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FOREWORD

The section "Vector Algebra" is a part of the course "Higher Mathematics", which
Is studied by students of technical specialties of the University.

The “Vector Algebra Practice” provides theoretical information that covers topics
such as Linear Operations on Vectors, Basis of Vector Space and Vector's Cartesian
Components, Scalar,Vector and Scalar Triple Products of Vectors, examples of some
typical problem solutions, as well as tasks for independent work.

This publication is aimed at helping English-speaking students to consolidate their

knowledge and skills in solving vector algebra problems.



1. ALGEBRA OF VECTORS

1.1. Linear Operations on Vectors

A vector a is a mathematical object that has magnitude and direction. A directed
line segment represents vector geometrically. A vector is associated with an ordered
pair of points AB. The point A is called the start point (or initial point) and B is the end

point (or terminal point) of the vector AB.

B
A —

The length (magnitude) of a is its length and is normally denoted by |a| = |AB.
Zero vector or null vector is a vector that has zero magnitude and an arbitrary direction.
It denoted by symbol 0. If |@| = 1 then a vector a is called a unit vector.

The vectors that lie on the same line or on parallel lines to the given one are called
collinear vectors. Vectors that are parallel to the same plane, or lie in the same plane are
called coplanar vectors. Otherwise, vectors are called non-coplanar.

The collinear vectors may have either same direction or opposite directions.
When vectors have the same direction, they are called parallel vectors. The collinear
vectors are called anti-parallel if they have the opposite directions.

Unit vector that has same direction with a is called an orth of the vector a.

Two vectors are called equal if they have equal magnitude and the same directions.

The vector —a is called the opposite of the vector a, if it has the same magnitude
as a but it has opposite direction.

Let the end point of the vector @ be the same as the start point of the vector b. We
define sum @ + b of two vectors @ and b. Its start point matches with the start point of

the vector @, and the end point matches with the end point of the vector b. Then the

difference @ — b of vectors @ and b is the vector @ + (—b ).


http://onlinemschool.com/math/library/vector/coplanarity/

Parallelogram Method: Draw the vectors @ and b so that their initial points
coincide. Then draw lines to form a complete parallelogram. The vector diagonal from
the initial point to the opposite vertex of the parallelogram is the vector @ + b . Another
diagonal is the vector @ - b . It starts from the end point of the vector b. Its terminal point

is the end point of the vector a .

- . ————,
as a+b S a a-b //
. : :
’

b b

Product aa of the vector a by a nonnegative scalar « is a vector parallel to @
with magnitude a|a |. For negative a, product aa is the vector anti-parallel to a

with magnitude |a| - |a |.
1.2. Basis of Vector Space and Vector’s Cartesian Components

In 3D space any three ordered non-coplanar vectors e4, e, and ez form a basis.

Any vector from 3D space can be expressed as a linear combination:

a=X-e+Y-e,+7-é,. (1)
The numbers X,Y,Z are called coordinates of the vector a in this basis. The formula
(1) is called decomposition of the vector a on the vectors of the basis eq, e,, e;.

If vectors e, e, e3 are mutually orthogonal unit vectors then the basis e4, e,,
e3 is called an orthonormal basis. These vectors are orths of 3D space OXYZ and are
denoted by 1,7, k.

Let the points A; and B; be the orthogonal projections of the points A and B on the

axis p respectively. The projection proj,a of the vector a on the axis p is

equal to |A;B;| (—|A.B;l), if A;B; and p are parallel (anti-parallel).

The projection of the vector @ on the axis p is


https://en.wikipedia.org/wiki/Orthogonal_projection

projy,a = |al - cose,
where ¢ is the angle between the vector @ and the axis p.

The coordinates X, Y, Z of the vector a in the orthonormal basis are equal to the
projections of the vector a on the axes 0X,0Y,0Z respectively. They are called
Cartesian components of the vector a ; this could be writtenas a = (X;Y;Z) or
a=X1+Y-J+Z k.

Let A(xy,y4,2,) and B(x,,y,,2,) be two points in OXYZ space. They are the
initial point and the terminal point of the vector @ = X -1+ Y -+ Z - k respectively.
Then the Cartesian components of the vector a are computed by the formulas

X =X, — Xq, Y=y,—y, Z=2z,—2.

The length (magnitude) of this vector is the number

lal = \/XZ +Y24+22 = \/(xz —x1)2+ (2 —y1)* + (2 — 74)%

The direction of the vector a is determined by angles «, 8,y between this vector
and the coordinate axes OX, OY, OZ respectively. The cosines of these angles (the
direction cosines) are calculated by the formulas
X X Y Y

— = , cosp =—== )
lal VX2 +v2+ 22 g lal VX2 +v2+ 22

cosa =

Z Z

lal  Vxz+v2+2z2

cosy =

The direction cosines satisfy the following equality
cos?a + cos?p + cos?y = 1.

If @ = (X1;Y1;Z1), b= (Xp;Yy;Z,) then

+ E (Xl + Xz, Yl + YZ;Zl + Zz),

Ql

—b

Ql

(X1 — XY =Yy 7, — Zz);



a-a=(aXy;aYy;aZ),Va € R.
The vectors @ and b are collinear if and only if they are proportional, i.e.
_ X Y, Z
b=Ada or X_: = 7? = Z_i
A number A, such as AM = A- MB, is called ratio, in which point M divides
directed segment AB. If A > 0 then the point M belongs to the segment AB,
if A < 0 then the point M doesn’t belong to it.
Let A(xy,y1,21), B(x3,¥,,2,) and the point M(x,y, z) divides AB in the ratio A.
Then

X+ Ax, Ty, _zy+ Az,
*“1va 0 YT 12 0 T 1w

1.3. Right-handed and Left-handed Triples

Suppose that @, b, ¢ are non-coplanar vectors. Let O be the origin of the 3D-space,
and define A, B, C by the conditions
OA=a OB=b  0OC=c¢C
Using your right hand put your thumb in the direction of a, and your first [index]
finger in the direction of b. If C lies on the side of the plane through O, A, B indicated
by your second [middle] finger, we call @, b, ¢ aright-handed triple; otherwise it is a left-

handed triple. For any triple @, b, ¢ of vectors, precisely one of the following properties
holds: it is coplanar, it is right-handed, or it is left-handed.

Examples. 1,7, k is a right-handed triple.
,J,—k and k,J,T are both left-handed triples.

Note. The vectors a, b, ¢ forming a right-handed or left-handed triple need not be

mutually orthogonal, but they must be non-coplanar.



1.4. Scalar Product of Vectors

The scalar product (or dot product) of two vectors @ and b is a number (scalar!),
defined by the

(@,b) = lal - |b|- cos e,
where ¢ is the angle between a and b.
Another formula:
(@.,b) = lal - projab = |b| - projsa.
The properties of scalar product:

. (a,b) = (b,a).
. (@b+¢)=(ab)+(aoq.
. (a,b) = (a,2b) = A(a, b).

. (a,a) = a% = |al>.

aa B~ W N -

. (@ b) =0 if and only if @ is zero vector or b is zero vector or aand b are

orthogonal vectors (a L b).

The scalar product of the basis orths:

Now let @ = (X;;Y3;Z1), b = (Xy;Ys;Z;) then
(a, B) == X1X2 + Y1Y2 + lez.
The condition of the orthogonality for non-zero vectors has the following form

X1X2 + Y1Y2 + lez = 0



The angle between these vectors is calculated by the formula

(a,b) X X, + Y, Y, + 2,7,
lal-|b|  JXZH¥YZ+ZZ-JXZHYZH2Z2

1.5. Vector Product of Vectors

Suppose that a@,b are nonzero non-parallel vectors (of R3). Assume the angle
between vectors @ and b is equal to ¢.

Then the vector product or cross product of the vectors @ and b is the third
vector ¢ = [a, b| defined as follows:

1) the magnitude of the vector ¢ is equal to

¢l = lal - |b| - sing;

(note that sing>0 here, since 0<@<n);

2) vector ¢ is orthogonal to both @ and b;

3) a,b,c is a right-handed triple.

If @ or b is null vector or a, b are parallel, then the vector product is defined to be 0.

The properties of the vector product:

la,b] = —[b,al.
la,b +¢] =|a b] + [acl
[2a,b] = |a,Ab] = A[a, b].

[@,b] = 0 if and only if @ is zero vector or b is zero vector or @and b are

H w0 npoe

collinear vectors.

5. The magnitude of the vector [c‘z, E] Is equal to the area of the parallelogram

spanned by vectors @ and b.
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The vector product of the basis orths:
(51 =71 = [k, k] =0,

Ci=-i=k [Lkl=-[kjl=7 [ki]=-[0k]=T]

The vector product of the vectors a = (X;;Y;;Z;) and b = (X,; Yy; Z,)

is defined according to the following formula

|t Tk
[ﬁ, b] = X1 Y1 Zl .
X, Y, Z,

1.6. Scalar Triple Product of Vectors

The scalar triple product of the vectors a, b, ¢ is a number equal to

([a,b],¢) = abe.
The properties of scalar triple product:

1. (Ja,b],¢) = (a b, c]).

2. The scalar triple product is invariant under circular shift of its three operands:
abc = cab = bca.

3. While changing of the order of any two vectors of vector product only changes

its sign:

bac = —abc. cha = —abc. ach = —abc.

4. The scalar triple product ab¢ is equal to zero if:

— at least one of the vectors is equal to 0;
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— two of the multiplied vectors are collinear;
— all the three vectors are coplanar.
5. a,b,c is aright-handed triple if and only if abc > 0;
a,b,c is a left-handed triple if and only if abé < 0.
6. The absolute value of the scalar triple product is equal to the volume of the
parallelepiped spanned by the vectors @, b and ¢:
V = |abc|.
7. The volume of the triangular pyramid determined by the vectors @, b and ¢ is
equal to

labc|.

AN

V=

If @ = (Xy;Y1;Z1), b= (Xy;Ya;Z,), ¢ = (X3;Ys;Z3) then

X1 7y
X, Yo 2,
X3 Y3 Z3

abc =
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2. EXAMPLES

Example 1

Decompose the vector x =a+hb+c onthevectors p=a+c¢, g=a—b, 7 =

a+ b —2¢, where a, b, ¢ are non-coplanar vectors.
Solution. Let’s show that the vectors p, g, r© form a basis (are non-coplanar). The
decomposition of these vectors on vectors @, b, ¢ gives their coordinates:
p=(101), qg={1;-10), 7=(1;1;,-2).
Let’s find

1 0 1
pgqr=(1 -1 0 |=4
1 1 -2

Since pgr # 0, the vectors p, q, r are non-coplanar and form a basis.
Let’s write a decomposition of the vector x on vectors p, q, 7 :
X=X-p+Y-g+2Z-7,
where X, Y, Z are unknown coordinates of the vector x on the basis p, g, 7.
Considering decompositions of p, g,  we have
x=X-(@+c)+v-(a-b)+z-(@a+hb—-2¢)=
=X+Y+2a+(Y+2)b+ X-2Z)c.

Since x =a+ b + ¢, then

X+Y+Z2=1
-Y+Z=1
X—-2Z2=1.

Solving this system, we obtain X =1,5; Y =-0,75; Z=0,25.
Answer: x =15p—0,75q + 0,25 .

Example 2
Let A(1; 1; 1), B(5; 1; =2), C(7; 9; 1) be the vertices of the triangle ABC, D be the

intersection point of angle A bisectrix with the side BC. Find coordinates of the point D.
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Solution. Consider the vectors
AB = (4;0; =3), AC = (6;8;0).

The magnitudes of these vectors are
|AB| = /42 + 02 + (=3)2 = 5;

|AC| = /6% + 82 + 02 = 10.

By the property of the bisectrix of the triangle we have:

B
A . _IBD| _B| _1
A e IDC| |AC| 2
then
1
_xB+/1xC_5+§'7_17
*p 1+ 2 3 3
2
1 1-9
_YB+A3’C= T2 _1
b 1+ 2 3 3’
2
1
., _ZB+AZC_—2+§'1__1
D714 3 -
2

Answer: D (g;%; —1).

Example 3
The vector x is orthogonal to the vectors a = (3;—2;1) and b = (1;2; —1). Find

this vector, if (x,c) = 12 where ¢ = (3;5; —2).
Solution. Let the vector x have coordinates X = (X;Y; Z). Since X is orthogonal

to a and by the orthogonality property of vector x to vectors @ and b we have
3X -2Y+7Z =0,
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X+2Y—-Z=0.

The equality (x,¢) = 12 means
3X+5Y—-2Z=12.

Solving the system
3X—-2Y+7Z =0;
X+2Y—-7Z=0;
3X+5Y—-2Z=12
we obtain X=0, Y=12, Z=24.
Answer: x = (0;12;24).

Example 4
Let’s calculate the area of the parallelogram with diagonal vectors p =14+ 27—k

and g =21+ +k.
Solution. We calculate the area of the parallelogram by the formula

1, . .
S =§Ipllq|-sma,

where «a is the angle between the diagonals of parallelogram.

Note that
t J k

Ipllgl - sina = |[p,qll = |x; y1 2z,

X2 Y2 23

Where ﬁ == (xl,yl,Zl),q == (xz,yz,Zz).
We have for the area of the parallelogram:

N L LA 1 33
S=omod|1 2 —1|=[3T—-3—3k| =232+ (=3)2+(-3)? = —~
2 2 2 2
2 1 1
Answer:5=¥.

Example 5
Find the altitude of the triangular pyramid with apex O(0;0;0) and vertices A(2;-1;1),

B(5;5;4), C(3;2;-1) are the vertices of this pyramid.
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Solution. Since the volume of the triangular pyramid is calculated by the formula

V = %SABC.H, we get
3y

SABC.

Let’s calculate the coordinates of vectors with A as the start point:

A0 = (-2;1;-1), AB = (3;6;3), AC = (1;3; =2).

The volume of the triangular pyramid is calculated by the formula

We have
o -2 1 -1
AO-AB-AC =1 3 6 3| =48.
1 3 =2
Then V ==-48 =8,
We know that Syzc = %I[ﬁ; AC]|. Then
|t Tk _
[AB;AC] =13 6 3|=—-21T+9j+ 3k;
1 3 -2
1 v531 3v59
SABC=§\/212+92+32= —=—

So
3V _3-8-2 16

H = = = :
Socn.  3V59 /59

. _ 16
Answer: H =7
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3. HOME TASKS

Solve the following tasks.
Show that three vectors e; = (1; 0; 0), e, = (1; 1; 0), e5 = (1; 1; 1) form a basis.
Calculate the coordinates of the vector @ = j —k in the basis of é;, &, e;.
Coordinates of the vectors a=(2; 1; 0), b=(1; -1; 2), ¢ = (2; 2; 1) are
given. Decompose the vector d = (1; 2; —1) by the vectors a, b, ¢ .
Decompose the vector X = a —¢ bythree vectors: p=a + b, g=Db +¢,

r=cC+ a, where a, b, ¢ are non-coplanar vectors.

Decompose the vector x = a + b for three vectors: b+¢é—a, a— b +¢,
a+ b—c, where @ b, ¢ are non-coplanar vectors.

Show that three vectors e; = (1; 0; 1), e, = (0; 1; 1), e; = (1; 1; 0) forms a basis.
Calculate the coordinates of the vector @ = T+ J + 2 k in the basis of é&;, &,, &;.
Decompose the vector d = (0; 1; 2) by the vectors of basis @, b, ¢, where
a=(1;0; =2),b=(0; 2; 3),c=(1; 1; 1).

Given coordinates of 4 points A(1; -2), B(2; 1), C(3; 2) and D(-2; 3). Decompose the

vector AD by the vectors of basis AB = a, AC = b.

Decompose vector x = a + b—¢ by the vectors p = a + b,

Q|
Il
Q|
+
Sl
+
ARl

¥=bh+¢, where @ b, ¢ are non-coplanar vectors.
Decompose the vector d = 2T+ 3j — k by the vectors @ =T+ + k,
b=2t—j+k, =2

o~

—2J.

10.Show that three vectors e; = (1; 1; 1), e, = (1; 1; 0), é5 = (0; 1; 1) forms a basis.

Decompose the vector x = (1;2;3) by the basis of é,, &,, e;.

11.Given coordinates of 5 points A(1; 0; 1), B(3; 2; 0), C(1; -1; -1), D(0; 1; 0), O(1; 0;

0). Decompose the vector BD in the basis of 04, OB, OC.

12.Decompose the vector d = (0; 2; 1) by the vectors of basis a = (—1; 0; 1),

b=(1;1;0),c=(1 1; 1.
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13.Show that three vectors e; = (1; 0; 0), e, = (1; 1; 0), e; = (0; 1; 1) forms a basis.
Calculate the coordinates of vector @ = 2t + j in the basis of e, e,, é.
14.Decompose the vector x = a —b + ¢ by three vectors: p=a + b — 2¢,

g=a-—b, r=2b+3¢, where a, b, ¢ are non-coplanar vectors.

15.Decompose the vector BD by the vectors of basis AB = a, AC = b, where
A(1;-2),B(2; 1),€(3; 2),D(-2;3).

16.Show that three vectors e; = (1; 0; 1), e, = (0; 1; 1), é5 = (1; 1; 1) forms a basis.
Calculate the coordinates of the vector @ = 21+ j+ k in the basis of &;, e,, &;.

17.Decompose the vector p = a — ¢ by the vectors of basis a, b, where
a=(3;1),b=(0; 2),¢=(4; 7).

18.Decompose the vector BC by the vectors AB, CD, where
A(1;0),B(2; 3),C(-1; 1),D(3;—1).

19.Decompose the vector FA by the vectors FB, FC, FD where
A(1;2;1),B(1;0;2),C(3; 2;0),D(—1;—-2;3).F(0;4;0).

20.Decompose the vector p = a + b + ¢ by the vectors of basis a and
b—¢, where a=(1;3), b=(1;1), ¢=(2;1).

21.Let ¢ = 47 -3k be the decomposition of the vector ¢ by basis 7,7, k. Let ¢ and d
be parallel vectors. Find decomposition by this basis for the vector d, if |cf| = 25.

22.Vectors @ = (1; 2), b = (3; 1), ¢ = (-1; 4) are given. Decompose the vector
p = 2a+ b — ¢ by the vectors of basis @ and b.

23.Decompose the vector CD by the vectors AB = @, AC = b, where
A(1;-2),B(2; 1),C(3; 2),D(—2; 3).

24.Let @ = 2T-2]+ 2v/2 k be the decomposition of vector ¢ by basis 1,7, k. Let @
and b are anti-parallel vectors. Find decomposition by this basis for the vector b,

if |b| = 24.

25.Decompose the vector AD + BD + CD by the vectors of basis AB = a, AC = b,
where A(1;-2),B(2; 1),C(3; 2),D(-2;3).
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I1.Solve tasks.

1.

9.

Let A(2; —4; 5), B(=3; 2; 7), point C belong to the axis OX and AC=BC. Find the
coordinates of the point C.

Let A(3; 3; 3), B(-1; 5; 7), the points C and D divide the segment AB into three equal
pieces. Find coordinates of the points C and D.

Let A(1; 2; 3), B(7; 10; 3), C(-1; 3; 1) be the vertices of the triangle. Show that A is
an obtuse angle.

Let A(2; 4; 1), B(-3; 2; 5), point C belong to the axis OZ and AC=BC. Find
coordinates of the point C.

Let A(1; —1; 5), B(3; 4; 4), C(4;6;1), point D belong to the plane XOY and
AD=BD=CD. Find the coordinates of the point D.

Let A, B, C be the vertices of a triangleand 7, = T + 2] + 3k,

g = 31+ 2] + k, iy = T + 4] + k be their radius-vectors. Prove that ABC
is an equilateral triangle.

leta=17+ 2] + k —%(4? + 8] + 3k). Find the magnitude and the direction
cosines of the vector a.

Let M1(1; 2; 3) and M2(3; —4; 6). Find the magnitude and the direction of the vector
M, M,.

Let P(3; 5) and Q(1; —3) be two opposite vertices of the square. Find its area.

10.Let A(-3; 2) and B(1; 6) be two vertices of equilateral triangle. Find its area.
11.Let A(1;4), B(3;-9), C(-5; 2) be the vertices of triangle. Find the length of the median

drawn from the vertex B.

12.Prove that the points A(3; —5), B(-2; —7) and C(18; 1) belong to a single line.
13.Let N(2; —3), point M belong to the axis OX and MN = 5. Find coordinates of the

point M.

14.Let N(-8, 13), point M belong to the axisOY and MN = 17. Find coordinates of the

point M.
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15.Let A(3; -5), B(5; =3), C(-1; 3) be three vertices of the parallelogram. Find fourth
vertex D that is opposite to B.

16.Let A(-3;5), B(1; 7) be two adjacent vertices of the parallelogram, M(1; 1) is the point
of intersection of its diagonals. Find two another vertices of this parallelogram.

17.Let A(2; 3), B(4; —1), C(0; 5) be three vertices of the parallelogram. ABCD. Find the
fourth vertex D.

18.Let points P(2; 2) and Q(1; 5) divide the segment AB into three equal pieces. Find
coordinates of the points A and B.

19.Let a = (3; 4; -12). Find its magnitude, direction and orth.

20.The vector a forms the angles a = 60°, B = 120°with the axes OX and QY, |a| = 2.
Find its coordinates in the space OXYZ.

21.Let M(1; 2; —3) be the start point and N be the end point of the vector @ = (3; —1; 4).
Find coordinates of the point N.

22.Let A(0; 0; 0), B(8; 3; 0), C(—2; 5; 1) be the vertices of a triangle. Find vectors of its
medians.

23.Let A(2; 3;4), B(3; 1; 2), C(4; —1; 3) be the vertices of a triangle. Find the coordinates
of triangle’s center of gravity.

24.The side of rhombus is equal to 5v/10 and the points P(4; 9), Q(=2; 1) are its opposite
vertices. Find the area of this rhombus.

25.Let A(2; -5), B(1; =2), C(4; 7) be the vertices of the triangle. Find the intersection
point of the bisectrix of the inner angle B with the side AC.

I11. Solve tasks.

1. What condition must the vectors @ and b satisfy, if the vectors @ + b and a-b are

collinear?
2. Let |@| = 3,|b| = 4 and the angle between @ and b be equal to 2?” Calculate

(3@ -2b,a + 2b).
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3. Let @a=(3; -1; -2) and b = (1; 2; —1). Find coordinates of the vector product
[2a —b,2a + b].

4. Find proje(2a@ —3b),ifa=(-1;2; 1), b =(3; 1; 1), © = (4 3; 0).

5. The vector i is collinear to the vector @ = (2;1; —1) and | ¥ | = 2v/6. Find this

vector, if it forms obtuse angle with the axis OY.

6. Let |@| = 1,|b| = 2 and the angle between @ and b be equal to 2?” Calculate
|la +3b,3a - b]|.

7. The vector x is collinear to the vector a = (2;1; —1) and (x,a) = 3. Find x.

8. Find projs(@ +b),if a=(3; —6; 1), b = (1; 4; =5), © = (3; —4; 12).

9. What condition must the vectors @ and b satisfy, if vectors @ + b and a-b are
perpendicular?

10.The vector x is perpendicular to the vectors a@ = (4; —2; —3) and b = (0; 1; 3) and
it forms obtuse angle with the axis OY. Find its coordinates, if |x | = 26.

11.The vectors @ and b are orthogonal and |@| = 3,|b| = 4. Calculate
|[a +b,a—b]|.

12.Let |@| = 2,|b| = V2 and the angle between @ and b be equal to %”. Calculate
(@a+3b,2a-b).

13.Find proj,z_s5C, if a=(-1; 3; 2), b =(3; 4; 1), € = (3; 0; 1).

14.What are the values a and B if vectors a = (=2;3;8) and b = (a; —6;2) are
collinear?

15.The vector x is collinear to the vector @ = (3; —5;4) and | x| = 15v2. Find %,
if it forms obtuse angle with the axis OZ.

16.The vector x is orthogonal to vectors a = (2;1;—1) and b = (3;2;1). Find x if
(kx,c) = 17, where ¢ = (3;—4;5).

17.Find projs.qa, if a = (1; —=2; 3), b = (1; —=5; 4), € = (1; —3; 9).
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18.Let [@| = 4,|b| = 6 and the angle between @ and b be equal to . Calculate
(3@ —2b,5a — 6b).

19.Find the value A such that vectors @ = 4T+ Aj + 5k and b = AT+ 2] — 6k are
orthogonal?

20.Let |a| = 1,|b| = 2,|¢|= 3 and the angles between @ and b, @ and ¢, b
and T, beequal to . Calculate (2@ + 3b +4¢,5a + 6b + 7¢).

21.The unit vector x is orthogonal to the vectors @ =T+ j+2k and b =21+ + k.
Find x.

22.The vectors a, b, ¢ have equal lengths and form pairwise equal angles. Find ¢ if
a=1+j, b=J +k.

23.Find projgb and projza, if @ = 21+ 2j+ k and b = 61+ 3] + 2k.

24.The vectors @ and b are orthogonal and |@| = 3,|b| = 4. Calculate
|[3a — b,a — 2b]|.

25.Let @ = (3; -1; =2) and b = (1; 2; —1). Find coordinates of the vector product
[2a + b, b].

V. Solve tasks.
1. Leta=p—3G, b=5p+2q, |p| = 2V2, || = 3 and the angle between p
and g be equal to %. Parallelogram is constructed on vectors @ and b. Calculate the

length of its diagonals.

2. Let A(1; 2; 0), B(3; 0; =3), C(5; 2; 6). Find the area of triangle ABC.

3. Leta=3m—n, b=2m+3n, |m| = 2, |n| = V3 and the angle between m
and n be equal to 5?" Parallelogram is constructed on the vectors @ and b. Calculate

the length of its diagonals.
4. Let A(3; 1;-5), B(1; 2; 4), C(-1; -2; 1) be the vertices of triangle. Find its area.
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5. Let A(1;3;5), B(-1; 2; 4), C(2; —3; 3) be the vertices of triangle. Find the height drawn
from the vertex A to the side BC.

6. Let A(2; 2; 2), B(4; 0; 3), C(0; 1; 0). Find the area of triangle ABC.

7. Let A(1; -1; 2), B(5; —6; 2), C(1; 3; —1) be the vertices of triangle. Find the height
drawn from the vertex B to the side AC.

8. Let A;(1;1), A,(2; 3), A5(5; —1) be the vertices of triangle. Prove that this triangle is

right.

9. Prove that the points A(2, 2), B(-1, 6), C(-5, 3), D(-2, —1) are the vertices of the
square.

10.Leta=2m+3n, b=3n—m, |m| = 1, |n| = 8 and the angle between m

and n be equal to % Parallelogram is constructed on the vectors @ and b. Calculate

its area.

11.Let A(1; 1; —4), B(-5; 3; -5), C(-3; 1, 2), D(4; 0; 1) be the vertices of quadrilateral.
Prove that its diagonals are mutually orthogonal.

12.let a=6m—3n, b=3m+2n, |m| = 3, |n| = 5 and the angle between m
and n be equal to %. Parallelogram is constructed on the vectors @ and b. Calculate

its area.

13.The parallelogram is constructed on the vectors @ = (2;1;—1) and b = (1; —3; 1).
Calculate its area and sinus of angle between @ and b .

14.Find a dihedral angle between the vectors’ planes: a = (1; —=3; 1),b = (0; 1; 2)
and ¢=(2; —1; 3),d = (1; 0; 1).

15.Let A(-3; —2; 6), O(0; 0; 0), B(—2; 4; 4) be the vertices of triangle. Find its area and
the length of height drawn from the vertex A.

16.Find the angle between vector a = (1; —2;5) and the plane of vectors
b=(2; —1;3), ¢ = (1;0; 1).

17.The parallelogram is constructed on the vectors a = (5; —4;7) and b = (1; 1;—2).

Calculate its area and the length of its diagonals.



23

18.Let AB = (-1; 2; -2), BC = (4; -1; 4) be the sides of triangle. Calculate its area
and the height AD.
19.Let AB = 2¢é, — &,,BC = &, + &, be the sides of triangle ABC. Calculate its height

CH, if e, and e, are mutually orthogonal orths.

20.Let e; and e, be unit vectors and the angle between them be equal to % Let the

vectors é; + e, and 2e; — e, be diagonals of parallelogram. Calculate its area.

21.Let A(3;-4;7),B(-5; 3; —2), C(1; 2; —3) be three vertices of the parallelogram ABCD.
Find its area.

22.Let A(-2; 2), B(1; 4) be two adjacent vertices of the parallelogram, M(2; 0) be the
point of intersection of its diagonals. Find the area of the parallelogram.

23.Let A(—1;2;4),B(3; —1;2) and C(5;1;3) be the vertices of triangle. Prove that
this triangle is right.

24.Let A(1;2;3),B(—1; 0;1) be two vertices of triangle ABC and the point
M(—1;2; —1) be the center of the side AC. Find the area of triangle ABC.

25.Let the vectors p = 2T+ j—k and g = 1+ J + k be diagonals of the parallelogram.

Find its area.

V. Solve tasks.

1. Are the vectors a = (23;6;8),b = (3; —4;2), ¢ = (4;3;1) coplanar?

2. Let A(1; 3; —2),B(4;—1;5),C(3; —2;1),D(—4; —1;3) be the vertices of the
triangular pyramid. Calculate its volume.

3. Find the scalar triple product of vectors a=1—j+k, b=1+] +k,c =20+
3] + 4k.

4. Arethevectors @ = 71— 3]+ 2k, b=31—7] +8k,c =1—J + k coplanar?

5. Let A(0; 0; 1),B(2;3;5),C(6; 2;3),D(3; 7;2) be the vertices of the triangular
pyramid. Calculate its height omitted on the face BCD.

6. Prove that the points A (5;7; - 2), B (3;1; - 1), C(9; 4; -4) and D (1; 5; 0) belong to

a single plane.
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7. Let the vectors a,b,¢ be mutually orthogonal and form the right-handed triple.
Calculate abe, if |a|= 4, |b|= 2, Ic| =3,

8. Arethe vectors @ = (2;3;—-1),b = (1;-1;3), ¢ = (1;9; —11) coplanar?

9. Prove that the points A (1; 2; —1),B (0; 1;5), C (-1; 2; 1) and D (2; 1; 3) belong to a
single plane.

10.Let A(2; —1; 1),B(5;5;4),C(3; 2;—1),D(4; 1;3) be the vertices of triangular
pyramid. Calculate its volume.

11.Find the scalar triple product of the vectors x = (1;2;3), y = (0;1; 1),z = [x, y].

12.Find the height of the triangular pyramid omitted from the vertex D,
if the points A(2; 3; 1), B(4; 1; —2), C(6; 3; 7), D(—5;—4; 8) are the vertices of this
pyramid.

13.Are the vectors a = (3;—2;1),b = (2;1;2), ¢ = (3; —1;—2) coplanar?

14.Let A(2;1;—1), B(3; 0; 1), C(2;—1; 3) be three vertices of. the triangular pyramid
ABCD. Its volume V = 5. Find the fourth vertex D, if it belongs to the axis OY.

15.What is the value « if the vectors @ = (a;0;1), b = (1;2a;0), ¢ = (1;0; @) are
coplanar?

16.Let 0(1; 1;2),4(2; 3; —1),B(2;—2;4),C(—1; 1;3) be the vertices of the
triangular pyramid. Calculate its volume.

17.Are the vectors a = (2; —1;2),b = (1;2; —3), ¢ = (3; —4; 7) coplanar?

18.Find the height of the triangular pyramid omitted from the vertex C,
if the points A(0; —2; 5), B(6; 6; 0), C(3; —3; 6), D(2;—1; 3) are the vertices of this
pyramid.

19.Find the mixed product of the vectors a = (1; —1;3), b = (=2;2; 1),
¢ =(3;-2;5).

20.Prove that the points A (3; 5; 1), B (2; 4; 7), C (1; 5; 3) and D (4; 4; 5) belong to a
single plane.

21.Let A(1; 2; 3),B(—2;4;1),C(7; 6;3),D(4; —3;—1) be the vertices of the

triangular pyramid. Calculate its volume and the height omitted on the face ABC.
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22.Calculate the volume of the triangular pyramid OABC, if 04 =1+ 2J,
OB=1+j+k, O0OC=j +k.

Il
=~
+
K
+
=l

23.What is the value « if the vectors X = at+j+k, y=1+] — 2k, Z

are coplanar?

24.Find the volume of the parallelepiped constructed on the vectors a = 7+ j + k,

—i—7 +k  ¢=|ab+2al

+k,n=1+7,

~|

b
25.Find the scalar triple product of the vectors m

[ =[2m+n,n—m).

V1. Solve tasks.

1. Prove the identity: [@ + b,a-b] = 2[b,a.

2. Simplify the expression: (3%, [j,k]) + 5@, [1, k]) + 2(k, [T, 7).

3. Simplify the expression: [5a—b,¢ +a] + [b+ 5¢,a + b].

4. Prove the identity: (2a + b)(b —¢)(¢ +a) = abc.

5. Simplify the expression: [T+ J, 107 —k] + [2T + J, 5] + k].

6. Prove the identity: ab(c—10b + @) = abc.

7. Simplify the expression: [T+ J,k-1]-[J,k +1] + [k,T+] + 2k].

8. Prove the identity: (2a + b + &)(b —2¢)(a + 2¢) = abc.

9. Simplify the expression: [2k —51,7 + 31] + [ —J,5] + 6k].

10.Prove the identity: [@ —b + ¢,a] —[b,a + ¢] + [a+ b—¢,c] = 2[a, b].
11.Simplify the expression: (a —b)(b —¢)(¢ —a).

12.Prove the identity: [t,7 + k—1] + [J+ 2k, 2k —1] + [T+] -k, J] = 3@ -] + k).
13.Simplify the expression: ([5,]] + k, [k +1,7] =[], 2k —1]).

14.Prove the identity: (@ + b + ¢)(¢ + b-a)(@ + b + ¢) = 0.
15.Simplify the expression: (@ + b)(b + ¢)(¢-a).

16.Prove the identity: (b + 2¢)(2a + b)(a +¢) = 0.

17.Simplify the expression: (7 + 2k)(j —1—k) (31 + k).
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18.Prove the identity: (a + 2b—¢)(3a —b + ¢)(5b —a —3¢) = 0.

19.Simplify the expression: [@ + b, 10a —¢] + [2a + b,5b + ¢].

20.Prove the identity: [18a + b —¢,2a] —[b + 4¢,2b + 2a] + [¢,10a + 8b] = 0.
21.Simplify the expression: [5,7 —k]+ [ + 1, 1 —k] —[k,T + ]J].

22.Simplify the expression: [10a + 6¢ —b,c] —[a,10¢ + 12a].

23.Simplify the expression: [12a + b,10a —¢] + [4a + 5b,3¢ —2a].

24.Prove the identity: (1 + )(k + D -k) = 0.

25.Simplify the expression: (@ + 2b)(b—a —¢)(3a + ¢©).
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