 2, € > 0
ICHye HaTypalibHe uncio N, Take 1o A Oyab-sIKOro HatypaibHoro n = N 1 Oyab-

SKOI'O HATYPAJIbHOI'O YHUCJId p BUKOHYETBCA HepiBHiCTB
1 1 1
—+— 4t —|<e )
n+l  n+2 n+p

BizeMemo B HepiBHOCTI (2) p = n, Ta OLIHUMO 3HU3Y JIiBY YaCTHUHY IIi€] HEPIBHOCTI



1 1 1 1 1 1

+ N = + + oo 4
n+1l n+2 n+n n+1

St ot oyt _t, 1

n+n n+n n+n 2n 2

1 o
Otxe, SKIIO B3STH € = ~» HEPIBHICTH (2) HE BUKOHYETBCS IPU P = M 3a KOJHOTrO 3Ha-

YeHHS N, 10 cynepednTh Kputepito Ko 301kHOCTI psiay. OTxe, TaApMOHIYHUAN PSJT —
PO30IKHHUM.

HaCTynHa TEOpEMaA CKIAAA€ThCA 3 JIBOX YaCTHH.

Teopema 3. 1) Hexait o — aiiicae uncno. Skimo psax D a, — 36DKHHIL, TO psf

n=1

o0
Y aa, — Ttex 30DbKHUIA, TpHIOMY

n=1

2) SIkiwo psiau Y a,, ».b, — 30ixHi, To psix Y (a, +b,) — Tex 30DKHUM, IpU-

n=l1 n=1 n=l1

qoMy

0 0 0
d(a,+b)=>a,+>b,.
n=1 n=1 n=1

TeopeMa BUIIJIMBA€ 3 O3HAUYCHHS CYMI/I pﬂﬂy SIK FpaHI/IHi HJaCTKOBUX CYM Ta apH—
@MGTH‘{HI/IX BJIaCTUBOCTEH FpaHI/I‘IHOFO HepeXOI[y.

o0
Po3risiHeMo psift Y a,. 3AIMIIKOM LBOTO PsLy HA3UBAETHCS BEINYMHA

n=1

Teopema 4. 3anumoxk 301KHOTO psity npsamye a0 Hysst: limr, =0.

o0
Hosedenns. Tlpumyctumo, wo psix Y a, — 30bkHuiL, S — foro cyma, S, — moc-
n=1

J1IOBHICTb YAaCTKOBUX CYM, lim S, =S . OueBuaHo,

n—»0
S=Ya,=Ya+ Ya =S, +r,,
k=1 k=1 k=n+1
orke limr, =lim(§S—-S5,) =S -1imS, =0. Teopemy noBeneHo.

n—>®0 n—>®0 n—>®0



§ 2. 30iskHiCTD pAXiB i3 HeBin’emunmu YieHamu. [HTerpajbHa o3HaKa
301KHOCTI.

Teopema 1. Psag

>a,, ()

yC1 WICHH SIKOTO HeBiT €MHI @, = 0, 30iraeTbcs TOJI 1 TIABKH TOJI, KOJIH TOCIIIOBHICTh
HOT0 YaCTKOBUX CyM OOMEKeHa.

Jlosedenns. J1yist 0yib-9KO1 YaCTKOBOI CyMH PAIYy, TOYMHAIOYH 3 JIPYTOi, 3 OTJIs-
Ty Ha HEBIJ EMHICTb WICHIB Py

n n—1
SVl:Zak:Zak+an:Sn—l+anZSn—l’
k=1 k=1

OT)KE TOCIIIOBHICTh YaCTKOBUX cyM psay (1) MoHOTOHHA. 301’KHICTH MOHOTOHHOI TTOC-
JJIOBHOCTI €KBiBaJe€HTHA 11 00MEXEeHOCTI. Teopemy JTOBEIEHO.
Kopucryrouncek Teopemoro 1, MokKHa IOBECTH TaKy BaXJIMBY TEOPEMY.

Teopema 2 (Inmezpanvra osnaxa 30iicnocmi). Hexaii anenu psgy > a, Kopis-
n=1

HIOIOTH 3HaYeHHAM PYHKIIT: a, = f(n), ne f(x) — Bu3Hayena Ha misoci [1, +00) miiic-
HO3Ha4YHA (YHKIIIS, KA 33J0BOJIbHSIE YMOBH:
1) ckpi3s Ha [1, +0) dyHKItis HaOyBae mogaTHUX 3Ha4YeHb f(x) > 0 ;
2) pyskmis f(x) MOHOTOHHO criagae Ha [1; +00).
Toni psan i a, 1 HEBIACHMH IHTETPAI T f(x)dx 30DKHI 200 pO301XKHI OJJHOYACHO.
1

n=1

+90
/Jlogeoenns. Hexaii HeBIaCHUI 1HTETpal J‘ f(x)dx — 30iLxHui. JloBusHauumo dy-

Hkiiro f (x) Ha npomixkky [0, 1) piBuicTio: f (x)] = f(1),x € [0,1) (puc. 1).

'z
=f(x
- y=f(x)
a.
as -
a
a
> | s a | g T
o 1 2 3 4 5 6 7 8 3(
Puc. 1



[Tnomi 3apapboBaHUX NPSIMOKYTHUKIB Ha PUC. | YHCETHHO TOPIBHIOIOTH YWICHAM
pany aq,a, ..., Qy, .... [IpIMOKYTHUKH YTBOPIOIOTH 3apapOoBany cximyacty Girypy Ha
pucyHKy. HacTKOBI CyMH pAy, OTXKE, HE TIEPEBUIILYIOTh IO CX1A9acToi Pirypu, KoT-
pa, CBOEIO YEPTrot0, HE TIEPEBUIILYE IIJIOII HECKIHUEHHOT CMYTH i rpadikoM QyHKITT

+00

f(x). A momia HeCKiHUEHOT CMyTH IIi1 TpadikoM — I1e HEBJIACHUH iHTerpa _[ f(x)dx.
0

Takum 4YMHOM, YaCTKOB1 CYMH DSy 3 HEBIJI EMHUMHU YJIeHAMU OOMEKEH1 1HTETpajIoM

+00
J f(x)dx < oo, 13 Teopemu | BUILTUBAE, IO Psi — 301KHUA.
0

[Ipunyctumo, tenep, Mo psax Zan — 30DKHUN. YlleHU psay YTBOPIOIOTH 3adap-

n=1

OoBany cxim4acty irypy Ha puc. 2. OCKUTbKH ps 301KHUMN, TO TUTOINIA i€l Pirypu

Y
y=f(x)
a
' a:
a-s Qs - .
ds | q; d:s ﬁi-
0] il 2 3 4 5 6 7 8 3(
Puc. 2

ckinuena. OTxke, IUIOIIA HECKIHYEHOT cMyTH i rpadikom ¢yHkmii f (x)TUM made cKiH-
yeHa, 00 BOHa MEHIIIA 3a IUIOITy cXigdacToi Girypu Ha puc. 2. B TakoMy pa3i HeBIacHUN

+00
1HTerpani Bia 101aTHOT QYHKITT I f(x)dx < oo, TOOTO 1E# iHTErpan — 301xkHu. Teopemy
1

JOBE/ICHO.
Ilpuxnao 1. Po3rasiHeMo y3arajibHeHHil TApMOHIYHMI PSAI:
1 1 1
1+27+7+...+7+..., (2)
n

o — gificHe yucino. YneHu 1boro psiiy JAOPIBHIOIOTH 3HAYEHHSM IPU HATYpaJIbHUX 3HA-
JeHHAX 3MiHHOI X QyHKIT f(x) = 1/x%, sKa 3a70BOJIBHSE BCI YMOBH TEOPEMH 2.



+o0

HesnacHwuii inTerpan J.— 30iraeTbes TOAI U TUIBKK TOAL, Ko a > 1. 3 Teope-
X
MU 2, TaKUM YUHOM, BUIUIMBAE, 10 psia (2) 30iraeThes npu a > 1 1 po30diraeTbest mpu
a <l
3ayesancenns. IlpupoaHo, Teopema 2, K 1 BCl TBEPHKCHHS 100 301KHOCTI psi-
B, 3aJIMIIAETHCS CIYIIHOIO, SIKIIIO CYMYBaHHS B A/l TOYMHATH HE 3 1 = 1, a 3 Oy/b-
SKOTO (iKCOBAaHOTO HATypalbHOTO 3Ha4YeHHS n = N. BinnmoBinHuili HeBlacHUM iHTETpas

y TaKOMY pa3l IePETBOPIOETHCS HA I f(x)dx.
N

Ilpuknao 2. Jlocnigumo Ha 301KHICTh sl Z . BinmnmoBigHo 10 Teopemu 2,

Snlnn
301KHICTB IILOTO PSAY €KBiBaJeHTHA 301KHOCTI 1HTETpasa
+J3° dx J~dlnx Cdt
> xInx Inx [, ¢t
Sk 6aunmo, 11e# iHTerpan — po30KHUN, OTHKE PSJT TEXK PO30iraeThesl.

§ 3. AOcosir0oTHA 1 YMOBHA 301KHICTh.

o0
Psan Zan Ha3UBAETHCS A0COTIOTHO 301KHMM, SIKITIO 301raeThCs psiJl, CKIIAIeHUN

n=1

n=l1

Teopema 1 (Ilpo 36ixcnicme abconomuo 36ixcHo20 pady). SIkmo psix Y a, — ab-

n=1

COJIFOTHO 3015KHHH, TO BiH 301KHUH.

Hoeeoenns. Hexail psn 13 MozmyiB Z‘an

n=1
301KHOCTI psiy, s Oyab-sikoro € > 0 iCHye HaTypaibHE 4uCio N, Take 1o s Oyb-
SKUX HaTypaJlbHUX M, M, KOTP1 3aI0BOJIbHAIOTH YMOBY M > 1 = N BUKOHYETHCSI HEPIB-

HICTB i‘ak‘ < ¢. Toni Tum nage
k=n+1

m m
D a,|< Z‘ak‘ <e,

k=n+1 k=n+1

o0
1, BIJIMMOBITHO J0 TOTO X Taku kpurtepiro Korri, psi Zan — 30DKHUN. Teopemy goBene-

n=1

HO.



(Gl
n2

Ilpuxnao 1. Psn 1 — % + % — et + .-+ — 30DKHUMN, OUIBII TOTO, 301LKHUI

. : 1,1 1 :
abCoN0THO, 00 psij, CKIaAeHH 3 MOy iB 1 + sttt 30ira€eThes SIK y3a-

TaJIbHEHUU TapMOHIYHMM psg i3 a = 2 > 1.
TBepmkeHHs, o0epHEHe 0 TeOPEMHU 1, He € CITYITHUM: 1CHYIOTh 3015KH1 PSAIH, SIKI

He € abcomoTHO 30DKkHUMH. [IpuKiTanoM Takoro psaay Moxke ciayryBatu psaa Jleiionina:

_1\yn—-1
p_lyi_ 1, eomt
2 3 4 n

Psin JleiiOHina 30iraerbes, ane He € a0CoIoTHO 301KHMM. Te, 110 BiH HEe aOcoo-

THO 301KHUN BUILJTUBAE 3 TOTO, IO Psii MOAYIIB 1 + % + % + % + -+ % + -+ — pO30ixk-
HUU TapMOHIYHUHN PSII.

O6rpyHTYeMO 361xHicTs psiay Jleitnina. Moro unenu a,, = (_131—11_1 3aJI0BOJIHHSI-
I0Th YMOBH:

1) 3HaK KOXKHOTO 4JI€HA A, MPOTHIEKHHI 3HAKY TOMEPEIHBOTO A,y ;
2) ais Oyab-akoro n |a,,1| < |a,|, 10670 |a,| MOHOTOHHO Cllagae 3 POCTOM n;
3) lima, =0.

n—
PosrasiHemMo mociiToBHICTh YaCTKOBUX CYM Sq, S, S3, -+, Sy, ... psAAy JleiOnima. 3
yMoB 1-3 BuruBae, mo (1uB. puc. 1) S, 3aBXKIU JIEKUTh MIXKS,_1 Ta S, (KOXkKHa Jac-
TKOBAa CyMa, MOYMHAIOYHU 3 TPETHOI JEKUTh MIXK JIBOMA MOTIEPETHIMU).

Cn-1 Sn+1 Sn

Puc. 1

Po3ryIsIHEMO MOCIIIOBHICTE BKJIAAEHUX BIIPI3KiB: [Sy, S5, [S2, S5, o) [Sp—1, Sn], -
KoskeH BiIpi30K, MOYWHAIOYH 3 APYTOr0, MICTUTHCS y MONEPETHROMY, 1 TOBKHUHA KOXK-
HOT'O TAaKOTO BiJpi3ka JOPIiBHIOE |S,, — S,_1| = a,, = 0,n — co. BianosigHo 10 1eMu
PO BKJIAJAEHI BiPi3KH, Il BIAPI3KH MICTSTh OHY €IHHY CITLIBHY TOUYKY S € [S;,_1, Sp]
n=1,2,3, ... OcKiibKke AOBXKHHA BIAPI3KY [S,_1,S,] = 0, T0 lims =s, mocmigoB-

n—»
HICTh YaCTKOBHX CyM sy 301kHa, 1 psp JIeiOHima 301 xHUA.
301KH1 psiiy, IO HE € a0COMOTHO 301>KHUMH HA3UBAIOTHCS YMOBHO 30i:KHUMH.
Takum unHOM, psin JIeiOHina — yMOBHO 301KHUH.

00
PHI{ Zan Ha3uBaA€ETHCA 3HaK03MiHHI/IM, AKIIO 3HAaK KOKHOI'O YJICHA HpOTI/IJ'Ie)KHI/Iﬁ

n=1

3HaKy HacTymHOro. ToOTO it Oy Ib-sIKOTO HATYPaABHOTO N 3HAK A, MPOTUIICKHHIA 3HA-
KY Qn+1-
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Teopema 2 (O3naxa Jleuibniya 30ixcnocmi psoy). Hexait aieHn 3HaKO3MIHHOTO

psifly Y. a, 3aI0BOJBHSIOTH B yMOBH:
n=1
1) mocaiAOBHICT MOAYJIIB YJIEHIB PSY MOHOTOHHO criaaae (it Oyab-sSKOro HaTypaib-
HOTO 1 |ap1| < lapl);
2) lima, =0.

n—

o0
Toxi psn Y a, 30iraetbes.
n=1
3aMicTh TOBEJCHHS TEOPEMH 3ayBaKUMO, 110, OOTPYHTOBYIOUH 3015KHICTD PSAY
JleiiOHila, MU KOPUCTYBAJIKCh, MO-TIEPIIIE, 3HAKO3MIHHICTIO, IO-APYTe, TUM, 110 MOIYJb

KOKHOTO 4JIeHa OLIbIINI 32 MOJYJ b HACTYIHOIO, 1, MO-TpeTe, TUM, o lima, =0. Tox,

n—»0
TeopeMy 2 MOXKHA JIOBECTH, JJOCIIBHO MOBTOPIOIOYH JTOBEICHHS 301)KHOCTI pATY
JlenOHina.

z=D" . . o :
Ilpuxnao 2. Psin Z(l—), BIJIMTOB1THO 70 03HaKH JIeitOHimna, 30iracThcs. Ase psj
n=2 NN N

o0

, CKJIaJICHUH 13 MOIYJIIB HOT0 YJIEeHIB, SIK MU OaYWJId B IPUKJIAAL 2 TIOTIEPEIHBO-

(

-1)"
nlnn

n=2 N Inn

o0
ro naparpacda, pos6ixuuit. Tox, psix 30Ira€ThCsi YMOBHO.
n=2

§ 4. O3HaKku NOpPiBHAHHS.

o0
Teopema 1 (Ilepwa o3naxa nopisnanus). Hexait yci 4ieHu ABOX psiB Zan ,

n=1

oo}
Y b, 3aI0BONBHSIOTH HEPIBHICTH

n=1

la,| <b,. (1)

Toai, KO psix Y b, — 30DLKHUIA, TO psi Y a, — Texk 30DKHUIA, PHIOMy aGCOOTHO.
n=l1 n=1
Hoseoenns. 3 nepiBaocTi (1) BuImMBae, 1mo Bei b, = 0. Toxi, 3a kpurepiem Kormri
301KHOCTI psiy, s Oyap-sikoro € > 0 iCHye HaTypaibHE YUCio N, Take 1o s Oyb-

SIKUX JIBOX HATypaJdbHUX N, M, M > n = N, BUKOHY€TbCS HEPIBHICTh

m

>b <e.

k=n+1
Toni, 3a HepiBHIcTIO (1),

m

2.

k=n+1

a

n

<e,

11



o0
1 3a TUM-TaKu Kputepiem Kot Mu 6aqumo, 110 psij Zan — abCOJTFOTHO 301KHUM.

n=1

Ilpuxnao 1. Pan Z% — abCoIOTHO 301KHHM, 00 MOy OTO YJIeHIB
n=1 N -
(G |
n-2"| n-2" 2"

o0
a CyMa HECKiHYEHOT TeOMETPUYHOI Iporpecii 22_” — 301KHMHI PSIIL.
n=1
3ayesancenusn 1. OCKITbKHU OyJIb-IKE€ CKIHYEHE YUCIIO YJICHIB PSAYy HE BILUTMBAIOTH
Ha (akT Horo 301KHOCTI abo PO3ODKHOCTI, TeopeMa | 3aTUIIA€ThCS CITYUIHOO, SIKIIO
HEPIBHICTH (1) BUKOHYETHCSA JUIS BCIX 71, TIOYMHAIOYH 3 IEIKOT0 HoMepa Nj.
Teopema 2 (/lpyvea abo epanuuna o3naxa nopisuauws). Hexall yci 4ieHH ABOX

psiniB Y a,, ».b, —momatui: a, > 0,b, > 0,n = 1,2,3, .... SIKuIo icHye rpaHuLs

n=1 n=1

. a
Iim-—2=c¢

n—» h ’
n

10 < c¢ < +00, 10 psin Zan 301KHUM TO1 ¥ TUTBKU TOM1, KOJIU TaKUM € PSJT an.

n=1 n=1

Hosedenns. Hexait psin Y b, — 30bkuuil. 3agamocst 10BitbHIM € > 0. 32 03Ha-

n=1

YEHHSM TPaHHUIN TOCIIIOBHOCTI, iICHY€ Takuii HOMep N,, 10 IS BCIX HATypadbHHUX

n > N, BUKOHY€EThCSI HEPIBHICTh

a
b—"—c| < &, 2 OTKE

n

a
L < c+e,
by

abo
a, < (c+¢&)by,.

o0
Psn Z(C + ¢)b,, oueBUIHO, 301KHUIMA, TOA1, 32 TEOPEMOIO | (IUB. TaKOXK 3ayBaxKeHHS 1),

n=1

o0
psii Y a, Tex 36iraeThes.

n=1

Hexaii, Tenep, psin Y a, — 30DkHMIL 3agamocs € > 0, Takum mo ¢ — & > 0. 3a

n=1

03HAYCHHSIM TPAHUII MOCIIJOBHOCTI, iCHy€ Takuil Homep Ny, IO JUIsl BCIX HATypaJIbHUX

n > N, BUKOHY€EThCSI HEPIBHICTh

a
b—"—c| < &, 2 OTKE

n

a
c—e <2,
by

abo

12



an

b, < .
" Tc—¢

- a . o . o =
Psig ) —*—, oueBuaHO, 30DKHHIL, ToAl 3 Teopemu | BHIUTHBae 36DKHICTB psmy Y. b,.
n=1 C — & n=1

TeopeMy JOBCACHO.

0 o0
Hacnioox. Hexait psiau Zan , an , YC1 WICHH SKHUX — JOJaTHI, 3aJJ0BOJIbHIIOTH

n=1 n=1

HEoOX1HY YMOBY 301kHOCTI psay (lima, =1limb, =0), 1 npu ubomy a,~b, xomm n —
n—»0 n—>0

co. Toxi 361KHICTb PAAy ) a, eKBiBaJIeHTHa 30DKHOCTI psixy » b, .

n=1 n=l1

) ) ) . a ) )
CrnpaBji, €KBIBAJICHTHICTD A, ~b,,, 03Ha4ae, mo lim—* =1, oTe, BIAMOBIIHO 10
n—>0
n

TeopeMu 1, KOXKeH 13 uX psiB 30iraeThest TOAL M TITBKU TOJI1, KOJIM 30iraeThCst IPYTUH.

Ipuknao 2. [ocnianmo Ha 36DKHICTE psig ), . g uporo po3risiHeMO

n=1 21’12 -1

301KHHAM PsIJT Z% ['panunis
n=1
) 1 1 ) n’ 1
lim——:—=lm_———=—,
oo 2n° —1 n oo 2pc—1 2

o0
TO3K, BI/IIOBIHO 10 TPAHNYHOT O3HAKH IIOPIBHSHHSL, P Y — TeX 301KHUMH.

n=1 21’12 -1

: . z .1
Ipuknao 3. ocniaumo Ha 301KHICTh PsT Zsm ——. J1J1s IIbOTO PO3TIISTHEMO PsifT

n=1 \/;

o0

1 . . . .
ZT e, npyruii, psin po30iraerbes, 60 1€ — YACTUHHUN BUNAAO0K y3arajlbHEHOTO
SN

: 1
TapMOHITHOTO PANY 3 @ = - < 1. 3a nepi1oi0 BaKIMBOIO TPAHULIEIO

.1
SIN——= ~ ——=, N —> 0,

NP

o0
) ) ) o1 )
TOXK, B1AIIOBIAHO 10 HACILAKY, P ZSIHT p0361ra€TLc51.
n=l1 n

Teopema 3 (O3naxa Janambepa). Hexait nis psay

a1+a2+a3+"'+an+"' (2)
ICHY€ TpaHUIIs
lim| et = ¢, 3)
n—»0 an

13



Toni psig (2) 306iraeTscs, mpuuoMy aOCOIIOTHO, SIKIIO 151 rpanulg q < 1, 1 po36iraerncs,
akuo q > 1.

Jlosedenns. JloBeneHHs o3HaKkW JlamamOepa cripaeThes Ha MOPIBHSHHI 3 T€OMe-
Tpu4HOIO mporpeciero. Hexait g < 1. 3adikcyemo nosinbHe p,q < p < 1. 31 cmiBBia-
HOIIEHHS (3) BUILIMBAE, IO MOYMHAIOUH 3 IEIKOT0 HoMepa N

An+1
an

< p.

V TakoMy pasi MOKEMO HalKCATH
lay+1] < lanlp,
lays2] < layialp < lay|p?,
lays3] < layszlp < lay|p®,

Takum 4YMHOM, YWIEHH Py

lan| + lay i1l + laysz] + layis| + - (4)
MEHIII1 32 BIJMOBI/IHI YWICHH POy
lay| + laylp + laylp?® + lay|p® + - (5)

Psn (5) — 30DkHUI SIK CyMa HECKIHUEHHOI T€OMETPUYHOI Mporpecii 31 3HAMEHHUKOM 3a
MOJIyJIEM MEHIINM OIUHUIlL. Toi, 3 mepIoi 03HAKOIO MOPIBHSHHS BUIUIMBAE 301KHICTh
psany (4). Y Takomy pasi (muB. 3ayBaxeHHs 1), psan (2) — cpaBi 301KHUHN, TpHYIOMy a0-
COJIIOTHO.

An+1

Hexaii, teep, ¢ > 1. Toxi, moynHarOuu 3 JESIKOTO MOMCHTY

> 1, omke

n
|a,+1] > |a,|, mo cynepeunTts HEOOXimHINA yMOBI 301KHOCTI psAdy, 1 psaa (2) HE MOXe
30iratucs. Teopemy TOBEIEHO.

2 n . . )
Ilpuxnao 4. Psin Z—n — 30DKHHH, OCKUIBKH

n=1 2
g=lim" "L " gy 2 0D Ly ntl 1y
n—w " 2" n—w QMg D now  p

Ilpuxnao 5. Pan Z—' — 30DKHUN, OCKLITBKH

n=1 1.

n+l n n+l |
g=lim—2 2 —lim—> . _lim—2_ —0<1.
e (p+1)! ! e (n+1)! 2" mep4]

Z (n+1)! : "
Ilpuxnao 6. Pan Z2T — po30ikHMI, 00 I HHOTO

n=1

! ! ! 3n

qzlim(n+2)"(n+1)':lim(n+2)'- 2 _limn+2 Y

20T e 2T (p )l e
3ayeadxcennsa 2. SIxumo, oduucntoroun rpanuiio (3), onepxyemo q = 1, psag (2)

o0 o0
MOJe SIK 30iratucs, Tak i po3biratucs. Hampukian, i3 1BOX psiiB Z—z, > n, nepunit

n=1 n=1

14



30iraeThes (K y3araabHEHHN rapMOHIUYHUY psin i3 ¢ = 2 > 1), apyrwuii po3o6iraerscs (60
HE 33JI0BOJIbHSIE HEOOXITHY YMOBY 301KHOCTI psiy). Ase st 000X 1UX PSAIB TPaHUILST
(3) nopieHroe 1.
Teopema 4 (O3naxa Kowi). Hexail nns psaay
a,ta,taz+--+a,+- (6)
1CHY€ TpaHULIs

limz

n—>®0

a,|=q. (7)

Toni psan (6) 306iraeTbes, mpuaomMy abCOTIOTHO, SKIIO 115 TpaHull q < 1, 1 po30iraerbes,
akmo q > 1.

Josedenns. JloBenennst o3naku Koimi, Tak caMO CIHPaEeThCsl HA MOPIBHSHHI 3
reoMeTpuIHOIo nporpeciero. Hexait g < 1. 3adikcyemo noButbHe p, q < p < 1. 3i cmiB-
BiiHOMICHHS (7) BUILJIMBAE, 110 MIOYHMHAIOYH 3 JIEIKOT0 HOMepa N

nV |an| < pa

lan| < p™
Takum 4MHOM, IOYMHAIOYW 3 HOMepa N MOy YiCHIB psiay (6) HE MEepPEeBUIYIOTh YJie-
HiB 36ixkHOr0 pany p + p% + p3 + . ¥V takomy pasi psx (6) — cpasi 36ixKHMIA, IpU-
qoMy aOCOTIOTHO.
Hexaii, Teniep, ¢ > 1. Toxi, mounHao4m 3 AEIKOrO0 MOMEHTY |a,| > 1, psx (6)
HE 3aJI0BOJIbHSIE HEOOX1THY YMOBY 3015KHOCTI, 1, OTXkKe, He MOxe 30iratucs. Teopemy m0-
BEJICHO.

TOOTO

Ilpuxnao 7. Psan Z[ ntl j — 30DKHHH, OCKIJIBKH
n J—

n=1

. (n+1J” . n+l 1
g =lim7 =lim =—<l1
2n—1 oo dp—1 2

3aysaxcennsa 3. ko, oduucntoroun rpanuito (7), ogepxyemo q = 1, psag (6)
MOXe sIK 30iratucs, Tak i po3oirarucs. l1lo6 mepekoHaTHCs B IIbOMY, JOCTaTHHO OOYHC-
TUTH TpaHuilio (7) I psiiB, SKUMH MPOLUTIOCTPOBAHO 3ayBaXKEHHS 2.

§ 5. 'pynyBaHHs Ta nepecTaBjieHHS YWIEHIB PAIY.

Matoun cripaBy 31 CKIHUEHHUMH CyMaMH, MM 3BUKJIH, YWICHH 110 B CyMl MOXHa
JTOBUTbHUM YHHOM IIEPECTABIISATH Ta TPYIyBaTH (PO3CTABIATH TyKKH). 31 CKIHUCHUMH
psAIaMy CUTYaIlis Jemlo iHma. Po3riasHeMo, HapuKiIaa, po30iKHUN psijT

1-1+1-14+1-—-1+4+--
1 3TpyIMyBaBIIM HOTO YeHU (PO3CTAaBUBIIHN JTy>KKH) OJICPKUMO PsIJI, SIKHH 301ra€ThCs
a-H+Q-H+@-1)+--=04+0+0+--,
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1 cyMa sIKOTO JTOpiBHIOE HYNI0. BTim, /it 301KHUX PsI/IiB, omepallis TpyImyBaHHS IIPaBO-
MipHa.
Teopema 1 (Ilpo epynyearnns uneris 30ixcHo20 pady). SIKo B 301KHOMY psil
U +u; +uz+ -t u, + e (D)
0JICPKUMO HOBHUH 30DKHUMN PSJI, CyMa SIKOTO He BIZIPI3HIETHCS Bia cymu psny (1).

Mu He OyaemMo JaBaTH JETANBHOTO JOBEJICHHS TeOpeMH |, HATOMICTh MPOLITIOC-
TPYEMO HOT0 OCHOBHY i71et0. Po3cTaBuMO B sikuiichk criocid aysxku B psai (1). Oneprxumo
pAan

(uy + uy) + (ugy + us+ug) + (u; +ug) + -+,
MOCITITOBHICTh YaCTKOBUX CYM SIKOT'O
S1 = Uq + Uy, Sy = Up + Uy + Uy + UstU,
S3 = Up + Uy + Uy + Ust+Ug + Uy + Ug, ...
€ TIAMOCTIIOBHICTIO MOCIIOBHOCTI YaCTKOBUX CyM psAny (1), oTxke 30iraeTscs 10 Ti€i
caMoi TpaHHIIi.

st Toro, mo0 y MOBUIPHUM YHHOM TEPECTABISATH WICHH PSAY, CaMol JIMIe
301KHOCTI HelocTaTHRO. [loTpiOHO BUMaraTu abCoOMOTHY 301KHICTb.

Teopema 2 (Ilpo nepecmaesnenus unenie abconromuo 30ixcHoz2o psaody). Hexai
pAan

U +uy; +uz+ -t u, + o (2)
30iraeTbcst aOCOTIOTHO, PST

up +uy +us 4+ u, e 3)
oJiep>kaHo 3 (2) JOBUILHUM IepecTaBiICHHIM wieHiB. Toni psan (3) Tex 30iracthest abco-
JIOTHO, 1 HOTO cyMa JOPIBHIOE cyMi pany (2).

Jlosedenns. OOTPpyHTYEMO, CIOYATKy aOCOMIOTHY 30DKHICTH psaxy (3). Posrms-

HEMO PsIn

lug | + lug| + Jug| + -+ |up | + -, 4)

lual + fugl + fuz| + -+ lup | + . (5)
Psn (4) i3 HeBix eMHUMH 4WieHaMU 30ITa€ThCs 32 YMOBOIO, OTXKE MOCIIJOBHICTH MOTO
YaCTKOBHUX CyM — oOMexeHa. OCKUIbKY WieHU pany (5) € unenu psany (4), B34Ti B 1HIIO-
My MOPSIKY, TO KOXKHA YaCTKOBa cyMa psay (5) HE MEepeBHIIy€ AESIKOT YaCTKOBOI CyMU
psany (4). OTke TOCIiIOBHICTh YaCTKOBUX CyM psiay (5) Tex oOMexeHa, OTxKe 1eh psia
301KHHM, a psf (3) — aOCOMIOTHO 301KHUH.

OOrpyHTy€eMoO Terep piBHiCTs cyM psiaiB (2) i (3). Hexait s,,, S;, — 4aCTKOBI CyMH
psaniB (4), (5) BIAMOBIAHO:

Sp = Up Uy + o+ Uy, (6)

Sy =uUy +u, + o+ uy,. (7)
Ockutbku psf (4) — 301KHUI, HOTO 3aTUIIOK TPSIMYE 10 HYJIS:
ngolo(w |+ lu, | +|u,. | +..)=0.

m+1 m+2

3agamocs ToBUTbHUM € > 0 1 migdepemMo m, Tak moo

&
|um+l |+|um+2 |+|um+3 |+<§
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BizbMemo HaTypanbHe N, Take 10 A BCiX HoOMepiB n > N 4lieHu Uq, Uy, ..., Uy, MICTH-
aucs B 000x cymax (6) 1 (7). Toal npu oburcnenHi pi3HUI MK cyMamu (6) 1 (7) i ue-
HU CKOPOUYIOThCH, 1

S 2(| z’tm-*-l | + | z’tm-*-Z | + | z’tm-*-?a | +') <é.

!/
SH - Sn

OCKUTbKHM € — NOBLIBHE, POOMMO BHUCHOBOK, IO lim

n—0
JIACHO 30IraroThCs J0 OJHIET ¥ Tiel camoi cymu. Teopemy ToBeICHO.
3ayseasicenns. JIs yMOBHO 301KHOTO psiiy TeopeMa 2 He BUKOHYeThes. [lepecra-
BJISIIOYM WICHW YMOBHO 301’KHOTO PsIy MOXKHA JOOUTHUCS 3MiHM HOTO CyMH YU HAaBITh
MIEPETBOPUTH HOTO HA PO30IKHUM.

s, —s|=0, omxe paau (2) Ta (3)

3amaui

KopucTtyroduce iHTEerpabHOIO 03HAKOI0 301KHOCTI, TOCHIIUTA Ha 301KHICTD PSII.
1
LYy —.
n=2 N Inn

1

nln n'
1

N
LDs
0w

8

“nlnn-Inlnn
1

" Snlnn-Yinlnn
> 1

5.3

Snlnn-In’lnn

n

8

Kopucryrounce nepimroro abo Apyror O3HaKaMH MOPIBHSHHS, JOCTIIUTH Ha 301KHICTH
pAI.
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Kopucrytounce o3nakor Komr abo

pAI.
= n
12, ——m—.
,,Z;(n+l)-2”
[e's) 3”
13. .
nzz;(n+1)!
4.3 2071
~ 511
2 nt—1
15.
; 711
6.3 >
w1 (2n+1)!
17. Zsin”z.
n=1 n
> (n=5Y
18. )
; 3n—1j
> (Tn* =5n+1
19. —_—
nZ::‘ 3n—1
>(n*+n-2
20.
HZ:;‘ 2n* —1

o3Hakow [lamambGepa, mOCTHiAUTH Ha 301KHICTH

BcTanoBuTn, siKi 3 psiiiB aOCOMIOTHO 301KHI, K1 301KHI YMOBHO, SIKI pO301KHI.

© (—1)"
22.;(\/;).

23. 3 U

n=1 NN

23. ) (-1)"arctgn.
n=1

24. 3 (~1)"sin =,
n=1 n

o0

25. 3 (-1’

n

n=1 1+n2.
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