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IHepeamoBa

InTerpanbue yncneHHs GyHKIIH 0araTboX 3MIHHUX € BXKJIMBUM PO3/LIIOM KypCy
BUIIOT MaTeMaTUKW, SKUH 3aCTOCOBYETbCA B 0ararboX MNPUKIAAHUX 3a7adax
MPUPOAO3HABCTBA 1 TEXHIKH.

[lepiia yactuHa BUAAHHS SIBJsi€ COOOI0 OMOPHUI KOHCHEKT, KM CKJIalaeThes 3
OCHOBHUX (opMyIn 1 NOHATH. ['0OBHY yBary mpuauieHo (GOpMyBaHHIO MPaKTUYHUX
HAaBUYOK pO3B’sA3aHHS 3a7a4. Matepian cUCTeMaTH30BaHO W MOJUIEHO Ha YacTUHU
TaKUM YHUHOM, 100 MOKHA OYJI0 JIETKO 3HaTH HeoOXinHy (hopMyiny abo BU3HAUCHHS.
VY Apyriii yacTUHI BMIILIEHO BaplaHTH 3aBJaHb JIJIS IHAUBIAYaJIbHOIO BUKOHAHHS.

1. InTerpanu Biag pyHkuii 0ararb0X 3MiHHHX

1.1. IloaBiiiHmii iHTErpaJ

[ fCxoy)ds = lim 3 f(£,.n,)48,,

ne (&,.m, )€ S,, d,— niametp enemeHTapHoi obnacti S,, AS, — IIoma eIxeMeHTapHo1

obunacti S, .

36edennsn 00 no8MOPHO20

’ o b on(x)
a<x<bh [[ f(x,y)dxdy =[dx [ f(x,y)dy

’ D a n(x)
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¥1(x)
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x3(y)

cyed 1. vy =y § 5, s
5 (y)SxSx,(y) N

3amina 3mMIiHHUX

JJ.fCx.y)dxdy = [[ f(x(u,v),y(u,v))J (u,v )|dudv,

ne J(u,v) — sko0iaH nepeTBOPEHHS
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J(u,v)=

1.2. KpuBouaiHiiiHi iHTErpaaun

Kpueoniniuni inmezpanu nepuio2o pooy

Jf(x y)ds = lim Zf(ék m )AL,

x Al =0
ae ds — nudepenuian qoBxuHM Oyry, (&,,n, )€ A, (A, , Al, — nosxuHa nyru A,_ A, .

Kpueonininni inmezpanu opy2020 pooy

JP(xy)dx— lim ZP(ék M )AX,

max Al -0

[O(x.y)dy = lim >0(&.n )4,

ne (&§,.n,)e A, A, Al, — nosxuna nyru A, A

k-1""k

{P( X,y )dx+ I O(x,y)dy = {P( X, y)dx+Q(x,y)dy.

Obuucnenna KpueoniHillHUX iHmezpanie

ety (o) | I ERH LSO OF + ()
ast=p [P(x.3)ds+ O,y Jdy <[ (P(X(U)3(4)X (1)+ Q((1). (0 )y (1 )
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Dopmyna I'pina

ﬂ(a—Q—g—ij dxdy = ELEP(x,y)dx+Q(x,y)dy.

Dax

1.3. IloTpiiiHuii iHTErpaJ

Jﬂf(x:J’:Z)dV = lig” OZf(ék’nk’yk )AV,,
" max di—0 =)

ne (.17, )€V, , d — aiamerp eneMenTapHoi obnacti V,, AV, — 00’eM eneMeHTapHOI
obunacti V.

Obuucnenna nompiinozo inmezpaniy

z 2=, (%, i}
TN W (%)
; m f(x,y,z)dxdydz = H dxdy Jf(x,y,z)dz ,
"/ 2 Go oy
L pal ne G - npoekiis npaBuabHOi 061acti G Ha miommHy xOy.
| {
0 i

. z=y,(x,y)Ta z=y,(X,y )— pIBHAHHS HUXKHbOI Ta

v, o : ¥
x WM/ BEPXHBOI MTOBEPXHI, 1110 OOMEXKYIOTh 00J1acTh G.

3amina 3mMIiHHUX

mf(x,y,z)dxdydz = mf(x(u,v,w), y(u,v,w), z(u,v,w))‘ J(u,v,w)‘dudvdw,

ne J(u,v,w) — sikoOiaH MePETBOPEHHS:
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1.4. Jlesiki 3aCTOCYBaHHSI KPATHUX Ta KPUBOJIiHIHHUX IHTErpaJis

3acmocysannus é 2eomempii

y

ITmoma o6macti %

S = ﬂ dxdy

Vzgf(x,y)dxdy

O06’eM TUTTHAPUIHOTO
TL1a

. | S = VRS (f) ) dxdy
| D

[Inoma noBepxHi 6

/ o '
x
V= ﬂj' dxdydz
G
O6’em Tina
y
Y
[ = Ids

JloB)XHMHa KpUBOi - )

[ X

ITimoma obacri,
00MEKEeHOT KPUBOIO




3acmocysanusa 00 3a0ay MexaHiKu

Kpuea 3 niniiitnoro cycmunor y =y(x,y)

Maca MowmeHTH 1Hepuii CtaTtuyHi MOMEHTH IleHTp Macu
]x:Jy2y(x,y)ds Mx:jyy(x,y)ds . :My
m:I?’(x,y)dS Ji ]xz (X )dS ' ‘ m
L == y
r =) yix,y My:{xy(x,y)ds ’ _M,
I, =[(x*+y* )y(x,y)ds T om
L
Ilhacmuna 3 nogepxnegoio 2ycmunoio y =y(Xx,y)
Maca MowmeHTH 1Hepiii CtaTtuyHi MOMEHTH IleHnTp Macu

I =] y*y(x,y)dxdy
m=|{[y(x,y)dxdy g M ={[[yy(x,y)dxdy M

M, = ﬂ xy(x,y )dxdy

1, = JDJ(xZ +3° Jy(x,y )dxdy

Tino 3 06°emnoro cycmunorw y =y(x,y,z)

Maca MomeHTH iHepiii

I = jij(yz +2% )y(x,y,z )dxdydz
I = jij(xz +2% )y(x,y,z )dxdydz
I = jij(xz +y° )y(x,y,z )dxdydz

m= Ig y(x,y.z)dxdydz I, = jijzzy(x,y,z)dxdydz

1. =[[[y’r(x y,z )dxdydz
G

I, =|[[x*y(x,y,z )dxdydz
G

I, =|[[(x*+y*+2* )y(x, y,z )dxdydz
G




CraTuyH1 MOMEHTH

LlenTp macu

M, = jgz;/( X, v,z )dxdydz

M, = Iy yy(x,y,z )dxdydz

M = jz[j xy(x,y,z )dxdydz

M,
X, =—
c

m

M
Ye =

m

M,

z, =

m

JlesiKi cuCcTeMH KOOPAMHAT HA INIOLMHI i y mpocTopi

HOHHpHa CHUCTCMa HI/IJIiHIIpI/I‘IHa CHUCTCMa

KOOpJIMHAT

KOOpJIMHAT

Cdepuuna cucrema
KOOpPJIMHAT

0< p<+40

0< p<too 0<r<+o0
0<p<2r <
0<p<2r v Osp<2z
—00< z < +00 0<9<r
Y= pcos x=rsin6cosq
X=pcosQ T pcose ) )
)= psing y=psing y=rsin0sing
i z=rcos0O
J(p.p)=p J(p.p,z)=p J(9,0,r)=r"sin6




IloBepxHi APyroro nopsiaKy

Codepa x’+y'+z' =R’
2 2 2
o Xy oz
Eninicoin ? + b_2 + c_2 =1
a>0, b>0, c>0
2 2
Konyc npyroro x_2 + % — 2_2 =
a c
TIOPSIJIK
i a>0, b>0, c>0
2 2 2
OnHONOPOKHUHHUM x_2 + y_2 — Z_2 =
rinep6o0in a b <
a>0, b>0, c>0
2
JIBOIIOpOKHUHHUN x_2 + y_2 — 2_2 =—1
rinep6o0in a b c
a>0, b>0, c>0
2 2
Enintuunnii X + Y _ 2~
napaboJiois P 9
p>0,¢>0
2 2
INnepOoniunuit XY o,
napaboJiois P g
r>0, >0
2 2
Enintuunuit x_2 + % =1
; a
IATTIH]T
P a>0, b>0
2 2
INnepOoniunuit x_2 — ;;_2 =1
; a
IATTIH]T
P a>0, b>0
2
. =2
[TapaGomiuauit o Py
. p>0
IWTIHAP




2. 3aBIaHHSA JI151 CAMOCTIHHOI po00oTH

2.1. 3MiHUTH NOPAAOK IHTErPYBAHHS:
3—x

j dxXJ fxp)dy+Jae [ 1530y,

p—

Ia’y If(x y)dx+ Ia’y If(x y)dx
~J2-y?

o

W

[ d [fexydvs [ael fexyidy
2 2 -1 x

[dy [ f(x.y)dx+[dy | f(x,y)dx

9 9

o

//if* arcsin y
Ia’y If(xy)dx+ f dy If(xy)dx
Jpo O

6. |dx Iff(x,y)dwfdx Jf(x,y)dy,

W

7. v [f(x.y)ax.

-1 —2y-1

3. j dx j f(x,y)dy+ j dx j f(x,y)dy

2 —(2+x)
o [ax[fry)dyedr | Fixyidy
0, v f(x,y)dx+fdy ey

—Iny

1. Idy ff(x y)a’X+jdy ff(x y)dx
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10 10—x

12, dejf(x y)dy+de Jf(x y)dy .

R SRS

ff(x y)dx+ f dy ff(x y)dx

w
oo

1

14, [dv [ f(x.y)dx.

)

—_—
S

—_—
K\\
’\
=
<
N—
S

15.

jdy jf(x y)dx+jdy sz(x ,y)dx

1

)

17. Idyfyf(x,y)dX.

\/l—x2

18, [dx [f(x.y)dy.

o0

Va—x?

lo. [dv [f(xp)dy+[dx [ f(xy)dy

\O

1 Wy
20. |dv [ f(x.y)dx

2.2. 3a 10MOMOro10 NOABIHHOIO iHTEerpasia 3HaiTH oy ¢girypu,
00MeKeHOI JIHisIMH:
1. y=x"+6, y=>5x.
2. xy=—4,x-y=5.
1
3. y=«/;, y=;, x=2.
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4. y'=4x,y=2,x=0,

5. x=y,x+y=4,x-2y=4.
6. y=11-x* y=—10x .

7. x+y=1,x-y=1, x=0.

3
8. y=3«/;, y:;, x=9.

9. y°=2x, y=2, x=0.
10. x=y,x+y=2,x-2y=2,

11.y=7-x%, y=—6x.

5
12.xy=1, xty=——,

2
13.x=y, x+y=1, x-2y=1.
14,y2=x, y=4,x=0.
15.x==y,x-y=1, y=0.

16.y=1-x", x+y=1,

2
17.y=2x, y==,x=4.

15
18.xy=9, x+y=-"".

19.x=-y, x-y=1,x=0.

20.x-y=0, y=x"-2,

12



2.3. Ilepexonsium 10 MOJSIPHUX KOOPAUHAT, O0YHUCJIUTH:

p—

, J.J.ln(x2+y2)dxdy’ D:x*+y* >2e’, x’+y° <é'.
D

N

Y
ﬂarctg;dxdy, D: x*+y*<1,x20, y>0.
D

e

J~J~ dx dy

D+9 0.
el S

X
_ ”cos(x2+y2)dxdy) D: xX*+y*=n,y="4%, y>—x
> V3

e dxdy D:x’+y" =1, x"+y"=4, x>0, y<x

IN

9,

™

[[(x*+y*)dxdy  p.x*1(y+2)2<4.
D

7. J.J.\/l6—x2—y2dxdy’ D:x’+y =1, x"+y*=9,
D

N

Dx+y

o0

dxdy’ D:x*-2x+y"=0, x’—-6x+y* =0, y=x, y=0,

X+y
~dxd = = > >
0. ‘[Jx e Y, D:x+y"=1,x"+y"=4, x>0, y>0 .

IO.JnyZdXdy, D: X’ +(y-1)=1,x*+)y’ =4y,
D

11. JXTDx+y—1x+y—9

. 2 2 2 2 T
12. || sin(x” + dxd D:-x"+y =— = x/3 .
Df (x> +y )dxdy V=2, = ﬁ,y 3

Y
13. J.?dxdy’ D:1<x*+y°<9, y>0, y<x.
D

14"[3[x2 -

e dxdy’ D:x2—4x+y2=0,x2—8x+y2=0,y=0,y=x«/§.

13



J
15.gx2+

dxdy  D:x—6x+y" =0, x> —10x+1> =0, y=—r. y=x3
yz 5 X Xty , X X+ )y R \/g)y X\/_.

dx dy
16_”\/7 D: x+y =4, x+y =16,

2 >

18. ﬂ\/4 X =ytdxdy  p.x*ivyt=1, ¥ eyi=2.
19./=

Dx+y

X
20._[5[)62_'_

dxdy’ D: x*-2x+y" =0, x*—4x+y" =0, y=x, y=x«/§,

dedy’ D:x—6x+y° =0, x*-8x+1y°=0, y=0, y=x.

2.4. O04ucaIMTH NOTPIHUM iHTErpaJ:
L [[[(x=y*+2yz)dxdydz, G: 0<x<3, -1<y<0, -1<z<2.
G
2. ([[(xy+yz—z)dxdydz, G: -1<x<2, 0<y<2, —2<z<0.
G
3. ([[(x*+z)y*dxdydz, G: -1<x<0, 1<y<2, 0<z<3.
G
4. |([[(x=2yz* )dxdydz, G: 1<x<2, 0<y<l, 1<z<3.
G
5. [[[12x*y*zdxdydz, G: —-2<x<0, 1<y<2, 0<z<2.
G
6. [[[(x+3yz)dxdydz, G: -1<x<2, 0<y<3,1<z<2.
G
7. ([[(x*z+2)dxdydz, G: -2<x<0,1<y<2, 0<z<2.
G
8. [[[(yz*+2)dxdydz, G: -2<x<1, 0<y<2, 1<z<2.
G
9. [[[(3+2° )dxdydz, G: —2<x<0,1<y<2, 0<z<2.
G

10.[[[(3xy —4z )dxdydz, G: 1<x<3, -1<y<0, 1<z<2.
G

14



11.{[[(3xz + 6y )dxdydz, G: —2<x<1, 0<y<3, 0<z<1.
G

12.([[(x =3 )yzdxdydz, G: —-1<x<1, 1<y<2, 0<z<3.
G

13. [[[6xydxdydz, G: 1<x<2, —2<y<l], 0<z<I.
G

14.([[(x=2y+2* )dxdydz, G: —2<x<0, 1<y<2, 0<z<2.
G

15.][[(x* + y* )zdxdydz, G: -1<x<2, 0<y<Il, 1<z<3.
G

16.[[[(x’y—z)dxdydz, G: 0<x<I, —1<y<2,1<z<2.
G

17.][[(3y* + z)dxdydz, G: -2<x<1, 0<y<3, 0<z<I.
G

18.[[[(x+3z)ydxdydz, G: 1<x<3, 0<y<2, —1<z<2.
G

19.][[(x* +3)zdxdydz, G: —1<x<1, 0<y<2, 0<z<2.
G

20.[[[(xz* +3y )dxdydz, G: -1<x<1, 0<y<Il, 1<z<3.
G

2.5. 3naiiTn 00’€M Tisa, 00MEKEHOr0 MOBEPXHAMU:
1. z=x"+y", x+y=1,x=0, y=0, z=0.
2. y=«/¥,y=2«/¥,z=0,x+z:6.
3. z=4-x",2x+y=4,x>0, y=0, z>0.
4, z=9-y", 3x+4y=12, x>0, y>0, z>0.
5. x2+y2=3z,x2+y2+22:4,
z2>20.

6. xX’+y’' =1, x"+y*+z° =4

b

7. X’ +y' <1, X’ +y*+z° =4,
8. X’ +y> =1, z=x"+y*, z=0.
9. z=6-x"—y, z=4X"+)" |

10,x2+y2:zz, x2+y2:2y, z=0.

15



11.z=4-y, z=9"+2, x=-1, x=2.

12.x° =2y, y+z=1,2y+z=2,

13.X°+y°+z2° =1, z=4x"+y*, z=0.

14.x*+y* =4x, z=x, z=2x.

15.x°+y* 21, x’+y°+2°=9, z=0, y=x«/§, y=X.
16.2=0, z=9-x", x=0, y=x, x+y=5.

17.2=0, x=0, y=0, 2x+z=6, x* + y> =25,
18.2=0, z=,16—x> -y, x> + y* =4x.
19.z=%(x2+y2), z=4.

20.z=0,z=2y,x=0,x=6, x+y=9.

2.6. O0uMcJaUTH KPUBOJIiHilHI IHTErpaJn NepuIoro poay:

1. J’(y+x)

—~——=ds, neL—xpuBay =Inx, 1 <x<2.

LA/l + x°

2. jxyds, ne L —xpuBax =é cost,y = é sin t,—% _<t_<%.
L

3. j(2a—y)ds, ne L—xpuBax =a(t—sint),y =a(l —cost),)0 <t<2m.
L

4. JL , e L — Biapizok npsamoi, mo 3’ennye Touku A(0; —2) 1 B(4; 0).

’ lxz_'_yz

5. J\/2—xds, ne L — xojo x =2cost, y=2(1+sint),0£t£27r.
L

6. Jx—ds , e L — Bimpizok mpsamoi, o 3’eanye Touku A(1; 0) 1 B(0; —-2).

7 Ix2+y2
2 2 % _ . _ .
7. f(x +y°)?ds, ne L —xpuBa x—a(cost—sznt),y—a(smt+cost),0£t£
L

T
5

16



Y .
8. | ———=—=ds, ne L —nyraxona x=2cost, y=2(1-sint), 0<t<
J1/)c2+y2 ( )

0. Jw/2yds, ne L —apka nuknoinu x = a(t—sint),y =a(l —cos t), 0 <t <2
L

1
10. | yds , ne L —xpusay =2 arctg~/x, — <x<3.

LA + 2% +x+1

W

ll.J( x+y)ds, ne L — koHTyp IpsIMOKyTHHKa 3 BepiinHamu y Toukax O(0; 0),
A(5; 0), B(5;3), C(0;3).

: V4
12.Jarctgzds, ne L — nyrakona x =acost, y:asmt,OSISZ :
L X

2x+1 .
13. | ——=—=ds, ne L — Bigpi3ok npsmoi, mo 3’eanye Touku A(0; 1) 1 B(2; 3).
L/x2 +y*+1

14.jyds,zxeL—KpI/IBax= . ,y=atg2t,O£t£%,(a>O).
L

cos’t

ds 2 4
15.|—, neL—xpuBax=actg t,y= , —
{x P 8NN 6 4

.Je"z”zds, ne L —xpuBax=a(cost+tsint),y =a(sint—tcost),0<t<r
L

T T
17. —, nel —xpuBax =cost+Intg —, y=sint, — <t< —.
J Ity P gz 4 4 2
y’ 2 1
18. [———ds, ne L —xpuBay=e¢",0<x< —.
£1/1+4y2 2

19.[x°yds, ne L —xpusay = l, 1<x<2.
L X

20. jysmxds ne L —xpuBay = In cos x, 0 <x S%

17



2.7. O04HCAUTH KPUBOJIiHIHI iHTErpaJu APyroro poay:
x’dy — y*dx . 3 L3
1. J ———~—, e L —uBepTb actpoinu x = Rcos't, y = R sin’t Bla TOYKHU
T,
y
A(R; 0) no Touku B(0; R).

2. ledx+x3dy,z[eL—KpI/IBay =lnx,0<x<e.

L

3. j(2a—y)dx+xdy, ne L— apka nuknoinu x = a(t—sint),y =a(l —cos t),0 <t < .

L

-
; x2+y2

0<r<”,

. t . t
, 1e L — xpuBa, 1110 3aJ]aHa PIBHSAHHSAMU X = e Sint,y = e cos i,

5. [(x*+y* )dx+cosx-In(1+y)dy, ne L — Biapi3ok mpsmoi, 1o 3’€QHY€E TOUKH
L

A(1;3)1 B(2; 3).

6. j(x2+y2)dy,HeL—KpI/IBax=3cost,y=4sint,0£t£%.
L
Xy t+1 t—1
7. j ——dx,neL—xpupax= ——,y=——, 1<1<2
L X +y t t

8. [4xsin® ydx+ ycos® 2xdy, ne L — Binpisok npsmoi, mo 3’eanye touku O(0;0) i
L
A(3:6).

9. jxdx,ﬂeL—KpI/IBa x=Inty= £F-1,1<t<2.
L

10. szydx + ydy, ne L — Binpizok npsaMmoi, 1o 3’eanye Touku A(—1; 1) 1 B(0; 3).
L

1. j( 2x—4)dy, ne L — kpuBa, 110 3aJ]aHa PIBHIHHAMU X = coS t, y = 2t —sin t,
L

0<r<’.
2
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12.[(2xy +1)dx + y’dy, ne L —xpuax 2y =3,-1 <x < 1.
L

13.j(lnxy+x+y2)dy,L[eL—KpI/IBa x=ée,y=e,0<t<1,
L

14. j(x2 +y)dx+(x+y*)dy, ne L — namana ACB, ne A(2; 0), C(5; 0), B(5; 3).

2
15.j2xydx—x2dy, ne L — ngyra mapabonu y = % Bix Touku O(0; 0) 10 TOUKH
L
AR2; 1).
16. J(xy —1)dx + x*ydy , ne L — Bigpizok npsamoi AB y nanpsmi Bix Touku A(1; 1) no
L
touku B(0; 2).
17. J (xy — x )dx +%x2dy, ne L — nyra mapaGomu y° = 4x Big Touku O(0;0) 10 ToUKH
L
B(1;2).
1
18.[(2y—6xy* )dx+(2x-9x’y* )dy, ne L — xpusa y = Zx3, O 3’€JHYE TOYKH
L
0(0; 0) 1 A(2; 2).

19.Jx2dx+y\/;dy,ﬂeL—KpHBax=acost,y=asin t,0<t< %
L

20.[(x—y)*dx+(x+y)'dy, ne L —namana OAB, ne O(0; 0), A(2; 0), B(4; 2).
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