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Beryn

3amaui 3 mapaMeTpamMu — 1€ Pi3HOBU MaTEeMAaTHYHOTO PIBHIHHS, HEPIBHOCTI,
CHUCTEMH PiBHSIHB a00 HEpIBHOCTEH (J1aJ11 IPOCTO 3aj1a4i), AK1 OKpiM HEB1JIOMOT 3MIHHO1
x (B cHCTeMax HEBIJIOMUX 3MIHHHX € ACKIJIbKA, aje JJIA CIPOIICHHS TOJaIbIIOrO
BUKJIQJaHHs OyJIeMO BBaYKaTH, III0 MAEMO OJIHY HEBIJIOMY X) MICTSTb III¢ OJTHY 3MiHHY,
Ky, SIK MPaBUJIO, MO3HAYAIOTh OYKBOIO @ 1 HA3MBaIOTh MapameTpoM. L{g 3miHHaA Mae
0COOJIMBY POJIb: BOHA MOKe HaOyBaTh OyIb-SIKUX 3HAYCHB, aJIC BBAXKAETHCS BIJJOMOIO.
VY 3B’S3Ky 3 UM, SIK TPaBUJIO, BUHUKAE CUTYyallisl, /e y BUMAAKY, KOJIU MapameTp
Ha0yBae€ NeIKUX OCOOIMBUX 3HAYEHB (3aJI€KHO B1Jl KOHKPETHOI 3a/a4l) HE MOXKe OyTH
BUKOPUCTAHWUN 3arajbHUN MIAXiA 10 pO3B’s3aHHS (HANPHKIAA, SKIIO BUKOHYETHCS
JIJIEHHS Ha BUpas, 110 JOPIBHIOE HYO). I Toro, moO OTpUMAaTH BiAMNOBIIb, B
KO’KHOMY 3 TaKHUX BUMAJKIB 3aMICTh JOBLILHOIO 3HAUYCHHS MapaMeTpa MiJCTaBISIOTh
11e 0COOJMBE 3HAYEHHS 1 PO3B’S3YIOTh 3ajady, 110 BXKE MICTUTh TIIBKH HEBIIOMY
3MiHHY. [{1s TMX 3Ha4YeHb 3MIHHOI, AKI HE € OCOOJIMBUMH, PO3TISIAIOTH 3arajibHe
PO3B’sI3aHHS, IKE JIA€ Y SIKOCTI BIJMOBI/I 3HAUYCHHS HEB1JJOMO1 3MIHHO1, 110 € PYHKIII€I0
BiJl MapaMeTpa Mpu po3B’si3aHHI PIBHSAHHSA, a00 1HTEpBaI, SKOMY HaJCKHUTh 3MIHHA, 1
rpaHull SKOro € GyHKUISIMU BiJl MapaMeTpa y BHUIAJAKY pO3B’si3aHHA HEpiBHOCTI. B
SIKOCTI BIJIMTOBI/1 B 33/1aUax 3 IMapaMeTpaMH JIJIsI KOKHOTO 3HaYCHHsI mapaMeTpa (SIKIIOo
B YMOBI HE BKa3aHO 1HIIIC) MTOAAETHCS BiAMOBITHA (DOpMa PO3B’SI3KY.

3aiadi 3 mapaMeTpaMy MOKHa YMOBHO MOJUIATH Ha ABa Tumnu. [lepii, B SKUX
Tpeba po3B’A3aTH 3a7a4y JESKOTO TUITY 3 TUX, II[0 BUBYAIOTHCS B MIKUIHHIN TIPOrpami.
Jns po3B’si3aHHSl TaKWUX 3a7ad BUKOPUCTOBYIOTBCS Ti caml MIAXOAM, IO 1 JI0
pO3B’sA3aHHs 3aJay, AKI HE MICTATh HapameTp, 3a YMOBOI OKPEMOIro pO3IJIsLy
0COOJMMBUX 3HAa4YeHb. B naHOMY HaBYaJbHOMY MOCIOHMKY HaBEIECH1 BCl THUIIM TaKUX
3azay.

Jlo apyroro Tumy 3aja4 3 mapameTpaMH BiIHOCSATHCS Ti, B IKMX Ha HEBIIOMY
3MIHHY HaKJIaJIal0Th TICBHI YMOBH Ta BUMAraroTh 3HAWTH Ti1 3HAYCHHS MapaMeTpa, Ipu

SAKUX TaKl YMOBHM BUKOHYIOThCS. B 1IMX 3aayax y BIJNOBIAL NUCATH 3HAYEHHS CaMOi



3MIHHOI He Tpeba, Tpeba TUIBKM BKa3aTH BIAMOBIIHI 3HAYEHHS MapaMmeTpa. Sk
MpaBuJIo, B 3aJja4axX TaKOro TUITY HE TpeOa 3HAXOUTH PO3B’ 30K, a TpeOa BUKOPUCTATH
NESKUA OCOOMMBUN METOJ, SKHH HE 3aCTOCOBYBABCS 110 PO3B’SI3aHHS 3amad 0e3
napameTpa. Jlo 3a7a4 Takoro TUIy B JAHOMY HaBYaJIbHOMY MOCIOHUKY BiIHOCSATHCA
3a/lauli Ha 3acTOCYBaHHS TeopemH Biera, 3amadi Ha 3aCTOCYBaHHS BJIACTHBOCTEH
KBaJIpaTHOTO TPUYJICHA, 3aJa4l Ha BUKOPUCTaHHS rpadiyHOTO METOAY Ta 3ajJayl Ha
BUKOPUCTAHHS METOY CUMETPIi.

Hucuumnnina «I1kiapH1 337241 3 mapaMeTpami MOKJINKaHA HABYUTH CTY/ICHTIB
pPO3B’A3yBaTH 3a/1aul 3 MapaMeTpaMu pi3HUX THUIIIB, 3BEPHYTH yBary Ha 0COOJIMBOCTI,
10 TIPY [IbOMY BHUHHMKAIOTH JUIsl KOKHOTO THIY 3a]lad Ta HABYUTH HOBUM MOTPIOHUM
JUISL IbOTO MmiaxoAaM. TakoX y CTYJIEHTIB MOBUHHI BUPOOUTUCS METOJIUYHI IMiAXOIU
JI0 HaBYaHHSI IIKOJISIPIB HABUYKaM PO3B’s3aHHS 3ajad 3 mapaMmerpamMu. J[ocArHEHHIO

BCI1 IUX IIJIEH cripusie JTaHUN HaBYAJIbHUI TOCIOHUK.
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1. JliniiiHi piBHAHHSA

Bynp-ske niHifiHe piBHAHHS (anreOpaiuHe piBHSIHHS MEPIIOTO CTEIECHS) MOXKE
OyTH 3BEJICHO J0 HAUMPOCTIIIOTO BUAY

ax=>b (1)

JIe X — HEBiJIoMa BeJIMUMHA, a Ta b — 3amani yncia. B 3anexHOCTI BiJ 3HaYEHb A Ta b

MOJKJIMBI HACTYITHI BUIIAQJAKH pO3B’s13aHHs piBHsAHH: (1):
a o . .
1) sxmoa # 0,10 x = ~ — €JIMHUH KOPIHb PIBHSHHS;

2) sxmo a = 0, To piBHAHHSA (1) MepeTBOPUTHCS HA PIBHIHHS
O-x=b,
JUIS OCTATOYHOT'O PO3B’sI3aHHSI IKOTO Tpeba BpaxyBaT MOXIIMBI 3HAYCHHS YucIa b:
a. sxmo b # 0, To piBHsAHHS (1) HE Ma€e KOpEHiB;
b. sxmo b = 0, T0 X — OyAb-sAKE YKCIIO.
JIiH1iHUM pIBHSHHSIM 3 TTapaMEeTPOM A BIIHOCHO 3MiHHOI X OyJeMO Ha3uBaTu
PIBHSIHHS BULY
fla) x=g(a), (2)
ne f(a) ra g(a) — dynkiii, mo 3ajaexaTh Big a, X — HEBiloMa BEIHYHHA.
[Tpu po3B’si3anus piBHsAHHSA (2) Tpeba
1) 3HaiiTh Taki 3HaueHHs a, npu skuxX f(a) # 0, A TakuX 3HAYCHb

napaMeTpa x = % — €IMHUM KOPIHb PIBHSIHHS;

2) 3HaiTH Taki 3Ha4YeHHSA a, npu sSKuX f(a) = 0 Ta BCTAHOBHUTH TS IMX
3HAYEHb Mapamerpa, yomy aopisHioe g(a):

1) sxmo g(a) # 0, To piBHsAHHS (2) HE Ma€ KOPEHIB;

2) sk g(a) = 0, To x — Oyab-sAKe YUCIIO.

3aysancennsn: mis tax a, pig skux f(a) # 0 po3riggaTd OKPEMO BHITA0K
g(a) = 0 He Tpeba, OCKIIBKHU IICH BUIAI0K BXKE BpaXOBaHO B MyHKTI 1).

Hpukaaa 1. [l Bcix 3Ha4eHb MapaMeTpa a po3B’s3aTH PIBHSIHHS

a’x — 6a = 2a% + 4ax



Pos6 ’sazanns. 111nsXx0M piBHOCHIIBHUX ITEPETBOPEHD 3BEIEMO 3aJaHe PiBHIHHS
10 Buay (8)
(a? —4a)x = 2a® + 6q,
ne f(a) = a? —4a = a(a —4), g(a) = 2a® + 6a.
Po3riistHEMO BUITAJKH, IO NPH3BOIATH JO PI3HUX CHTYaIliil MPH IOLIYKY
pO3B’A3KY:
1) f(a) # 0, ue BipHo npu a(a —4) # 0 todto npu a # 0 Ta a + 4. Jlna

2a’+6a _ 2a(a+6) _ 2(a+6)
a?-4a  a(a-4)  a—4

TAKHUX 3HAYUCHDb I1apaMCTpa MaeMO pOSB,}IBOK X =

2) f(a) =0, ue BipHo npu a(a — 4) = 0 To6T0 Mpu a = 0 abo npu a = 4.
B 1isoMy Bumaaky aiuty Ha f(a) He MOKHA, TOMY KOKHE 3 I[UX 3HaYeHb MapaMeTpa
OKpEMO TiJICTABUMO B 3aJI1aHE PIBHSHHSI.

a. Ilpu a = 0 piBHaHHS nepeTBOpUTHCA HA piBHAHHSA O - x = 0, po3B’s3KOM
SKOT0 € OyIb-sIKE YHCIIO.

b. TIlpu a = 4 piBHsAHHSA MEPETBOPUTHCS HA piBHAHHA 0 * X = 56, sike HE Mae

KOPEHIB.

. . 2 6
Bionogiow: sixmo a # 0 taa # 4, 170 x = (aa_+4 )’

akio a = 0, To x — OyIb-IKe YUCIIO0,

KO0 @ = 4, TO pIBHAHHS HEMA€E KOPEHIB.

3anauvi 1u1s caMocCTiitHOI podoTH.

1. JIna BCiX 3HaU€Hb MapaMeTpa a po3B’S3aTH PIBHIHHS

11. (a+ Dx =4 1.7. (a* = 5a)x = a? + 5a

1.2. (a> —4)x=a—2 1.8.ax +4 =a?— 2x

1.3. a’x + 50 — 35x = 2a® — 2ax 1.9. (a® +8)x = 6a* + 11la —2
1.4. a’x — 6a = 2a? + 4ax 1.10. a’x — 6a = 2a? + 4ax
15.(2a+10)x =a?+a— 20 1.11. (3a®* +2a)x =a — 2
1.6.ax — 6 = 2a*x + 3a 1.12. 7ax + 2a® = a’x — 4a



1.13. 27x + 5a* + 3 = a®x + 16a 117. (a*> —a—6)x=(a—3)(a+ 1)

1.14. (a+3)x =a* -9 1.18. a’x — 6a = 2a? + 4ax
1.15. a’x — 6a = 2a® + 4ax 1.19. 3ax — 4a = 9x + a? — 21
1.16.ax —a® = x 1.20.1—x =a— a*x



2. JliniiiHi HepiBHOCTI

[Ipu po3B’s3aHHI JIHIMHUX HEPIBHOCTEH 3 MapaMeTPOM BUIY
fl@-x<g(a) fla)-x <g(a) fla)-x = g(a), f(a) x> g(a),

ae f(a) ta g(a) — dyukuii, o 3anexaTh BiJ IapaMerpa a, X — HEBiloMa BEJIMYUHA,
Tpeba T0IaTKOBO PO3TJISIATH BUMAAKH, TPH sIKKX f (@) Mae pi3Hi 3HAKU, OCKUTBKYU TIPU
JJICHHI Ha ToJaTHE YMCIIO 3HAK HEPIBHOCTI HE 3MIHIOETHCSI, a PU JA1ICHH] Ha B1JI’ €EMHE
YHUCJIO HEPIBHICTh 3MIHIOE 3HAK HA MPOTUIICKHUH.

Hampuknaz, 115 HEpiBHOCTI BUY

fla)-x < g(a)
BuHWKaIOTh HACTYITHI BHITAIKH:

1) st TX 3Ha4YeHb a, A SkuX f(a) > 0, HepiBHICTh MEPETBOPIOETHCS HA

g(a)
x<m,

2) nns THX 3Ha4YeHb a, ;i Akux f(a) < 0, HepiBHICTh EPETBOPIOETHCS HA

g(a)
x>m,

3) nans TaX 3HauYeHb a, i sSkuX f (a) = 0 orpumaemo HepiBHicTh 0 < g(a),
dKa Moxe OyTH a0 NpaBUIBHOIO a00 HEMpaBUJIBHOK YHCIOBOIO HEPIBHICTIO B
3aJIXKHOCTI BijJ 3HaueHHs g(a), TOMAI MoYaTKOBa HEpiBHICTH ab0 Oy/e MPaBUIBHOO
npu OyJb-IKOMY JIACHOMY 3Hau€HHI X a0o0 OyJie MaTu MyCTy MHOKHUHY PO3B’S3KIB
B1/IMOBITHO.

Ipukaaa 2. /14 BCiX 3Ha4€Hb MapaMeTpa a po3B’si3aTH HEPIBHICTh

(a+3)x=>a%+2

Pos36’sazannsa. Jins uporo pisusuns f(a) = a + 3, g(a) = a? + 2.

Po3rissHeMo BUTAAKH, M0 MPU3BOJATH JO PI3HUX CHUTYyAIlill MpPU TOIIYKY
PO3B’SI3KY:

1) f(a) > 0, ue BipHo npu a > —3. [l Takux 3HAYCHb MapamMeTpa 3a1aHa

a%+2
a+3 '

HEPIBHICTh PIBHOCUJIbHA HEPIBHOCTI X =



2) f(a)<0, me Bipo nmpu a < —3. B 1pOMy BHUMAAKy BHHHKAE

HEOOX1THICTh AUTUTH Ha BUpPA3, IO € BiJ’EMHUM, TOMY JIJII TAKUX 3HAYCHb IMapaMmeTpa

a’+

2
. 3ayBa)KMMO, IO MPHU LBOMY

3aJjlaHa HEPIBHICTh PIBHOCWJIbHA HEPIBHOCTI X < "
a

3HaK f(a) He 3MIHIOETHCS Ha TPOTHUIICIKHUIA.
3) f(a) =0, ue BipHo npu a = —3. B 11bOMy BUIIAJKY 3a/JaHa HEPIBHICTh
nepeTBoproeThest Ha 0 = 11, m10 € XuOHUM He3aJIeKHO BiJ 3HAYCHHS X, TOMY 3aJaHa

HEPIBHICTh HE MA€ PO3B’SI3KIB.

. . a’+2
Bionoeiow: ssxmo a < —3, 10 X < vy
SKII0 @ = —3, TO HEMa€ PO3B’S3KiB,
a’+2
Ko a > —3,T0 X = .
a+3

3amauvi 1u1st caMoCTIitHOI podoTH.

2. Jlns BCIX 3HAYEHD MapaMeTpa a po3B’A3aTH HEPIBHICTh

21.(a+Dx<a-2 211. (a—3)’x>a—3
22.a(a—2)x<a-5 2.12. (a® + 7a)x < a?
23.(a—Dx>a*—a 213. (a+1)(a—5)x < a?—5a
24. (a>—MHx=>a+2 214. (a+4)x = (a+4)(a—3)
25.(a—4)(a+3)x<al(a+2) 215. (a®*+8)x>a—-3
2.6.(a—2)x=a?+ 2a 216.a(a®* +4)x=>a+2

2.7. ax < a? 217.(a—10)x>a+5

2.8 (a—3)(a+2)3x < (a+2)? 218. (a—2)(a+6)x <a’+1
29.(a*=9x>a*+9 219. (a®>-1x<a-8

210. (a+3)x < (a—2)(a+4) 2.20. (a? +3a)x > a* -9

10



3. PanioHaJibHi pIBHSIHHS

By,Z[L-HKC paHiOHaJILHe piBHSIHHSI IIAXOM 3BCIACHHA 10 CITLILHOTO 3HAMEHHHKA

MOKe OyTH 3BEJICHO JI0 BUTIISITY

P(x) _
Q(X) - O) (3)

ne P(x) ta Q(x) — MHOTOWICHH 3MIHHOI X, SIKI MOXKYTb 3aJI€3KaTH BiJl IapameTpa.

PiBHSIHHSI TaKOTO BUY 3py4YHO 3BECTH JI0 PIBHOCHIIBHOT CHCTEMU

{P(x) = 0;
Q(x) # 0,

sKa JO03BOJIUTh OTPUMATH OJ[pa3y 3aJeKHICTh 3MIHHOI X BiJl MapameTpa 1 HeoOXiaHi

(4)

0OME)KEHHS Ha 3HAUEHHS MapaMeTpa.

Ipukaaa 3. 114 BciX 3Ha4€Hb MapaMeTpa a po3B’s3aTH PIBHSIHHS
(x—D(ax-1)
(x—a)(x+3)

Po36’si3anns. 3Beaemo piBHAHHS 10 cucteMu (4)
(x—1D(ax—-1)=0

x—a#0
x+3#0

OCKUJIbKY TIEpIlIe PIBHSHHSA CHUCTEMH MAae€ JBa KOPEHI, TO 3aMiCTh CHUCTEMH

0

OTPUMAEMO CYKYITHICTh JBOX CHCTEM, SIKY, 3 METOIO TOJICTIICHHS 3amuciB, OyaemMo
PO3IIISIaTH SIK JIBA OKPEMi BUIIAIKH.

1) Tlepia cucTemMa MaTUME BHUTJIST

x—1=0(x=1
x—a#0ix#a
x+3#F0\W # -3

OueBuaHO, O TP X = 1 OCTaHHS HEPIBHICTh BUKOHYETHCS aBTOMATHUYHO.
[lincraBuBIIM 3HAMIEHE 3HaUYEHHA X = 1 B IpyTY HEPIBHICTh, OTPUMAEMO OOMEKECHHS

Ha 3HAYEHHS [apaMeTpa, MpH SKUX JaHUN KOPIHb ICHYE.

(e

TpakTyBaTu OTpUMaHy cUCTeMY Tpeba HaCTyMHUM YMHOM: X = 1 € KopeHeM

MIPH BCIX 3HAYEHHSX MmapaMeTpa kpim a = 1.

11



2) Jlpyra cuctemMa MaTHME BUTJIS

ax—1=0
x—a#0 (5)
x+3#0

[Ipu po3B’s3aHHS TEPLUIOTO PIBHSHHS, SKE € JIHIMHUM, MH CTHKAaEMOCH 3
HEOOX1IHICTIO JIUTUTH Ha BUpa3, 110 MICTUTH MapaMeTp. Sk OyJio mokazaHo B po3aiii
1 Ham Tpeba po3riaaaTH 1Ba BUTIAIKH.

a. Slkmo a = 0, To nmepie piBHsAHHS cuctemu  (5)  MEepeTBOPIOETHCS
Ha 0 - x — 1 = 0, mo Hemae po3B’sA3KiB.

b. Axmo a # 0, To nepmie piBHsAHHS cucteMu  (5) Mae po3B’sI30Kk X =
1 :
— Toni cucrema (5), 3 ypaxyBaHHsM ymoBu a * 0

IICPCTBOPIOETHCA HA HACTYIIHY CUCTCMY:

( 1 7 1
a a X = —
a+0 a+0 a
l1 l1-—a ) a+0
——a+0 0 | a+1
a a 1
1 1+ 3a a+—=
=+3#0|——=0" 3
a a

1 : :
OcTaToyHO MU OTPUMAIIH, IO X = — € PO3B’SA3KOM 33/IaHOTO PIBHSHHS MPH BCIX
a
: 1
3Ha4YEeHHAX napamerpa, kpima = 0,a =1Ttaa = -3

[Toennyroun oOujBa BUMAIKH, 0a4UMO, MO NMPU a = 1 PIBHAHHSI HE Mae
KOPEHIB.

X =

. . 1
Bionosiow: sxmo a # 0,a # 1 Taa # —5 70|, _

ISI I

1
ﬂKmoa=0Taa=—§,Tox=1,

AKII0 @ = 1, TO piBHSHHS HE Ma€ KOPEHIB.

Ipukaan 4. /114 BCiX 3Ha4€Hb MapaMeTpa a po3B’s3aTH PIBHIHHS
1 1 a

x2—ax x% +ax x?%-—aq?

Pos6’si3annsn. 3BeaeMo piBHAHHS 10 BUTIAAY (3)

12



1 1 a _
x(x—a)_x(x+a)_(x—a)(x+a)_0
a2 —x)
x(x—a)(x+a) -

Jliis oTprMaHoro piBHSAHHS cucTeMa (4) MaTHMe BUTJIS

a(2—-x)=0
x#0
x—a+0
x+a+0

[lepiia piBHICTh BipHa B JIBOX BHMAJKaX:

1) a =0, Toxi x Moxe mpuiiMaTH Oyab-siKe 3HadeHHs, KpiM x = 0, ke He
3aJI0BOJIBHSIE PELITY HEPIBHOCTEH.

2) x = 2, Toai Apyra HEPiBHICTh BUKOHYETHCS, a PEIITA JIA€ PO3B’SI30K Pa3oM
3 HACTYITHUMHU OOMEKEHHSIMU Ha 3HAaYEHHsI TapaMeTpa, ikl BUHUKAIOTh IIpU

M1JICTAHOBII 3HAYCHHS X = 2 B TPETIO Ta YETBEPTY HEPIBHICTh

x =2
a+2
a+ —2

Bionoeion: gknmo a # —2,a+ 2taa + 0,70 x = 2,
akio a = 0, To x Moke MpuiMaTH OyIb-IKe 3Ha4YCeHHS, KpiM X = 0,

KO0 @ = —2 Ta @ = 2 TO PIBHSHHSA HEMA€E KOPEHIB.

3amauvi 1u1st caMoCTiitHOI podoTH.

3. 1711 BCIX 3HA4Y€Hb MapaMeTpa a po3B’A3aTH PIBHSHHS

31.%3 _ ¢ 37.%2_9
x—a x+a
x—a _ x+a+3
3.2. el 0 3.8. = 0
a(x-=5) (a-1)(x—a) _
3.3. —a 0 3.9. s 0
(x—a)(x—2) _ x+a .
x—6 _ (x=7)(x=2) _
3% Garrn 3L e =0
a’x—4 (x-a)(x+2)
3.6. para 0 3.12. Do)

13



x2—q?

x—3
(x=2)(x+1)

(x—a)(x—a+3) -

3.13. =0

3.14.

(x+2a)(x—a) _
3.15. (x—6)(x+8)
ax+2 _

" (x+4)(x-2)

3.16 0

ax—9 _
C(x-a)(x-3)

3.17

8. (x—2a)(x+4a) _
x—8

3.1 0

3.19. x—H)(x-1ta) _ 0

a(x+6)

(x—a)(x-2a) __
3.20. (x+a+2)(x-2)

4. Jlns BCIX 3HaYEHb NapaMeTpa a po3B’s3aTH PIBHSHHS

41. > ——_=0

- x+a

x—a
xX+2 2x+a
42— =

x—4 - 2x—a

43. 9x—7 . 4x—-5 —1

3x—-2a 2x—-3a

ax—1 ax+1 4
4.4, =
2x+1 2x—1  1—4x?2
6 3 10
45, — =
x2+ax x%-ax x2%-a?
3a 2
46, ———=0
x—4 x+4
3x—-5 2x—5a
4.7. — =1
x—1 x—2a
1 a+1 2a
4.8. + =
x2—6x  x2%+6x x2-36
2
x“+a x—2a 5
4.9. = —

x2-1 x+1 1-x

4.10 x—2a _ 2x-1

x+a - 2x+1

14

411, —— 42 =%
x—a x—a
412 x-1  x=7a —0
x+2a 3x+6a
2 —
413. 2 +% X9
x“—4 xX-=2
414 220 X2
X“+2x xX<—4
— 2_
4.15. 3x—a . 3x2 ax —0
x+7 xX4<—49
416, = + 32 -3
xX4—=9 x—3
4 9 5
4.1r. (x+a)? - (x—a)2  aZ-x2
4.18. 24a + x+3 — x+10a
x%2+4x = 2x2%2-8x 2x2-32
x—6a x—4
4.19. ——=90
8—x x—8
4.20. x+4a  x+2a —0

x2+x  x2-1



4. PanioHaJibHiI HEPiBHOCTI

Bbynp-ska paiiioHaJIbHa HEPIBHICTh MOKe OYTH 3BEJICHA JI0 OIHI€T 3 HEPBHOCTEH

P(x) P(x) P(x) P(x)
_— S >
Q(x) <0, Q) — 0, Q(x) >0, Qx) — 0

ne P(x) ta Q(x) — MHOrowIeHH 3MIHHOI X, SKi MOXYTh 3aJ€KATH TAaKOX BIJ
napameTpa.

Jlnst  po3B’si3aHHS  HEPIBHOCTEH TaKOTO BHIY 3aCTOCOBYETHCS MEmOO
inmepeanie. JloknaaHa iHpopMarlis Ipo aJrOPUTM 3aCTOCYBAaHHS METOAY 1HTEpPBAJIIB
HaBeJICHa Y BIATIOBITHOMY JIOJIaTKY JIAaHOTO MOCIOHMKA.

Hpuxnan 5. [yt BCix 3Ha4€HBb TapamMeTpa a po3B’si3aTH HEPIBHICTh
xX—a
>
x+1

Po3zé’azanns. 3actocyeMo meton iHTepBaiiB. Hynb yucenbHuKa X = a, HyJb
3HaMeHHMKa X = —1. [Ipy1 HaHeceHH1 HyJIiB YHCEIbHUKA Ta 3HAMCHHHKA Ha YHCIIOBY
MpsSIMy BUHHMKAE JIBA BUIIAJIKa B 3aJIEXKHOCTI BiJ] TOTO, SIKE 3 IIMX 3HAUYCHb € OUIBIINM,
TOOTO 3HAXOJUTHCS IpaBillle HAa YHUCIOBIA NIpsAMii. Po3riasHeMoO KOXXEH BHUIAIOK
OKpEMO.

1) a > —1, Toxi R\ ¥ >

»

-1 a x
OcKUIbKM HAC IIKaBJISATh TakKl 3HAYEHHS X, JJIS SIKUX BUpa3 € JOJATHUM, TO
BIJIIOBIIb B IIbOMY BUIAAKy X € (—o0; —1) U [a; o).

2) a < —1, Toni

a -1 x
B 1poMy BHMajaKy BiAMOBiAL Oyjae MaTh HACTYNMHHUE BUTIAA X € (—oo;a] U
(=1; 00).
3) a=—1, toxmi, MACTaBUBIIM 3aMiCTb 4 3HAa4YeHHS —1 B JIIBY 4YacTHUHY
. . .. x+1 .
HEPIBHOCTI, OTPAMAEMO HEPIBHICTh —— = 0 abo mpu x # —1 4KMCIOBY HEPIBHICTH

1 > 0, sixa € npaBUIBLHOIO JUTsI OyAb-sIKOTO 3HAYEHHS 3MIHHOI, OKpiM X = —1.
Bionogiow: gakmo a > —1, 10 x € (—o0; —1) U [a; ),
15



ko a < —1, 10 x € (—o0; a] U (—1; ),

gkmo a = —1, 10 x € (—o0; —1) U (—1; ).

3ajaui 1y caMOCTIHHOL po0oTH.

5. Jlns BCiX 3HAYEHDb MapaMeTpa a po3B’A3aTH HEPIBHICTh

X
xX+2a

~+l<o

xX+2a X

5.1 >0

5.2.

a 1

53.-——<0

X x+1

x—a+1

5.4. =0

x+1

5.5.

5.6.

+— >0
x—a x+a
(x=3)(x+3a)

x+1

5.7.

5.8. <0

x+a _ x-a
59— < —

x+4 = x-2

x?(x—a+2)
ox-1

5.10 >0

5.11.1

5.12.

5.13.

5.14.

5.15.

5.16.

5.17.

5.18.

5.19.

5.20.

16

X 3

x+3a X

>0

x—1
(x+3)(x—5a)
x%2-2x

>0
x+a+3

xX—a
< 4
x—a+1

x2-3a

> X

X—a

ax 1

=1
ax+1 ax—1

(x=5)(x—a)
(x—a+2)2 <0
x—3a < X

x+2a+3 x+2

x%+a

i1 >1

_f_.< 5

xX—a



5. KBagpaTtHi piBHAHHSA

KBagpaTHUM piBHSHHSIM € PIBHSHHS BUIY
ax?+bx +c =0, (6)
ne a,b,c — 3amani umucna, npudomy a # 0. ns po3B’s3aHHA TaKOrO PiBHSIHHA
CHOYATKy OOUMCIIOETHCS TUCKPUMIHAHT 32 (POPMYIIOI0
D = b? — 4ac,
a MOTIM, B 3aJISKHOCTI BiJl OTPUMAHOTO 3Ha4€HHA D, 0OMpaAETHCSI OUH 3 HACTYITHUX
BUITAKIB:
1) sxkmo D =0, to piBHsAHHA (6) Mae KOpEHi, sIKi OOYHCIIOIOTHCS 3a

dbopmyIioro

2) sxmo D < 0, To piBHAHHSA (6) HE Ma€e KOPEHIB.
3ayeancenns. 3amicTh Bumnagky D = (0 MokHa po3risAaTH JiBa OKpeMi

Bunagku: D > 0 ta D = 0, BBaXaro4yu B OCTAHHHOMY BUIIAJIKy, IO PIBHAHHS Mae
€MHUN KOPIHb X1 = Xy = ;—2.

SIKIO mpHUIyCTUTH, 0 B piBHsAHHI (6) a = 0, TO BOHO IEPETBOPUTHCSA Ha
JHIAHE PIBHAHHS BUIY

bx +c = 0.

Konu moBa #iae npo KBaApaTHI PIBHSHHS 3 MapaMeTpaMu, TO KOE(ill€HTH
a,b,c € GyHKIISIMU, 3aJI@KHUMU Bij TmapameTpa. Tomy OymemMo BBa)xaTu, IO
KBaJIpaTHE PIBHSIHHS 3 MapaMeTPOM A BIAHOCHO 3MIHHOI X Ma€ BUTJIS

f(@)x? + g(a)x + h(a) =0, (7)

ne xoedinientu f(a), g(a),h(a) — PyHkmii, mo 3anexarb Big @, X — HEBiIoMa
BEJINYMHA.

B npomy Bumnanky gopmyna ajist ITMCKpUMIHAHTA MAaTUME BUTIISIT

D(a) = g*(a) —4f(a) - g(a)

[Tpu po3B’sizanns piBHsHHSA ~ (7) Tpeba
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1) 3uaiiti Taki 3HaueHHs a, npu skuxX f(a) # 0, WA Takux 3HAYCHD
napameTpa piBHSHHS € KBaJgpaTHUM. JlJi [IUX 3HAaYEHb MapameTrpa Tpeda po3risiHyTU
HACTYIIHI BUTIQJKU:

a. Jdxmo D(a) = 0, To piBHAHHSA Ma€ KOpEHi, IO 3HAXOAATHCS 3a
dbopmyoro
B (OO
' 2f(a)

b. Slkmo D(a) < 0, To piBHSHHS HE Ma€ KOPEHIB.

2) 3uaiiT Taki 3HadeHHA a, npu sSkuX f(a) =0, mag TakuX 3HAYEHb
napameTpa piBHSAHHA € JiHIHHUM. KokHe oTpuMaHe 3 11i€1 yMOBH 3HaUEHHS TTapameTpa
Tpeba micTaBuTH B piBHAHHA (7), 1 pO3B’sA3aTH JIiHIIHE PIBHSHHSA, 10 BXKE HE Oy/e
3aJIeKaTH BlJ TapaMeTpa.

IMpukaaa 6. Jl114 BCiX 3Ha4€Hb MapaMeTpa a po3B’s3aTH PIBHIHHS

Ba—1Dx?+(1—a)x+1=0

Po36’a3anns. Po3risiHeMo BUIAIKH, 110 TPU3BOATH 10 PI3HUX CUTYaIlil IpH
ITOIITYKY PO3B’SI3KY:

1) Sxmo (3a —11) # 0, To0T0 a # 3 %, TO PIBHSHHS € KBaJPaTHUM, TOMY

JUTSL TOTO PO3B’SA3KY 3HAKEMO BUpa3 IJIsd JUCKPUMIHAHTA
Da)=(1-a)? —-4Ba—-11)=1-2a+a?—-12a + 44
= a* — 14a + 45
Temnep po3ryistHEMO JBa BUMAAKH, 0 OB’ sI3aH1 3 ICHYBaHHSIM KOPEHIB.

a) Koou D(a) =0, T06r0 a?—14a+45=>0, piBHIHHA Mac KOPEHi.
Po3B’s13y104M  OCTaHHIO HEPIBHICTH METOJOM IHTEPBAJIIB OTPUMAEMO: a €
(—00;5] U [9; ). [loemnyroun OTprMaHy MHOXHHY 3Ha4€Hb MapameTpa 3
YMOBOIO A #* 32, OCTAaTOYHO OTPUMAEMO, 110 NpU a € (—oo; 32) U (32 ;5] U

[9; o) piBHSIHHS Ma€e KOPEHi, 1110 33af0ThCs (OPMYJIIOI0

_a—1%va?—14a+45
12 = 2(3a - 11)

18



b) Komu D(a) < 0, to0t0 a € (5;9), piBHsIHHS HEe Mae KOpeHiB. Bci orpumai
: 2 :
3HAYCHHSI 33/10BOIBHSIOTE YMOBI @ # 3 -, TOMY IIpu a € (5;9) piBHSIHHS HE Ma€e
KOPEHIB.
2 :
2) Skmo (3a—11) =0, t06T0 a =3 > TO TACTABMMO IE 3HAYCHH:
napaMmeTpa B BUXiJHE piBHIHHA. OTpUMaeMO
8
—-x+1=0,
3
: 3
3BIIKK X = =
8
: : 2 2
Bionogiow: K0 a € (—oo; 35) U (35; 5] U [9; @), To

a—-1+va?-14a+45
2(3a-11)

X12 =

]
ko a € (5;9), To piBHAHHS HE Ma€ PO3B’S3KIB,

2 3
SKIIO a = 3§,T0x=§.

3amauvi 1u1st caMoCTIiTHOI podoTH.
6. Jlyist BCiX 3HA4YEHb MapaMeTpa a po3B’A3aTH PIBHSHHS
6.1. 9a+ Dx*+ (13a+ 1)x+4a=0
6.2.ax?—(2a+1Dx+2=0
6.3.3—2a)x*+(a+Dx+1=0
6.4. (5a—19)x*+(a—7)x—1=0
6.5.a’x? —2ax+3 =0
6.6. 9a+4)x*+(6a—4)x+(a—-5)=0
6.7.(a—3)x*+(a+3)x—2=0
6.8. (25a + 3)x?+ (20a+5)x+4a+1=0
6.9. x% + 3ax + 7a* = 0
6.10. 3ax? + (15a+ Dx+12a+1 =10
6.11. (a—3)x*—2ax+a+1=0
6.12. 4ax’+ (a—4)x—1=0
6.13. (9a* + a)x* + (10a+ Dx+1=10
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6.14. x>+ (a—5)x— (4a—5)=0

6.15. (a + 2)x? — (10a+ 1)x + 25a—3 =0
6.16. a’x®> +8ax —3 =0

6.17. Sa+4)x*+(a—1)x—-1=0

6.18. 10ax? — (4a—5)x—2 =10

6.19. (4 —9a)x?> — (12a+7)x —4a—-3 =0
6.20. x> — 5ax + 4a* =0

20



6. KBagpartHi HepiBHOCTI

KBagpaTHUMM HEPIBHOCTSMH € HEPIBHOCTI BUTY
ax’?+bx+c<0,ax’>+bx+c>0,ax’+bx+c<0,ax’+bx+c>0,
ne a,b,c — 3amani ymucna, npuuyomy a # 0. s po3B’s3aHHS TaKuX HEPIBHOCTEH
KOPHUCTYIOTBCS CXEMaTHUYHUM 300paKeHHSM KBaapaTudHOi QyHKIIT y = y(x), 110
3aJIa€THCS POPMYIIOFO
y = ax? + bx + c.

[Ipy moOymoBi Takoro 300pak€HHS BHHUKAIOTh JEKUIbKAa BHUIAJKIB B
3QJIEKHOCT] BIJ 3HAKIB KOe(illeHTa a Ta JUCKPUMIHAHTA, 10 OOYMCIIOETHCSA 3a
opmynoro D = b? — 4ac. Bci MOK/IMBI BUIAAKH HABEICH] B HACTYMHIM TabmmIi, e

yepe3 x; Ta X, MO3HAYEHI KOPEH1 PIBHSHHS, IO OOYHUCIIOITHCS 3a (HOPMYIIOH0

, 4 4HEpPE3 Xy — KOOpJAuHaTa BCPIIMHU Hapa60J'II/I, 1o O0YHCITIOEThCA 3a

bopmyow x, = —.

2a
D>0 D=0 D<O
1) 2) 3)
aso| N\ / \ / \/
X1 X2 -; X .7? X
4) 5) 6)
a<0 xy YZ X A x /\ A

[licns Toro, stk AJjisl 3a7aHOI HEPIBHOCTI MOOYAOBaHO OAHE 3 300pa’KeHb
KBaJpaTUuyHOi (YHKIN, 3a7ady pO3B’si3aHHA KBAJAPATUIHOI HEPIBHOCTI MOKHA
c(hopMyITIOBaTH HACTYITHUM YMHOM: 3HAWTH BC1 3HAYEHHS HE3AJICKHOT 3MIHHOT X, JJIs
SKHUX 3aJIe’)KHA 3MiHHA Y Ma€ 3HaK, SIKUH 3a/1aH0 yMOBOIo. [Ipu iboMy BpaxoByeEMO, 110
TOYKM rpadika, 1Mo Jexarb Buuie oci 0OXx, 3a0BOJIBHAIOTH YyMOBY Yy > 0, TOUKH
rpadika, 110 Jexarb Hux4e oci Ox, 3a10BOJIBHAIOTh YMOBY Y < 0, a Touku rpadika,

110 JIekaTh Ha oci Ox, 3a10BOJIbHAIOTH yMOBY Yy = 0.
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Hanpuknan, skmo B HepiBHOCTI ax? + bx + ¢ = 0, BusBWiIOCh, mo a > 0 Ta
D > 0, To Mu MaeMo cxemaTuuHe 300pakeHHs rpadika sSK y BUMaAKy 1), Ha sIKOMY
obupaeMo Bcl TOUKHU rpadika, 110 JekaTh He Hk4Ye ocl Ox, To/l abCIIUCH IUX TOYOK
YTBOPIOIOTh MHOKHHY PO3B’s3KiB HEPIBHOCTI X € (—00; x;) U (Xx,; ).

Sxmwo B HepiBHOCTI ax? + bx + ¢ > 0, BusBuIoCch, mo a > 0 Ta D = 0, To
300paxkeHHs rpadika Oyae Sk y BUMaAKy 2), ToAl ymoBa y > 0 Oyje BUKOHYBaTHUCh
JUIA BCIX TOYOK, OKPIM TOYKH 3 aOCIUCOI0 Xj, B skii y = 0. OTxe, po3B’sA3KOM
HEPIBHOCTI Oye MHOKHMHA X € (—00; x) U (X; ).

A saxmo B HepiBHOCTI ax? +bx +c¢ <0 maemo mo a<0 Ta D <0, TO
OTPUMAEMO BUIAJIOK 6), B IKOMY BC1 TOUKH Ipadika 3HaX0aAThcs HIbk4Ye oci Ox, TOOTO
yMoBa ¥ < 0 BUKOHYETBCS JJI1 BCIX 3HA4€Hb X, TOMY pO3B’SI3KOM HEPIBHOCTI €
MHOXHHA X € (—00; ).

B kBagpaTHUX HEPIBHOCTAX 3 MapaMeTpoM KoedilieHTH a,b,Cc MOXYyTh
3anekaTy BiJ mapameTpa, TOMy IIPH JIeIKUX 3HAUYEHHSIX MapamMeTpa MOKe BUHHUKHYTH
KOXXEH 3 IIEeCTH BUMAJKIB CXEMaTHYHOro 300pakeHHs rpadika ¢yHkmii. Bei 1
BUIAJIKK Tpeda po3riasiHyTH okpemo. OaHak, Tpeda BpaxoByBaTH, 1110 BUNAAKHU 2), 3)
Ta 5), 6) 1HKOJIM Jaf0Th OJTHAKOBI MHOKUHU PO3B’S3KiB, TOMY MOXYTh OyTH MOEIHAHI
B O1MH BuMnaiok. Hanpuknan, B HepiBHOCTI ax? + bx + ¢ = 0 Bunaaku 2) Ta 3) 1ar0Th
OJTHAKOBY MHOXKHHY PO3B’sI3KiB X € (—00; 00), TOMy MOXYTb OyTH MO€HAHI B OMH
BUMAJOK, aJie JJIs 1i€1 HEPIBHOCTI BUIAJIOK 5) J1a€ pO3B’ 30K X = X, @ BUIAJIOK 6) 1ae
MOPOKHIO MHOXKHHY PO3B’SI3KIB, TOMY L1 BUIQJKHU JIJIs1 JAHOI HEPIBHOCTI HE MOXYTh
OyTH MO€THAHI.

HaBenemo pekoMeH0BaHy cXeMy MIpKYBaHb IIPHU PO3B’sI3aHHI HEPIBHOCTEH 3
napamMeTpamu BUIY

f(@)x?+ g(a)x + h(a) <0, f(a)x* + g(a)x + h(a) > 0,
f@)x?+ g(@)x+h(a) <0, f(a)x* + g(a)x + h(a) =0
1) 3naiitu  muckpuminant D(a) = g%(a) —4f(a)-g(a) Ta Kopeni
_ —9(@+/D(@

12 @ pisusuns f(a)x? + g(a)x + h(a) = 0.
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2) 3HaiiTi Taki 3HaYeHHs a, npu skux f(a) > 0, Tomi rinku mapadonu
HanpsMIIeHi Bropy. Jlami po3aimiTy M0 MHOXKHHY, SIKIIO 11€ MOXJIMBO, Ha
TPHU YaCTUHU, B KOXKHIN 3 SKUX JUIS BCIX 3HAYCHb MapaMeTpa BUKOHYETHCS
omHa 3 ymoB: D(a) > 0, D(a) =0 abo D(a) < 0. Ili Bumagku OyayTh
BIJIMOBIIATH CXEMAaTUYHUM 300paxkeHHsIM rpadikiB 1), 2) Ta 3) BIAMIOBIIHO.

3) 3Haiitu Taki 3HaueHHS a, npu skux f(a) <0, Tomi TiAKK TapaboH
HanpsMiIeH! BHU3. [lanmi po3aiIuTH 110 MHOXKHHY, SKIIO 1€ MOXKJIMBO, Ha
TPHU YaCTUHU, B KOXKHIN 3 SKUX JUIS BCIX 3HAYCHb MapaMeTpa BUKOHYETHCS
onHa 3 ymoB: D(a) > 0, D(a) =0 a6o D(a) < 0. ILIi Bunagku OyayTh
BIJIMOBIaTH CXEMaTHYHUM 300pakeHHsAM rpadikis 4), 5) ta 6) BianoBiIHO.

4) 3HaiiTu Taki 3HaveHHs a, npu skuX f(a) = 0. Bci Taki 3HaueHHs Tpeba
MIJICTABUTH B BUX1JIHY HEPIBHICTD 1 pO3B’S3aTH JIIHIHY HEPIBHICTb, SIKa HE
OyJie MICTUTH TapaMmeTpa.

Ipuxnag 7. [{ns Bcix 3Ha4€Hb TapaMeTpa a po3B’A3aTH HEPIBHICTh

Ba—1Dx?+(1—a)x+1<0

Po36’a3anns. 3nalinemo Bupa3 1 TUCKPUMIHAHTY

D(a) =(1—-a)?—4Ba—11) = a? —14a + 45

Ta KoOpeHi x; = 3= af-lta+as _ a-iVaP-ldatas o ATHOTO PIBHSHHS
P 1= 2(3a-11) 2= 2(3a—11) AP p

Ba—-1Dx*+(1—-a)x+1=0.
PO3risHEeMO BUNAAKH, L0 MPU3BOAATH IO PI3HUX CHMTYalliil IpH IOIIYKY

PO3B’SI3KY:
1) Axmo (3a—11) >0, Tobtro a > 32, TO TiIKKW Tapabdoim OyIayTh

HaIpsMJICH] Bropy.
a. Hexaii D(a) >0, to6to a?— 14a + 45> 0. Po3B’43aBIIM OCTaHHIO
HEPIBHICTh 3a JIONOMOTOK) METOJAY I1HTEpBaliB, OTPUMAEMO MHOKUHY

3HaYeHb mapameTpa a € (—o0;5) U (9; ). [loeanyroun 110 MHOKHHY 3
2 2
YMOBOIO a > 3 3 OCTaTOYHO OTPUMAEMO MHOKHHY @ € (3 3 5) U (9; x),

[0 TIPUBOJIUTH JI0 BUIMANKY 1) cXxeMaTWYHOro 300pakeHHs mapadosm. B

23



IIbOMY BHIIaJIKy MHOXKHHA PO3B’SI3KIB 3a7aHOI HEPIBHOCTI OyJe Martu
BUTIISA: X € (X1; X,). Tpeba 3BepHyTH yBary, Ha Te, IO B IIbOMY BHIIAAKY
X1 < X, OCKITBKH YHCEIIbHUK X; 3aBXKIU MCHIIC YHCEIbHUKA X,, 1 MPU
JiJeHHI 000X YaCTHH HEPIBHOCTI HA OJHAKOBE JIOJATHE YMCIIO HEPIBHICTH
HE 3MIHIOETHCS.

Hexaii D(a) =0, 106010 a =5 abo a=9. O6uaBa Ii 3HAYEHHS
: 2
3a/I0BOJIBHSIOTE yMOBI @ > 3~ JUIsl KOXKHOIO 3 LIMX 3HAYCHb OTPUMAEMO

BUIAJIOK 2) CXEMaTUYHOro 300pakeHHs mMapabonu. B npomy Bunaaky

_—b _ a—1

03B SI3KOM HEPIBHOCTI OVIe €IuHE 3HAUYCHHS Xg = = —
p p yac en 0™ 2a 7 2(3a-11)

[lincraBuBmIM B OCTaHHIM BHUpa3 3HAJEHI 3HAYEHHA MapameTpa
1 1
OTPUMAEMO, O pu @ = 5 x = > aTpH a = 9 maemo x = "
Hapemnrri, mexait D(a) < 0, T06T0 a € (5;9). Bci 3HaueHHs mapameTpa 3
. : 2
11i€i MHOKWHHU 3aJJ0BOJILHSIOTH YMOBI a > 3;. Jlnst Takux 3HAYCHb MU

OTPUMAEMO BHUIIAJIOK 3) CXeMaTUYHOT0 300pakeHHsI mapaboiu. Po3B’sa3kiB

B I[bOMY BUNQ/IKy HEPIBHICTh HE Mae.

2) Slkmo (3a—11) <0, 100TO a < 3%, TO Tinku mapaboan OyIayTh
HaIpsMJIEH] BHU3.

Hexait D(a) > 0, 10010 @ € (—0;5) U (9; ). [loenHyt0uH 1110 MHOKUHY
3 yMOBOIO a < 3 g, OCTaTOYHO OTPUMAEMO MHOXKHHY  a € (—o0; 3 g), 110
MIPUBOJIUTH J0 BUMAJKY 4) CXeMaTUUYHOT0 300pakeHHs apadosu. B iipomy
BUITAJIKy MHOXKHHA PO3B’SI3KIB 3a/1aHO1 HEPIBHOCTI Oy/1e MaTH BUTJISA: X €
(—0;x5) U (x1; ). B 11b0My BHIIAAKY X; > X,, OCKUIbKH YHUCCIIBHUK X{
MEHIIE YHUCETbHUKA X, 8 P JUIEHHI JiBOI Ta MPaBOi YaCTUHU HEPIBHOCTI

Ha OJIHAKOBE BIJ'€EMHE YHCJIO 3HAK HEPIBHOCTI 3MIHIOETHCS Ha

IIPOTUJICKHUM.
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Hexaii D(a) = 0, 170010 @ = 5 a60 a = 9. I1i 3HaYeHHs HE 3aJ0BOJILHIIOTE
: 2 .
yMOBI a < 3 5> TOMy He ICHye 3HAYCHb MapaMeTpa, IPH AKX oyne

MOKJIMBE 300pakeHHs MapadoyIu K Y BUIAIAKY 5).

Hexaii D(a) < 0, 100710 @ € (5;9). 3HOBY I1i 3HAYCHHS HE 3aI0BOJILHSIOThH
. 2 . X )

yMOBi a < 3 5 TOMY BHIAJIOK 6) masg JAHOI HEPIBHOCTI TaKOX €

HEMOXKJIUBHM.

3) Axmio (3a —11) = 0, To0T0 @ = 3 g, TO 3aJlaHa HEPIBHICTh MIEPETBOPUTHCS

oy o 8 .
Ha JIHIAHY HEPIBHICTE BATY — X + 1 <0, po3B’A3KOM SIKOI € MHOXHHA

3
X € [—; 00).
8
. . 2
Bionogiow: AKIo a € (—oo; 3 5), TO
a-1+Va2-14a+45 a-1-Va2-14a+45
X € | —o0; U ; 0,
2(3a—-11) 2(3a—-11)

2 3
SKIIO a = 3§,T0x€ [5;00),

AKIO a € (3%; 5) U (9; o), T0

a-1-vVa?-14a+45 a-1+Va2-14a+45
X € ; )
2(3a—11) 2(3a-11)

1

AKIIO @ = 5, To x =

akmio a € (5;9), To Hemae po3B’A3KiB,
1

JKIo a = 9, To x =

IMpuxnan 8. 3HaiiTu BCi 3HAYCHHSI MapameTpa a, IpH AKX HEPIBHICTH

BHUKOHYETBHCA JIJIA BCIX 3HA4YEHb X

ax’+ @Ba-1x+1-a=>0

Po36’sa3anns. 3agada 3HOBY MICTUTH KBaJpaTHY HEpIBHICTb, ajie B I[bOMY

BUITAJIKY PO3B’si3yBaTH ii He Tpeba. Tpeba nuiie 3HANUTH T1 3HAYSHHS TTapaMeTpa, 1o

MPUBOJIATH 10 OJHOTO UM JICKIJTLKOX BUMAJKIB CXEMAaTHYHOTO 300paKeHHs mapadoJiu.

[H111 BUMaAKK TIpH IIbOMY PO3TIISIATH HE Tpeoda.
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3agaHa HEPiBHICThH Oy/1e BUKOHYBATHUCh JUIsl BCIX 3HAYEHb X Y BUMAAKax 2) Ta
3) cxeMaTH4HOTo 300pakeHHs mapadosu. /s 11boro HeoOX1JHE OJHOYACHE

BHKOHAHHA JIBOX YMOB, K1 YTBOPIOIOTH HACTYIIHY CUCTEMY

{f(a) > 0
D(a) <0

3HaiieMo BUpa3 ISl JUCKPUMIHAHTY
D(a) = Ba—1)?—-4a(1—a) =9a? —6a+1—4a + 4a?
=13a? —10a + 1

Toni cucteMa nepeTBOPIOETHCS HA

a>0
{13a2—10a+1S0

P03B’s13y104u OCTaHHIO KBaJpaTHY HEPIBHICTD 32 HABEICHOIO PaHillle CXEMOIO,

5— 2x/_ 5+2f
OTpUMAEMO MHOXHHY a € ; OCKUTBKM BCl OTpUMaHi 3HA4YCHHS

3aJ10BOJIBHAIOTL TICPIIY HeplBHICTB CUCTCMHU, TO OTpHMMaHa MHOXHWHA € TaKOXK 1

PO3B’SI3KOM CHUCTEMHU.

Bionogiow: ae€ [5 2\/_, 5+2\/_ :

3ajaui 1y caMOCTiHHOL podoTH.

7. J171s1 BCIX 3HA4€Hb MapaMeTpa a po3B’sA3aTH HEPIBHICTh
71.(5a—19x*+(a—7)x—-1<0
7.2.(25a+3)x*+ (20a+5)x+4a+1<0
73.(5a+Dx*+(@+5x+1=0
74.(9a+4)x*+ (6a—4)x+(a—5)<0
75. (7a+5x*—(14a+3)x+7a—-3>0
76.3-2a)x*+(a+1)x+1<0
7.7.2a+9Dx*+(a+3)x—1>0
78.(a—3)x*+(a+3)x—2=0
79.(2-3a)x*+ (6a—1)x—(3a+5)<0
7.10. Ga+4H)x*+(a—1x—-1<0
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711. (a+9Dx*+(a+Dx+a+9>0

712. 2a+5)x*—(Ba+7)x+8a—1<0

713. (7a+13)x*+(a—5)x—1=0

714. (a—3)x*—2ax+a+1<0

7.15. 2a+ 1Dx*+ (4a+2)x+2a—3>0

7.16. (4a—5)x*+(a—5x—-1<0

717.Ba—10)x*+(a—1x—-1=0

7.18. (4 —9a)x* — (12a+7)x —4a—-3 <0

7.19. (4a + 2)x?> — (16a —3)x + 16a > 0

7.20. (a + 2)x* — (10a+ 1)x + 25a —3 < 0

8. 3HaiiTu BCl 3HAYCHHSI MapaMeTpa a, MPH IKUX HEPIBHICTh BUKOHYETHCS IS
BCIX 3HAYEHb X

81 (a+1)x?+2ax—3a+2<0

8.2.2ax> —x+5a+1<0

83.Ba+1x*+(a—-1Dx—2a+3<0

84. 2—-a)x*+(a—2)x+a+4<0

85 (a+3)x*+(a—2)x+2a+3<0

86. 2a—1Dx*+R2—-a)x+a—4<0

87.(a—3)x*+ax+a—2<0

88.3—-2a)x*+ (2a—1x+2a=0

89.3—-2a)x*+ (2a—1)x+2a<0

8.10. (a+ Dx*+(2—a)x+a—-3<0

8. 3HaliTH BC1 3HAYEHHS MapaMeTpa a, IpU SIKUX HEPIBHICTh HE MA€
PO3B’SI3KIB

8ll.(a—Dx*+2—-a)x+a+1<0

8.12. 2a+3)x*+4ax—a <0

813.(1-2a)x*—(a+2)x+3—-a<0

814.Ba+1x*—(a+2)x—(a+1)<0

8.15.(a—4)x*—(a+1)x+a—-1<0
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8.16. (a+ Dx*+ (2a+1x+3a<0
817. (a—4x*+3ax+a—-2<0
8.18. (a+3)x*—5x+2a—1<0
8.19. 2a+3)x*+(a+2)x—a <0
820.(a—4)x? —ax+2a—1<0
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7/.3acTocyBanus Teopemu BieTa 10 po3B’si3aHHs 3a1a4 3 napaMeTpaMu

Teopema Biema: axmo piBHAHHA X2 + px + g = 0 Mae KOpeHi X; Ta X,, TO
BUKOHYIOTHCSI HACTYITHI CIT1BBITHOIIICHHS:

{x1+x2=—p (8)
X1°X2 =(

3ayeaoxcenns 1: Teopema BieTa He rapaHTye iICHYBaHHS KOPEHIB, TOMY Tiepen ii
3aCTOCYBaHHSAM B 3ajjayax 3 MapaMeTrpaMu Tpeba 3a0e3NeyuTH BUKOHAHHS YMOBU
D =0.

3ayeaxncennss 2: TeopeMa Bieta 3acTOCOBYETBCS TUIBKM JO 3BEACHOIO
PiBHSIHHS, TOOTO TaKOro, B AKOMy KoedilieHT npu x2 mopisHroe 1. SIKmo ne He Tak,
Tpeba MOAUTMTH Ha 11eil Koe(IIIEHT 1By Ta IIpaBy YaCTUHY PIBHSHHSA, /ISl TUX 3HAYCHb
napameTpa, ISl sSIKUX 11ei KoeilleHT He JOPIBHIOE HYJI0. OKpeMO pO3TIIIHYTH 33/1auy
JUIA THX 3HAUEHb IapaMeTpa, KoaM Koe(illieHT mpy x2 JOpiBHIOE HYJIIO.

3aysaocicenns 3: y Bunaaky, ko D = 0 OyzeMo BBaKaTH, 110 PIBHSIHHS Mae
7IBa PiBHI KOPEHI.

Teopema Biera B 3a71a4ax 3 mapaMmeTpaMu BUKOPUCTOBY€ETHCA TO/I1, KOJIU Tpeda
IITyKaTH 3HAYEHHS IMapaMeTpa, MpH SKUX KOPEHI 3aJ0BOJIHSIOTH JCSKAM YMOBaM.
Xova B IIbOMY BUNAAKYy MOXHa Oyj0 O 3HAXOIWUTH KOPEHI 1 HaKJIaJaTh Ha HHUX
JI0JTaTKOB1 YMOBH, OJIHAK TaKui CIocio Oyje BUMaraTu Habarato OUTbIIe 3yCHIIb.

OpHa 3 THX YMOB Ha KOpEHI, MPH SIKii MaKCUMAJTBHO 3pYYHO BUKOPHUCTOBYBATH
TeopeMy BieTa, 11e yMoBa Ha 3HaKW KopeHiB. HaBenemMo BC1 MOKIIMBI BUTIAKH.

1) OOuaBa KOpeHi MaroTh JOJATHI 3HAKH, SKIIO BHKOHYIOTHCS HACTYITHI

YMOBU
D=0 D=0

X1 +x2 >0 TOOTO —p >0

X1 %Xy >0 q>0

2) OOuaBa KOpeHI MarTh BiJI’€MHI 3HAKH, SKIIO BHKOHYHOTHCS HACTYITHI

YMOBH
D=0 D=0

X1 +x2 <0 TO6TO —p < 0

X1 Xy >0 q>0
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3) KopeHi MaroTh pi3Hi 3HAKH, SKIIO BUKOHYIOTHCS YMOBH

{ D=0 D=0
X1 %, <0 p<O0

TOOTO {

IMpuxnax 9. 3HaiiTH BCi 3HAUEHHS MapaMeTpa a, IPU SKUX KOPEH1 PIBHSIHHA
JI0aTHI

(a—1Dx*+Ra+3)x+3a—2=0

Poss’sizanns. JIns Toro, mo0 MaTu 3MOTY 3aCTOCyBaTH TeopeMy Bieta, Tpeba
PO3TIISTHYTH TIEPEKOHATHUCS, 1110 PIBHSIHHS € KBaJIPATHHUM.

1) Hexaita — 1 # 0, T00TO0 @ # 1. B 11bOMy BUTIA/IKY PIBHSIHHS € KBaJIPATHUM,

TOMY MOXHa OOYUCIIUTH HOTO JUCKPUMIHAHT 1 3pOOUTH MOTO 3BEACHUM.
D(a) = 2a+3)2—-4(a—-1)Ba—2)=-8a’+32a+1
3BejicHE PIBHSHHS MAaTUME BUTJISI

2a+ 3 +3a—2_0
a—-1""a-1_

x% +

Jnst Toro, o0 BUKOHYBalacs yMOBa 3aja4i, TOTpiOHE BUKOHAHHS CUCTEMU

21 ( a+1
a —8a%+32a+1>0
D=0 TO6TO 2a+3
X1 +x, >0 _a_1>0
Xl'X2>0 3a—2>0
a—1

KoxHYy HEpiBHICTH CUCTEMHU OVIEMO DO3B’SI3YBATH METOIOM IHTEPBAIIB 1
y y Yy

OTPUMAEMO HACTYITHY CUCTEMY MHOKHUH

( a+1l
E<8—\/66 8+\/66>
a ;
4 4

) 3,
e(-2;
a(z)

| a€ (—OO;§> U (1; 0)

8—V66 g)

Pe3ynbTaTom nepeTrHy OTpUMaHUX MHOKUH OyJle MHOKMHA a € ( . 3)
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2) Hexait a—1=0, T06T0 a = 1. B 1poMy BHIIaAKy 3aJaHe PiBHSIHHS
: 1
NEPETBOPUTHCA Ha PiBHAHHA 5X + 1 = 0, po3B’sI30K SKOTO X = — < HE € JIo/IaTHHM,

ToMy a = 1 He 33/10BOJIbHSIE YMOBY 3aJ1aui.

Bionogiow: ae€ (8_\/E ; E).

4 '3

PosrisiHemo 111e 1Bl XapaKkTepHi 3aj1adi, B AKUX 3pyYHO 3aCTOCOBYBATH TEOPEMY
Biera.

Ipukaan 10.1. 3HaiiTH BCl 3HaYCHHA MMapamMeTpa a, IpH SKUX cyMa
KBaJpaTiB KOPEHIB PIBHSHHSA

x’4+ax+a+2=0

JOPIBHIOE 4.,

Po3s’si3anuns. OCKUIbKU PIBHSIHHS B JJAHOMY BHUIAJKY € 3BEJACHUM, OJIpasy
MOKHa 3acTocoByBaTu Teopemy Biera. Kpim Toro, 3a ymMOBOIO MM 3HAa€MO, MIO
x% + x2 = 4. OTpUMaEMO HACTYIIHY CUCTEMY

D(a) =0
X +x, =—a
X1'X, =a+2
xt+x=4

[Tpu po3B’s13aHHI CHCTEMH BOXJIMBUM € T€, III0 3HAXOUTH KOPEHi X; Ta X, HE
noTpiOHO. 3 1i€l cucTeMu Tpeda 3HANTH TITFKK 3HAYSHHS mapamerpa. J{Jis boro ciija
MEPETBOPUTH OCTAHHE PIBHAHHS Tak, 00 B HHOI'O MOXKHA OYJIO MiJCTAaBUTH 3aMiCTh
CyMH Ta JOOyTKYy KOpPEHIB BIAMOBIJHI 3HAYCHHS, 3aJeXKHI BiJ MapameTpa.
[TepeTBOpUMO CyMy KBaJpaTiB Ha KBaJpaT CyMU

xi+ x5 =xZ 4 2x.%, + x5 — 2x,%, = (X1 + %)% — 2x1%,
Temnep cucrema nepeTBOPUTHCS HA

a’?—4a—-8=>0

X1 +xy=—a

XX, =a+2
(x; + %)% — 2xyx, = 4

[lincTaBUMO TMpaBi YaCTHMHH APYTOrO0 Ta TPETHOTO PIBHSHHSA B OCTaHHE 1

OTPUMAEMO HACTYIIHY CUCTEMY BIJTHOCHO IapameTpa
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a’*—4a—-8>0
abo [ =4
a=-—2

[lepury HepiBHICTP CHCTEMH MOXXHa PO3B’SI3aTH METOAOM I1HTEPBAJIIB, aje

{ a’?—4a—-8=>0
(—a)?-2(a+2)=4

MOKHA TIPOCTO MIJCTAaBUTH OTPUMAaHI 3HAYECHHS MapameTpa B HEPIBHICTh. SIKIIO
OTpHMaHa YHMCJIOBA HEPIBHICTh BUSIBUTHCS MTPABUIIHLHOIO, TO TAKE 3HAYCHHS TTapaMeTpa
€ PO3B’SI3KOM cUcTeMU. B Halomy BUIaIKy po3B’sI3KOM CUCTEMH € TUTbKU 3HAUYCHHS
a=—2.

Bionogiow: a=-—2.

Ipukaaa 10.2. 3HaiiTi BCl 3HaUYEHHSA MapaMeTpa a, IpU SIKUX OJIUH 3 KOPEHIB
PIBHSIHHS

x’+(a—1Dx+2a*>=0

B JIBa pa3u OUIBIIE HIXK THIIUH.

Po36’azanns. OcKiNbKY PIBHSHHS B JJAHOMY BHUIIQJKY € 3BEJICHUM, OJpa3y
MOKHa 3acTocoByBaTu Teopemy Biera. Kpim Toro, 3a ymMOBOIO MM 3HAa€MO, MIO

X1 = 2x,. OTpUMa€EMO HACTYyIIHY CUCTEMY

D(a) =0
X1 +x,=—(a—1)
X1 X, = 2a°
X1 = 2X,

3HOBY 3 1€l cucTeMu Tpeda 3HAUTH TUIBKM 3HAYEHHS MapameTpa, TOMY
CIIOYATKY 3BUIBHUMCS BiJI X; 32 JOTIOMOTOI0 OCTAHHBOI PIBHOCTI, & MOTIM BUPA3UMO X

3 Ipyroi piBHOCTI. OTpUMaEMo

a?—6a—1=0 a’?—6a—1=>0 a?—6a—1=0
— 1-a
3x, =—(a—1) Xy = — - a=-
) , ~ abo 3 3BIJIKH 4
\ 2(=2) =2a a=--
X1 = ZXZ 3 - 2
3 IBOX OTpUMaHUX 3HAYEHb MapaMeTpa TUIbKU APYTe 3aJ10BOJIbHSIE HEPIBHICTh
. 1
CUCTEMH, TOMY OCTAaTOYHIM PO3B’SI3KOM CHCTEMH Oyze a = — >
: : 1
Bionosios: a=-—-.

2
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3agaui s caMOCTiHHOL podoTH.

9. 3HaiiT BC1 3HaYEHHS MapaMeTpa a, IPU SIKUX KOPEH1 PIBHSIHHS T0JaTHI
91 (a+3)x*+ax—a—2=0
92.(a+2)x*—R2a—1)x+a—-4=0
9.3.(2a—3)x>+2ax—1=0

94.(a?> -3a+2)x*+(a—-1)x—-2=0

95. (a+ Dx*+(a+3)x+a+1=0
96.(a—3)x*+Ba+1Dx+a—-3=0

9.7.(a—17)x*+ Ba+5)x+a—-2=0

98.(a—2)x*+ (4a+2)x+a—-2=0

9. 3HaiiTu BCl 3HAYCHHS MapameTpa d, IPH IKUX KOPEHi PIBHSAHHS MaIOTh
pi3HI 3HAKU

99.(a—3)x*+2ax—a—-2=0

9.10.x2-2(a—1x+a—-3=0

9.11. (a—5)x*+(a—5)x+1=0

9.12. —x?+ (a+5)x+a’*+a—4=0

9.13.(a—2)x*+(Ba+1x+a—-5=0

9.14. (a— 1x*+ (4a+3)x+a—13=0

9. 3HaiiTu BCi 3HAYCHHS MMapamMeTpa a, IPU IKUX KOPEHI PiBHSAHHS BiJ’ €MHI
9.15. (a* = Dx?>+2(a—2)x+1=0
9.16. 2a+3)x>+4(a+4)x+2a—3=0
917. (a—3)x*—4x—a—-2=0
9.18. (a— 1)x?*+3ax+5a =0
9.19. (a+3)x*+(a+3)x+a=0
9.20. (a—2)x*+ (a+3)x+a—-5=0

33



10.1. 3naiiTu BCl 3HAUCHHS MapaMeTpa a, IpH SIKUX CyMa KBaJpaTiB KOPEHIB
PIBHSHHS
x?—QRa-Dx+a—-2=0
nopiBHIOE 1,
10.2. 3nHaiiTu BCl 3HAYCHHS MapameTpa a, IpH IKUX OJIMH 3 KOPEHIB PiBHAHHSA
x2+@Ba—-1Dx+8a+4)?=0
B JIBa pa3u OUIbIIIE HIXK 1HITUH.
10.3. 3HaiiTu BC1 3HaYEHHS NTapaMeTpa a, MpU IKUX cyMa KBaJpaTiB KOPEHIB
PIBHSIHHS
(a—1Dx?>—-2ax—4=0
JIOPIBHIOE 4.
10.4. 3HaiiT BC1 3HaYEHHS MapaMeTpa @, MPU IKUX OJUH 3 KOPEHIB PIBHSHHS
x2+(5—-4a)x+30Ba+1)?2=0
B TPH pa3u OUIbIIE HIXK THIIHMA.
10.5. 3naiiTH BC1 3HaYEHHS NTapamMeTpa a, MPU IKUX cyMa KBaJpaTiB KOPEHIB
PIBHSIHHS
x?+(a+3)x+5a—2=0
nopiHioe 10.
10.6. 3HaiiT BC1 3HaYEHHS MTapaMeTpa @, MPU IKUX OJUH 3 KOPEHIB PIBHSHHS
x2+Ba—-7)x+(12a+4)*=0
B YOTHPH pa3u OUIbIIE HIXK 1HITUH.
10.7. 3naiiTi BCi 3HAUCHHS MTapaMeTpa a, MpH SKUX CyMa KBaJpaTiB KOPEHiB
PIBHSHHS
2—a)x*—Ba—-2)x—4=0
JOPIBHIOE 9.
10.8. 3naiiTu BC1 3HaYCHHS MTapamMeTpa @, MPU IKUX OJUH 3 KOPEHIB PIBHSIHHS
x2+ (7a+9x+2(a—-5)?=0

B JIBa pa3u OUIBIIE HIXK 1HITHH.
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10.9. 3naiiTu BCl 3HaUCHHS TTapaMeTpa a, IpH SKUX CyMa KBaJpaTiB KOPEHIB
PIBHSHHS
x?—B—-a)x—(4a+3)=0
nopiBHIOE 12.
10.10. 3naiiT Bci 3HaUEHHS TapaMeTpa a, MPH STKUX OJUH 3 KOPEHIB PIBHIHHS
(a—1D*x?—(a—Dx+2@a—-7)?2*=0
B JIBa pa3u OUIbIIIE HIXK 1HITUH.
10.11. 3HaiiTu BCi 3HAUEHHS MapaMeTpa a, MpH SKUX CyMa KBaJIpaTiB KOPEHIB
PIBHSIHHS
x> —2a—-5x+2a*+3=0
JIOpIBHIOE 5.
10.12. 3HaiiTy BCi 3HAUEHHS MapaMeTpa a, NP SKUX OJMH 3 KOPEHIB PIBHSHHS
x?—(11la—8)x+12(5a+2)*=0
B TPH pa3u OUIbIIE HIXK THIIHMA.
10.13. 3HaiiTu BCi 3HAUEHHS MapaMeTpa a, MpH SKUX CyMa KBaJIpaTiB KOPEHIB
PIBHSIHHS
(a—4)x*—3ax+2a*+5=0
JIOPIBHIOE 9.
10.14. 3HaiiTy BCi 3HAYCHHS MapaMeTpa a, NP SKUX OJIMH 3 KOPEHIB PIBHSHHS
x?+ (2a+3)x+18(4—-3a)2=0
B JIBa pa3u OUIbIIIEe HIK 1HIITHH.
10.15. 3naiiTu BCi 3HaYEHHS MapaMeTpa a, MPH SIKUX CyMa KBaJpaTiB KOPEHIB
PIBHSHHS
x*+(11-7a)x+4a—-3=0
nopiBHIOE 14.
10.16. 3HaiiTi BCi 3HAYCHHS MapaMeTpa a, P SKUX OJIMH 3 KOPCHIB PIBHSHHS
x?=2(a=5)x+3(7a—4)>=0

B TPH pa3u OUIbIIE HIXK THIIHHA.
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10.17. 3naiiTu BC1 3HaUYCHHS TapamMeTpa a, MPU SIKUX cCyMa KBaJpaTiB KOPEHIB
PIBHSHHS
(2a—5x?>—-2(a—3)x+10=0
nopiBHIOE 1,
10.18. 3naiiTu BCi 3HaYEHHS MMapaMeTpa a, MPH SIKUX OJWH 3 KOPEHIB PIBHIHHS
x2+B-1la)x+4(a+9)?>=0
B YOTUPH pa3u OUIbIIE HIXK 1HIIHA.
10.19. 3HaiiTu Bci 3HAUEHHS MapaMeTpa a, MpH SKUX CyMa KBaJIpaTiB KOPEHIB
PIBHSIHHS
x?+@a—-7)x+2-5a=0
nopiBHIOE 15.
10.20. 3HaiiTy BCi 3HAYEHHS MapaMeTpa a, NP SKUX OJMH 3 KOPEHIB PIBHSHHS
x2—(5a+8)x+22a—-9)72=0

B JIBa pa3u OUIbIIE HIXK 1HITUH.
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8. 3acTocyBaHHS BJIACTHBOCTEH KBAaJPATHOT0 TPHYJIEHA 10 PO3B’A3aHHSH

3a/1a4 3 mapaMeTpamMu

B nanomy po3aim OyaemMo po3risaaTtd 3ajadi, B SKUX Tpeba 3HaAMTH Bci
3HAUEHHS MMapaMeTpa, MPU AKX PO3B’SA3KU X1, X, KBAAPATHOTO PIBHIHHS
m(a)x? + n(a)x +p(a) =0
3aJI0BOJILHSIOTH JIedKy yMoBYy. Cepen HaWOUIbII MOUIUPEHUX YMOB, SKUM MOXYTb
3aJI0BOJIBHSTH KOPEHI, HaBEIEMO HACTYTIHI:

a) x, € (a,b),x, € (a,b) B) X; <a,x, <a

0) x; >a,x, >a r) x; <ax,>a.

Oco0aMBICTb 33124 JAHOT'O BUY B TOMY, IO JJIsI TOIITYKY HEOOX1THUX 3HaYCHb

rnapaMeTpa He Tpe0a 3HAXOAMTH PO3B’SI3KM KBAJAPATHOr0 pPiBHsAHHA. B 1mpomy
BUIIAJKy BUKOPUCTOBYETHCS IPaiyHuii METO/, 10 3aCHOBAaHUM HA TOMY, III0 KOXKHA
napaboJya Ma€ MPOMIXKOK 3pOCTaHHSI Ta CTIaIaHHSI, KOXKHUH 3 SKUX MICTUTh PIBHO OJIMH
KOpiHb pIBHSHHS (y BMIIQJIKy ICHYBaHHS JIBOX PI3HMX KOpeHiB). HaBememo eramu
3aCTOCYBaHHsA rpad)iuHOro METOY:

1) Posramsuemo Bumamok m(a) = 0. JIas K0XKHOTO 31 3HAYEHb MapaMeTpa, 110
3QJIOBOJIBHSIE IF0 YMOBY, 3HaWJIeMO PO3B’SI30K pIBHAHHA. SKimio 1ei
PO3B’S30K 33JI0BOJIbHSIE YMOBI 3aJ1ayi, TO BIANOBIJHE 3HAUCHHS MapaMeTpa
€ YaCTHHOIO BIJIIIOBI/I.

2) Jns sumagky m(a) # 0 BusHauuMo (QyHKIIIFO

f(x) = m(a)x* + n(a)x + p(a),
10 33/1a€THCSI JIIBOIO YACTUHOIO PIBHAHHSL.

3) CxemaruuHo 300pa3uMo rpadik nmapadoau y = f(x), 1110 Mae KOpeHi

s A%

axmo m(a) > 0 abo axmo m(a) < 0
4) Ha oci Ox tpeba 300pa3uTH KOpEHI PIBHSHHSA X;, X, (TOYKH MEPETHUHY

rpadiky mapabonu y = f(x) 3 Biccto Ox) Ta kiHii intepBany (a, b) abo
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3HAYCHHS @, 3 KM IMOPIBHIOIOTHCS KOPEHI 3 ypaxyBaHHSAM iX B3a€EMHOTO
po3TalllyBaHHs BIAMOBIIHO 10 YMOBH 3a/1a4i

a) skmo x; € (a,b),x, € (a,b), T0

\ L vae

2l 4

axl\/xzb X

axmo m(a) > 0 abo axmo m(a) <0

0) sk x; > a,x, > a, To

\ /. 7

ax\_/x, X

2l 4

axmo m(a) > 0 abo ako m(a) <0

B) SKIIO X; < a,X, < a, TO
\ /o =
xl\/xza X

skmo m(a) > 0 abo sxmo m(a) < 0

XV

r) sKmo x; < a,Xx, > a, To
X1 a Xy _;

skmo m(a) > 0 abo sxmo m(a) < 0

tal 4

5) Tpeba ckiacTi CHCTEMY YMOB, SIKUM IOBHHHI 33/JI0BOJILHATH TapaMeTpH
napabomau
f(x) =m(a)x? + n(a)x + p(a),
1100 BOHa BiJNOBiIaja MO0y I0BAHOMY CXeMaTUYHOMY 300pakeHHIo. [laii
OyAyTh HaBECHI BC1 MOXKJIMBI TUITU YMOB, 1110 YTBOPIOIOTh TaKy CUCTEMY.
a) YMoBa Ha HampsM Tinmok mapabomu. Skmo koedimienr m(a)
3aJIeKUTh BIJ MapaMeTpa 1 MOXKe 3MIHIOBAaTH 3HAK, TO Tapadosa

CXeMaTHU4HO MOe OyTu 300pakeHa 3 rijikaMu Bropy abo Bum3. Jliis
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KOKHOTO 3 WX 300pakeHb Tpeba CKIaJaaTy CBOK CUCTEMY YMOB, 1y
BIJIMOBIb OpaTH CyKYITHICTh PO3B’S3KIB KOXKHOI cuctemu. [lepira 3
ux yMmoB 0yae m(a) > 0, SIKIIO TijKK mapadoIu HaIpsAMIICHI BrOpY
a0o m(a) < 0, AKIIOo TiIKK Hapadou HAMPSAMIICHI BHH3.

0) YMmoBHu Ha 3Hak GYHKIIT B KiHIAX iHTepBany (a,b) abo B ToOUIl
3HAQYEHHS a, 3 SKOK TOPIBHIOIOTHCSA KOpeHl. BiamorigHo 110
CXEMaTHYHOTO 300paKeHHS BU3HAaYaeMo 3Hak BupasiB f(a) Ta f(b).
SAxmo Touka Ha mapaboJIi, MO BiAMOBITAE 3HAYCHHIO apTyMEHTa a
abo b nexutsb Buie oci Ox, To BianoBiaHe 3HadeHHs f(a) Ta f(b) €
JToAaTHIM, 1 HaBIaKW, SKIIO TOYKa Ha Mapaboiii, 10 BiAMOBIIAE
3HAYCHHIO apryMeHTa a a0o b JIeXUTh HUXK4Ye oci OX, TO BIAMOBIAHE
3HaueHHs f(a) Ta f(b) € Bix’ eMHUM.

B) YMoBa Ha HasBHICTh KopeHiB: D(a) > 0, ne

D(a) = n?(a) — 4m(a) - p(a).

r) YMoBa Ha pO3MIIIEHHS BepuiuHU mapadonu. llelt mnyHKT €
HEOOX1THUM JIMIIE Y BUMAJAKaX YMOB Ha KOPEHI MyHKTIB a),0) Ta B),
KOJIM KOPEHI 3aJ0BOJBHSIIOTH YMOBY OJIHOTO THITY, IO MPU3BOJUTH
70 TOrOo, IO alciuca BEPIIMHU MapaldoJid TaKOX 3aJI0BOJIbHSIE

BIJINIOBIJIHY YMOBY, OCKIJIBKH 3HAXOJIUThCS MK KOpeHsMu. Abciuca
n(a)

BEPIIMHU Mapad0JId 3HAXOUTHCS 32 POPMYJIOIO Xy = — Zmia) OTKe
n(a) .
BHpa3 — -~ TOBHHCH 3a[0BOJBHATH Ty X CaMy yMOBY, WO I

KOpEH.

6) Po3B’s3yeMo cHcTeMy HEpIBHOCTEH, IO CKJIaJa€ThC 3 YCIX YMOB
nyHKTY 5). Po3B’s130K cucteMu abo CyKyMmHOCTI BIIMOBITHUX CUCTEM 1 Oyze
BIJIMTOBIJIITIO 3a/1a4i.

3aysasicennss 1. mpu cxemaTwuHid moOymoBi mapabomu y = f(x) Ha

KoopauHatHIM 1wiomuHl Oxy Bich 0Oy HE 300paXyeThCS, OCKITBKH HEMae

HEOOX1THOCTI CIiAKYBaTH 3a 3HaKaMH apryMeHTiB pyHkuii y = f(x), ajne HasgBHICTb
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oci Oy mMaeTbes Ha yBa3si, TOOTO OpJAMHATA BCIX TOYOK IpadiKy, 110 JekKaTh BUIIE OCI
Ox € 1OJATHOIO, a HIKYE — B1JI €EMHOIO.

3ayeaxncennss 2: TpuU CKIAgaHHI CHCTEMH B IyHKTI S5) HE 0O0OB’SI3KOBO
BUKOPUCTOBYBATH BC1 TUIIK YMOB. IJ1s AesIKMX cXeMaTUYHUX 300pa’kKeHb YMOB MOKE
OyTH MEHIIIe, OCKUIBKH JIESKi 3 HUX BUKOHYBATUMYThCSI aBTOMAaTHYHO.

3aysaoncenns 3: ymosa D(a) > 0 moxe OyTu 3amineHa Ha ymoBy D(a) = 0,
SKII0 B yMOBI 3ajadyl Ha CKa3aHoO, IO KOPEHI € PI3HUMH, Ta SKI0 KOPEH1
3aJI0BOJIBHSIIOTh YMOBY OJTHOTO THITY.

3ayeascenns 4: Ipyu BUKOHAHHI CUCTEMH YMOB

m(a) >0 m(a) <0
{f(f) <o 200 {f()?) >0

ne X — JoBiNbHE 3Ha4YeHHs apryMmenTy, piBHsaHHA m(a)x? + n(a)x + p(a) = 0 mae
KopeHi, ToMmy ymoBa D (a) > 0 BUKOHY€ThCSI aBTOMAaTHYHO 1 BUMAraTi BUKOHAHHS €]
YMOBHU OKPEMO HEMAE MOTPEOU.

3aysaosicenns 5: 3HEXTYBAaTH YMOBOIO T') Ha PO3MIILIEHHS BEPIIMHU Napadoyu y
BUIAJKy, KOJM KOPEHI PIBHSIHHS 3aJ0BOJBHIIOTH YMOBY OJHOTO THIy HE MOXHA,
OCKIJIbKM OOMEKE€HHS MYHKTIB a)-B) € OJHAKOBUMH JJI BCIX TUIIIB YMOB a), 0) Ta B),
TOMY HE JIaf0Th 3MOT'Y 00OpaTH OJWH 3 IIUX BUIAJKIB, ajie 0OMEXEHHS MyHKTY T') OyJie
PI3HUM AJIs1 KOXKHOTO BUTIAJKY.

IMpukaaa 11.1. 3HaiiTH BC1 3HaYEHHS MTapamMeTpa @, MpU IKUX KOPEH1 PIBHIHHS

(a—Dx*+(@a—-2)x+a+3=0

Hanexarb npomixkky (0; 1).

Po36’azanns. 1) PosrnsneMo BuUIamoK, Koiaum Koe(illieHT mpu X2 IOpiBHIOC
Hymo: a — 1 = 0. [lincraBumo B piBHSHHSA @ = 1 1 OTpUMaeMoO PoO3B’SI30K X = 4, 110
He Hajnexkuth nmpomikky (0;1). Omke 3HaUeHHs Mmapamerpa a = 1 HE BXOJIUTH J0
MHOXHHH PO3B’SI3KiB.

2) Ilpu a # 1 osnaummo ¢ynkuito f(x) = (a — 1)x? + (a —2)x + a + 3.
Ockinbku KoedilieHT mpu X2 MOXKE 3MIHIOBATH 3HAK IIPH PI3HUX 3HAYCHHAX

rapameTpa, TO PO3rJISTHEMO J1Ba BUIIAJIKU.
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a) I'imku mapa®onu HampsMJIEHI Bropy, TOAl cxemaTudHui rpadik QyHKIii

y = f(x) 3 ypaxyBaHHSM yMOBH Ha KOPEHI Ma€ HACTYITHUI BUTIIST

f (0)\ /f (1)

Oxl

Cucrema yMOB, 1110 OITUCY€ HEOOX1/THE 300pakeHHs apadoii Ma€e BUTIISA

a — 1 > 0,yMoBa Ha HanpsM riJlok napaboJiu
f£(0) > 0,ymoBa Ha 3HaK QYHKIIil B KiHIIIX iHTEpBaJIy
f(1) > 0,ymoBa Ha 3HaK QYHKIIil B KiHIIIX iHTEpBaJIy
D(a) = 0,yMoBa Ha HassBHICTb KOpeHiB
kO < x; < 1,yMo0Ba Ha po3MillleHHS BEPLUIMHU 1apaboJiu

[TizcTaBUMO 3aMICTh KOKHOI 3 YMOB BIJIIIOBIJIHI BUPA3H, 3aJI€KHI B1J] MTapaMeTpa

( a—1>0

a+3>0
3a>0
1—3a2—12a+ 16 >0
(a—2)
0<— 1
\ 2@-1°

P03B’s130K cUCTEMU MEpPIINX TPHOX HEPIBHOCTEM CHUCTEMHU Ja€ MHOXKHUHY a €

6—2v21 —6+2\/
(1;00). UerBepTa HEPIBHICTh Ma€ pPO3B’SI30K a E[ ] Ocranns

MO/BIifHA HEPIBHICTH 3BOJIUTHCS 1O CUCTEMHU

a-—2 a-2
_ 0 a-2
21D a1 <0
a-2 a00 1344
- < >0
2(a-1) a—

P03B’s13y10un KOXKHY HEPIBHICTH METOJIOM 1HTEPBAIIB, OTPUMAEMO BiJIIIOBITHO

: 4 : .
1Bl MHOXUHU a € (1;2) ta a € (—o;1) U (E; 00), 3BIAKA OCTAaTOYHUU pO3B’A30K

NV . . 4
IMOABIMHO1 HCP1IBHOCT1 MAaTUMEC BUTJIAL A € (5, 2)

3aMIIMIOCh 3HAWTU CHUIBHY YacTHHY [UJIi TPhOX OTPUMAHMX MHOXHH.

300pa3uMo iX Ha YUCIOBIN NpsIMiil.

-‘['l‘éc
—6-2V21 | —6+2¥2 4
3 3 3

Dy
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OckiIbKH 300pak€HI MHOXWHU HE MAaloTh CHIJIbHOI YaCTHHHU, TO HE ICHYE
3Ha4YeHb MapaMeTpa, SKi 3aI0BOJIHSAIOTh OTPUMAaHy CHUCTEMY.
0) T'inku mapaOGonu HampaBieHI BHHU3, TOAI CXeMaTWYHHM rpadik QyHKIT

y = f(x) 3 ypaxyBaHHSM yMOBH Ha KOPEHI Ma€ HACTYITHUI BUTIIST

040 %1 %
£(0) f)

Cucrema yMOB, 1110 ONKUCY€ HEOOX1HE 300paxkeHHs mapaboIu Mae BUTIIS
( a — 1 < 0,yMoBa Ha HaNpsM TriJIoK napaboJu

f(0) < 0,ymoBa Ha 3HaK QYHKIIii B KiHLSX iHTepBaIy

f(1) < 0,ymoBa Ha 3HaK QyHKIIii B KiHISX iHTepBay

D(a) = 0,yMoBa Ha HAasIBHICTb KOPEHIiB

\0 < x, < 1,yM0OBa Ha po3MillleHHS BEPIIXHY Tapabo/iu

A

[TimcTaBUMO 3aMICTh KOKHOI 3 YMOB BiJIIIOBITHI BUPA3H, 3aJICKHI BiJ] MapaMeTpa

( a—1<0

a+3<0
3a<0
1—3a2 —12a+ 16 > 0
(a—2)
—— <1
\ 0< 2(a—1)<

Po3B’s30Kk cUCTEMHM NEpIIMX TPbOX HEPIBHOCTEH CHCTEMHU J1a€ MHOXHHY
a € (—oo; —3). YeTBepTa Ta I’ siTa HEPIBHOCTI HE 3MIHUIIUCS MTOPIBHSIHO 3 MOTIEPETHIM

BUIIAJIKOM, TOMY JAIOTh Ty ) CaMy MHOXHHY po3B’s3KiB. O4eBHIHO, 1[0 OTpUMaHa
: : 4
CHUCTEMa HE MAa€ PO3B’A3KIB, OCKUIbBKM MHOXUHU a € (—o0;—3) Ta a € (5; 2) HE

MarOTh CHUIHHOI YACTUHHU.
Bionosiob: HeMae po3B’sI3KiB.
IMpukaan 11.2. 3HaiiTH BC1 3HaYEHHS MapamMeTpa @, MpU IKUX KOPEHI PIBHIHHS
a’x*+Ra—-1Dx+3=0
OunbIie 2.

Po36’azanns. 1) PosrnsHeMo BUIAMOK, KoM Koe(illieHT Tpu X2 IOpiBHIOE
nymo: a? = 0. ITigctaBumo B piBHAHHA @ = 0 1 OTPUMAEMO PO3B’SA30K X = 3, IO
3aJI0BOJIbHSIE YMOBY 3aadi. OTxe 3HaueHHs mapameTpa a = 0 BXOAUTH O MHOXHHH
PO3B’SI3KIB.
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2) Ilpu a # 0 oszmauumo Qyrkuio f(x) = a’x? + (2a — 1)x + 3. Ockinbku
koe(iLlieHT IIpu X% He MOe 3MiHIOBATH 3HAK NPH Pi3HUX 3HAYECHHAX MapaMeTpa, TO

Ma€EMO €IMHUN BHITAJIOK CXEMaTHIHOTO 300paxkeHHs GyHKIii y = f(x).

f(Z)\ /

2%

Cucrema yMOB, 1110 OITUCY€ HEOOX11HE 300pakeHHs Mapaboyid Ma€e BUTIISA

f(2) > 0,ymoBa Ha 3HaK QYHKIIil B KiHIIIX iHTEpBaJIy
D(a) = 0,yMoBa Ha HAasiBHICTb KOPEHIB
Xp > 2,yMOBa Ha pO3MillleHHS BEpLIWHU apabon

[TizcTaBUMO 3aMICTh KOKHOI 3 YMOB BiJIIIOBITHI BUPA3H, 3aJICKHI BiJ] MapaMeTpa

402 +4a+1>0 (2a+1)*>0
—8a2 —4a+12=0,5,)—8a>—4a+1>0
2a—1 4a%+2a-1

2a2>2 a <0

Po3B’s13aB1IM  OKpEMO KOKHY HEPIBHICTh, OTPUMAEMO CHUCTEMY MHOXHUH

( 1 1
“E<_°°;_E)U<_E‘°°)
-1-v3 -1++3

ael 1 ; 1

—-1-+5 —1++5
LaE(T,O)U(O’T>

MHoOXHWHa, 1O € PO3B’SI3KOM OCTaHHBOI CHUCTEMH Ma€  BUIJIA]

BIINOBITHUX PO3B’S3KIB

N

ae€ [_1:/§ ;—%) (—— 0) (0 11\/_]. JlomaBmy 710 OTPUMAHOI MHOMKHMHH

3HavyeHHs a = 0, oTpuMaHe paHilie, MaeEMO OCTaTOYHY BiJIMOBIb.

Bionosios: a € [_1:/5; —%) U (—%; _11\@ .

IMpukaaa 11.3. 3HaiiTy BCi 3HAYCHHS MapaMmeTpa a, MPHU SKUX OJWH KOPIHb
PIBHSIHHS
x?+(@a+5x—-4=0
MeHIe 1, a iHmmit Outbe 1.
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Po36 ’azanns. Osnaunmo ynkuiro f(x) = x2 + (a + 5)x — 4. lle napa6ona,

f

[Ipu cknagaHH1 CUCTEMHU YMOB, 1110 OITUCY€E OTpUMaHe 300pa’KeHHs MapadoJy,

T'UIKU SIKOT HaIIPSIMIIEH] BrOpY.

YMOBY Ha TUIKH Mapaloyii HAaKJIagaTH He Tpeba, yMOBa Ha 3HAK (YHKIIT B KIHIISIX
intepBany marume Buriasn f(1) < 0, yMOBy Ha HasBHICTh KOPCHIB MOXHA HE
HAKJIaJ1aTy (JIMBUCH 3ayBaXKeHHA 4), yMOBa Ha BEpIIMHY apadoJu TaKOXK HE OTpiOHA
(KOpeH1 3aI0BOJIBHSIOTh YMOBH pi3HOrO THMy). OTKe, B TaHOMY BHUMAJIKy CHUCTEMA
YMOB IIEPETBOPIOETHCS HA OJIHY HEPIBHICTD
f(1) <0aboa < —2.
Bionogiov: a < —2.

3axaui 1uist caMoCTIiitHOI podoTH.
11.1. 3naiiTu BC1 3HAYEHHS TapaMeTpa a, MPU IKUX OJAUH KOPIHb PIBHIHHS
(a—2)x*+2Ba+7)x—5a=0

MEHIIIE 2, a ITHIIWI OlIbIIe 2.

11.2. 3naiiTu BC1 3HAYEHHS TTapaMeTpa a, MPU IKUX KOPEH1 PIBHIHHS
x’+(a—-2)x+a+3=0

Hanexarb npomixkky (0; 1).

11.3. 3naiiT BCci 3HaUCHHS TapaMeTpa @, MPHU STKUX KOPEH1 piBHIHHS
a’x>+ (2a—-1)x+3=0

oinbIe 2.

11.4. 3naiiTu BC1 3HAYEHHS TapaMeTpa a, MPU IKUX OJANH KOPIHb PIBHIHHS

x> —2a—-13)x+4a—-6=0
Menmre —1, a iHmmH oineire 0.
11.5.3HaiiTi BCi 3HaYEHHS MapaMeTpa a, IpH SIKUX KOPEH1 PIBHSIHHS

(a—Dx*+(a—2)x+a+3=0
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Hajexath npomixkky (0; 1).
11.6. 3naiiTu BC1 3HAYEHHS TapaMeTpa a, MPU IKUX KOPEH1 PIBHSIHHS
Ba—Dx?+(@—-3)x—(a+2)=0
MeHIe 4.
11.7. 3naiiT BCi 3HaUCHHS apaMeTpa a, MPH SIKUX OAWH KOPiHb PIBHSIHHS
(3—-2a)x*—(1la+4)x+3a—2=0

MeHIIIe 3, a IHmui ObIIe 3.

11.8. 3naiiTu BC1 3HAaYEHHS TapaMeTpa a, MPU IKUX KOPEH1 PIBHSIHHS
(a—Dx?+(a—2)x+a+3=0

Hanexarb npomixkky (0; 1).

11.9. 3HaiiTi BCl 3HAUYEHHA NMapaMeTpa a, IpH SIKUX KOPEH1 PIBHSIHHS

B3-2a)x*-—Ba—-7)x+4—a=0
OinbIIe —2.
11.10. 3HaiiTy BCi 3HAUCHHS MapaMeTpa a, MPH SIKUX OJIUH KOPiHb PIBHAHHS
x’+(Ba—-6)x—7+4a=0

MEHIIIe —2, a IHIIUH OlIbIIe 2.

11.11. 3HaiiTu BCl 3HAUECHHS MapaMeTpa a, P SIKUX KOPEH1 pIBHSHHS
(a—Dx*+(@a—-2)x+a+3=0

HanexaTth mpoMixkky (0; 1).

11.12. 3naiiT BC1 3HaYEHHS NapaMeTpa a, IPH SKUX KOPEHI PIBHSIHHS

Ga—Dx?+2GBa—1Dx+2a—2=0
oinbie 1.
11.13. 3naiiTi BCi 3HAUCHHS MapaMeTpa a, P SIKUX OJUH KOPIHb PIBHSIHHS
x> —-2(a+4)x+5a+2=0

Mene 1, a iHmmMH O1abIIe 3.

11.14. 3naiiTu BCl 3HAUCHHS MapaMeTpa a, P SIKUX KOPEeH1 pIBHSHHS
(a—Dx*+(a—2)x+a+3=0

Hanexath mpoMixky (0; 1).

11.15. 3naifTu BCi 3HaYEHHS NTapaMeTpa @, IPH SKUX KOPEHI PiBHIHHS
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(1—-a)x*—8ax+6—2a=0
MeHIe 3.
11.16. 3naiiTu BCl 3HAaYCHHS MapamMeTpa a, MpH AKX OJIMH KOPiHb PIBHSAHHS
(a—4)x*>+B8a—-5)x—3a—-7=0
MEHIIIE —2, a IHIIHHI OlIbIe —2.
11.17. 3naiiTu BCl 3HAUCHHS MapaMeTpa a, P SIKUX KOPEeH1 pIBHSHHS
(a—Dx?+(a—2)x+a+3=0
Hajexarh npomixkky (0; 1).
11.18. 3HaiiT BC1 3HaYEHHS apaMeTpa @, IPH IKUX KOPEHI PIBHSIHHS
x?+2(a+4dDx+a+4=0
oOubLe —3.
11.19. 3naiiTu BCi 3HAUYECHHS MapaMeTpa a, MPH SKUX OJIUH KOPiHb PIBHAHHS
(5—-a)x?—-5QRa—-7)x+a—-2=0
Mene 1, a iHmmH O1apmre 1.
11.20. 3naiiTy BCl 3HAYCHHS MapameTpa a, MpH SKUX KOPEeH1 PiBHSHHS
(a—Dx*+(a—2)x+a+3=0

HanexaTth mpoMixkky (0; 1).
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9. PiBHSIHHA, 1110 MiCTATH 3HAK MOAYJIsI

Po3riissHeMo piBHSIHHS BHILY
lf Ol = gx).
[Ipu po3B’si3aHHI PIBHSAHHSA TaKOro BUAY Tpeba MEepelTH 10 eKBIBAJICHTHOI
CYKYITHOCTI1 IBOX cucTeM. IcHye fBa criocoOu 11e 3poOHTH.

Crnocio 1:

{ f(x)=0
f@) = g(x0)
{ fx) <0
—f(x) = g(x)
Cnoci0 2:
{ gx)=0
f(x) =g9x)
{ gx) =0
flx)=—gx)

[Ipu BHOOP1 cnocoOy po3B’si3aHHS KOHKPETHOTO PIBHAHHS Tpebda 3BepTaTH

yBary Ha Te, sIKy 3 HEpiBHOCTEH Jjieriie po3s’s3yBatu: f(x) = 0 ado g(x) = 0.

Mpukaaa 12. /s BCiX 3HaY€Hb apaMeTpa d po3B’s13aTU PIBHAHHS
|x +a| =ax + 4
Po3zé’azanna. Ckopucraemoch crnocodom 1 mepexomy [0 €KBIBaJ€HTHOI
CYKYIHOCTI CHUCTEM, aJie I 3pyYHOCTI 3anucy OyaeMo pO3TisaaTH KOXKHY CUCTEMY
K OKpeMHUI BUMNAJ0K, a JI0 BIAMOBIAl BKIIOYMMO 00’ €IHAHHSI OTPUMAHUX B KOKHOMY
BUMAJKy MHOHH.
1) Ilepuia cucrema MaTUMe HACTYITHUN BUTJISAT

{ x+a=0 ao{ x+a=0
x+a=ax+4 (a—Dx=a-—4
Jpyre piBHSHHS cUCTeMH Ipu a = 1 He Mae poO3B’s3KiB, a pu a # 1 Maemo

a-4 : o . . . o

X =—". Toni nepia HEPIBHICTh CUCTEMHU MPU MiICTAHOBIII 3aMiCTh 3MIHHOI BUpPa3y,
a—

3aJIEKHOTO B1J] TapaMeTpa, Aa€ HaCTyITHY YMOBY Ha MapaMeTp

(a-2)(a+2)

a—_4+a20a60 >0
a—1
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3BIIKH METOJOM iHTepBaiiB a € [—2;1) U [2;00). Omke mpua € [—2;1) U [2; o)
—4 . .
MaeMO PO3B 30K X = % I[Tpu iHIIKX 3HAYEHHSX [TapaMeTpa IEPIIHii BUIIAJI0K HE J1A€

PO3B’SI3KY.
2) Jlpyra cucremMa MaTUME HACTYITHHEA BHIJISI

{ x+a<0 o { x+a<0
—x—a=ax+4 (a+1)x=—-a—-4
Jlpyre piBHAHHA cUCTEMHU TpH a = —1 He Mae po3B’sI3KiB, a mpu a # —1
—a—4 : o : : : o
Maemo x = ——. ToJi nepiia HepiBHICTh CUCTEMH NPH MiJICTAHOBLI 3aMiCTh 3MiHHOI

BHpa3y, 3aJIe)KHOTO BiJ] MapaMeTpa, 1a€ HACTYIHY YMOBY Ha MapameTp

(a-2)(a+2)

a_14+a<0a6o <0

a+
3BIIKM 1O METOAY iHTepBaliB a € (—o0; —2) U (—1;2). Omxe npu a € (—oo; —2) U

-a—4
a+1

(=1;2) maeMo pO3B’SI30K X = . IIpu iHmIMX 3HAYCHHSAX MapameTpa APyruit

BUIIAJIOK HE A€ PO3B’SA3KY.
[ToenHyroun pe3ynabTaTd 000X BUIMAJKIB, MPU PI3HUX 3HAUCHHAX MapaMmeTpa
OTPUMAEMO TPU MOXKJIMBOCTI: MA€EMO JIMIIE TIEPIIMA KOPIHb, MAEMO JIUIIE APYTUN

KOpIHb Ta MA€EMO OOUJIBa KOPEH1 OJTHOYACHO.

Bionogiow: axmo a € [—2; —1] U [2; ), 10 x = a_l,

gk a € (—oo; —2) U [1;2), To x = —

X =—
a—-1

-a—4
a+1

sk a € (—1; 1), To

PosrisitHeMo piBHSHHS, B SIKOMY HasiBHI IEKUIbKa BUPA3iB 1] 3HAKOM MOJTYJIS.
B mpoMy BuIagKy BUKOPHCTOBYIOTH METOJ IHTEPBATIB, IO JO3BOJISE IIBUAKO
BU3HAUMTH YMOBH, 32 SKUX 3HAK KOXKHOTO BHpA3y IiJ 3HAKOM MOMAYJS € CTajJuM 1
B1JIOMUM.

Mpukaaa 13. J{ns Bcix 3HaYeHb apaMeTpa d po3B’sI3aTU PIBHAHHS

lx —1|+|x—a|=x
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Po36’a3anna. Bupasu mij 3HakamMu MOAYJS 3MIHIOIOTh 3HaK mpu x = 1 Ta

X = A, po3rsIHEMO TpHU MOKIMBUX BHUIIAAKHU Cl'[iBBiI[HOHIE?HH?I OUX 3HAa4YCHBb.

1) a = 1. IlincTaBUMO BIANOBIJHE 3HAYCHHS IapaMeTpa i OTPHMAEMO

PIBHSHHS
2|x — 1| = x,

PO3B’SI3KaMHU SIKOTO OyAyTh X = 2 Ta X = 5

2) a> 1. B npomy BUMaaKy, po3Millylo4yn 3HaueHHSI X =1 Ta X = a Ha

YHCIIOBIHM MPsAMIid, OTPUMAEMO HACTYITHE 300paKCHHS

TakuM YMHOM 4YHCJIOBaA mpsAMa BUABJISETBCA pO36I/ITOIO Ha TPpW MHOXHWHH:

(—=o0;1), (1;a) ta (a;0), Ha KOXHIM 3 SKUX OOHMIBA MOJIYJi PIBHSIHHS MAalOTh

¢ikcoBanuit 3Hak. HaBegemo Ta0biuiIto, B AKMiIl BKa3aHi BIMOBIIHI 3HAKH.

(—o0; 1) (L;a) (a; )
x—1 - + +
xX—a - - +

OTxe, A TOro, o0 PO3KPUTH MOAYJ B PIBHSHHI, Tpeda PO3TISHYTH TPH
BUIIAJKH.
a) x € (—oo; 1). B npomy BuIagKy piBHSHHS IEPETBOPIOETHCS HA

—-(x-1)—-(x—a)=x.

Tomy, 3 ypaxyBaHHSIM YMOB, OTPUMA€EMO CUCTEMY

a>1 a>1
x<1 a60 x<aJ1r1
—2x4+a+1=x X ==

[lixcrapisitoun OTpUMAaHUN BUpa3 I 3MIHHOI B JIPYTY YMOBY, OCTaTOYHO

OTPUMAEMO
a>1 a>1
atl 4
3 aGo{ a <2

3
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1
Tobto npu a € (1;2) maemMo po3B’S30K X = %

0) x € [1; a). B mpoMy BUmaaKy piBHSHHS MIEPETBOPIOETHCS HA
x—-1)—(x—a)=x.
Tomy, 3 ypaxyBaHHSM YMOB, OTPUMAEMO CUCTEMY

a>1
1<x<a
x=a-—1

[lincTaBnsitoud OTpUMaHUN BHpa3 Jig 3MIHHOI B JIpYTY YMOBY, OCTaTOYHO
OTPUMAEMO

a>1
>
1Sa—1<aa6o{ =2
x=a—1
x=a-—1
Tob6To npu a € [2; o) maemo po3B’si30k x = a — 1.

B) X € [a; 00). B ipoMy BUIIQJKy PIBHSAHHS MEPETBOPIOETHCS HA

x—1D+x—a)=x.

Tomy, 3 ypaxyBaHHSIM yMOB, OTPUMA€EMO CUCTEMY

a>1 a>1
xX=>a abo{ x>a
2x—a—1=x x=a+1

[TincTaBnstoun OTpUMaHUN BHpa3 g 3MIHHOI B JIPYTY YMOBY, OCTaTOYHO

OTPUMAEMO
a>1
a+12aa60{x22i1
x=a+1 N

To6to ipu a € (1; ) MmaeMo po3B’sI30Kk X = a + 1.

3ayBakuMo, 10 Tpu (popMyBaHHI BIAMOBIAI 3 OTPUMAHUX PE3YJIbTATIB IS
KOKHOT'0 3Ha4YeHHs napameTrpa Tpeda OyJie BKa3aTh BCl OTpUMaHi 3HAYEHHS 3MIHHOI.
Taxk, mpu a € (1; 2) 3 MyHKTY a) OTPUMAHO PO3B 30K X = aTﬂ, ajie B MMyHKTI B) cepell
BCIX MOXJIMBHUX 3Hau€Hb MapaMeTpa TakoXX MpUCyTHS MHOuHA (1;2), ane B UbOMy
BUIMAJIKYy pO3B’A30K Mae€ IHIMKA BUMIsAn X = a+ 1. OTke, I8 TakuX 3HAYEHb

rapamMeTpa piBHSIHHS Ma€ J[Ba PO3B’sI3KU. AHAJIOTIUYHA CUTYaIlisl MOKJIMBA 1 JIJIs1 THITUX

3HA4YCHb I1apaMcCTpa.
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3) a < 1. B upomy BUMaaKy, po3Millyro4yn 3HauYeHHS X =1 Ta X = a Ha

YUCJIOBIN MPSAMii, OTPUMAEMO HACTYITHE 300pakeHHS

a 1 X
TakuM YMHOM YHCIIOBA MpsiMa BUSIBISETHCS PO3OUTO HAa TPU MHOKHUHM:

(—o0;a), (a;1) ta (1;00), Ha KOXKHIM 3 SIKHX OOHIBA MOMAYJI PIBHAHHA MAalOThb

¢ikcoBanuit 3Hak. HaBegemo Tabnuirio, B skMii BKa3aH1 BIMOBIIHI 3HAKH.

(—o0;a) (a; 1) (1; )
x—1 — - +
x—a — + +

OTxe, A7 TOro, MO0 PO3KPUTH MOAYJl B PIBHSHHI, TpeOa PO3TISHYTH TPH
BHITA IKH.
a) x € (—oo; a). B npomMy BUNIAAKy pIBHSHHS MIEPETBOPIOETHCS HA
—-(x-1)—-(x—a)=x.

Tomy, 3 ypaxyBaHHSIM YMOB, OTPUMA€EMO CUCTEMY

a<1 a<1
x<a a6o x<afrl1
—2x+a+1l=x X =—

3

[TincTaBnstoun OTpUMaHUN BHpa3 g 3MIHHOI B JIPYTY YMOBY, OCTaTOYHO

OTPHUMAEMO
a<l a<l
a+1 1
3 <a a6o{ ¢ > 2
a+1 a+1
—_— — x — —
3 3

1 a
ToOto npu a € (5 ; 1) Ma€eMO PO3B 30K X = —.

0) x € [a; 1). B ipoMy BUTaAKy PiBHSHHS MIEPETBOPIOETHCS HA
—(x—1)+x—a)=x.
Tomy, 3 ypaxyBaHHSIM YMOB, OTPUMAEMO CUCTEMY

a<l
a<x<l1
x=1—a
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[lincTaBnsitoud OTpUMaHUM BHpa3 AJig 3MIHHOI B JIPYTY YMOBY, OCTaTOYHO

OTPUMAEMO
1

a<l—a<1abo O<a£5

x=1-a x=1-a

TobTo npu a € (0; %] Ma€eMO po3B’s30Kk x = 1 — a.
B) x € [1; ). B mboMy BUNIaIKy PiBHSHHS NIEPETBOPIOETHCS HA
x—-1D+x—a)=nx.

Tomy, 3 ypaxyBaHHSIM yMOB, OTPUMA€EMO CUCTEMY

a<l a<l
x>1 abod x>1
2x—a—1=x x=a+1

[lincraBisitoun OTpUMAaHUN BUpa3 JJisg 3MIHHOI B JIPYTY YMOBY, OCTaTOYHO

OTpUMAEMO

a<l a<l
a+1>1a60y a=>0
x=a+1 x=a+1

To6to ipu a € [0; 1) MaeMo po3B’si30k X = a + 1.

[Toennyrouun Bci OTpUMaHi pe3yJbTaTH, MAEMO:
1) skmoa =1, Tox =2T1ax =§,

2) sxmo a € (1;2), 1o x =%1Tax =a+1,
3) skmo a € [2;0), Tox=a—1tax=a+1,

1 1
4) sKio a € (5;1),T0x=%Tax=a+1,

5) ;nquoae(0;%],Tox=1—aTax=a+1,

6) sxmo a = 0, o x = 1.

3ayBaXMMoO, 110 BUNAAKUA 2) Ta 4) NalOThb OJHAKOBI PO3B’SI3KH, OTXKE Yy
BIIMOBIb Il MHOKHHM 3HAYCHBb MapaMeTpiB MOKHA 00’ €THATH. BinbIn TOro, SIKIIO B
BHUpaA3H ISl PO3B’SI3KIB MIACTAaBUTH 3HA4YeHHS a = 1, TO OTpUMAEMO PO3B’S3KU 3
MYHKTY 1), oT’ke 3HaUeHHs @ = 1 TaKO»K MOKHA MIPUETHATH 10 [ILOTO BUMAJKY. Takox

3Ha4yeHHs a = (0 MOXHa MPUETHATH IO BUTIAJIKY ).
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Taxox 3ayBakuMo, 110 >KOJIEH 3 BUIAJKIB HE MICTUTh 3HAUEHHS ITapameTpa 3
MHOXHHHU (—00; 0), 0TKe, AJIs X 3HaUeHb PIBHAHHS PO3B’sA3KiB He Mae. Llelt Bunamok
TaKOoX Tpeba J0JaTH 10 3arajbHOi BiIMOBIII.

Bionogiow: sxio a € (—o0; 0), To po3B’sA3KiB HEMAE,
1
SIKILIO a € [0;5],Tox =1l—arTtax=a+1,
1 +1
SIKIIO a € (5;2),T0x =aTTax =a+1,

AKIIO a € [2;0), Tox =a—1Ttax =a+ 1.

3axauvi 1uist caMoCTIiTHOI podoTH.

12. JIns BCiX 3HAYEHBb TapaMeTpa a po3B’si3aTH PIBHSHHS

121. |x —3al=ax+ 1 12.11. |5x +a|l —ax =2

122. |x —a|—1=a 12.12. |3x +a| = 11la — x
123.3x+ |[x —a| =7 12.13. |x —a| = x + 4a

124. |x+a|—-9=x—a 12.14. |x + a| = 2ax — 1
125.2x+ |x+a|=a 12.15. |x — 2a| = 5ax
126.la—3x|—-3x=1—a 1216.3|x —a|l+(a—1)x+2=0
12.7. |x —a| = 4a —x 12.17.8|x +al| —x+1 = ax

128. |x —a|—4=x—a 12.18. |a — 3x| = 2ax + 1

129. |x+a—-1|=a+x-3 12.19. 4|x —a|=x+a

12.10. |x+ 2a|=x—a + 3 12.20. a(x + 1) = |x — 3a|

13. JIns1 BCiX 3HA4YEHBb apaMeTpa a po3B’si3aTH PIBHSIHHS

13.1. |x| + |x — 2a| =3x — 4 138. [2x — 1|+ |x —a| =1
13.2.5|x — 3| =9+ 2|x — a 139. |[x+2|—|x—a|=x

13.3. [4x — al| + |x| = —2x 13.10. |x — 2al|+ |[x —4|=a+6
134. |x+a|+|4x—1| =3 13.11. [2a—x| =|x+ 3| +a
135. |2x+5|—|x—a| =4 1312, |[x +a|+2|x—1| =x
136. [x + 2|+ |x —a] = 6x 13.13. [2x — 1| —|x —a| =2
13.7. [4x+ 2| —|x —a| =1 13.14. |2x+ 3|+ |x+a|l =a
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13.15. |x —a| — |2x + 3| = 10x 13.18. |x|+ |x +a + 1| = 2x
13.16. |x — 5| + |[x — a| = 5a 13.19. |x — 2|+ |x —a|] = 5a — 10
13.17. |x — 3| — |x + 2a| = 4 13.20. 2|x — a| + 2|x + 1| = x.
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10. IppanionanbHi piBHAHHSA

Bynemo posrisiaatu piBHSIHHS BUY

Vi) =g).
Jlnst  Toro, o0 3BIIBHUTHUCSA BIJ IppalliOHATBHOCTI, TEpeHIeMo 10

CKBIBAJICHTHOI CHCTEMH

{ gx)=0
fx) = g*(x)

3aysaocicenns. BuxigHe piBHSHHS Ma€ OOMEXKEHHS Ha JOMYyCTUMI 3HAYCHHS
3MIHHOI, TOMYy MOJXE BHUHHMKHYTH TOTpeba po3risHytd ymoBy f(x) =0, ane
BUKOHAHHS 11€1 YMOBU € HACHIJIKOM 3 JIPYTrOTO PIBHSAHHS CHUCTEMH, TOMY OKPEMO
PO3IIIAIaTH 1}0 YMOBY HE Tpeoa.
Ipukaan 14. J{ns Bcix 3HaYeHb apaMeTpa a po3B’s3aTU PIBHAHHS
Vx+a=x—-1

Po3zs’siz3auns. llepeiizeMo 10 €KBIBaJIEHTHOT CUCTEMH
x—1=20
x+a=(x—1)>2
[Ticns cporneHHs piIBHSHHS CUCTEMH MaTUME BUTJIS]T

x*=3x+1—-—a=0.

: . 5
JluckpuminanT piBHsHHS Mae Burissg D(a) = 4a + 5, omke, mpu a = ~3

. 3+V4a+5 . .
PIBHSHHS Ma€ PO3B'SI3KH Xq, = —Y Jlam KOXXeH 3 OTpPUMaHHUX PO3B’S3KIB

M1JICTABUMO B HEPIBHICTh CUCTEMHU, JJI TOTO, 00 OTPUMATH TOJATKOBI OOMEKEHHS

Ha [apaMeTp B KO)KHOMY BUIAJIKY OKPEMO.
3+v4a+5 .. 3+v4a+5
1) Axmio x = —, > TO HEPIBHICTh CHCTEMH NMEPETBOPIOETLCA HA ———— —

1>0 a6o v4a+ 5= —1, mo BUKOHYEThCSA /I BCIX 3HAYCHb MapaMeTpa, IO

5
3aI0BOJIBHAIOTH YMOBY 0 = — "
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33—

2) Skmo x =

[Ipu dhopmyBaHHI 3arajbHOI BIAMOBIJI U1 KOXKHOTO 3HAYECHHS Mapamerpa

+5 ..
, TO HCP1BHICTh CUCTEMHU IIEPETBOPIOETHCA HA

3a3HAYUTH, [0 NPU HUX 3HAYEHHSIX PO3B’A3KYy HEMAE.

1 > 0a6oVv4a + 5 < 1, po3B’s3K0M SIKOi € MHOXKHHA a € [—g; 1].

MOETHAEMO B OJIMH BUMAJOK BCi OTpUMAaH1 pe3yibTaTH. SIKIIO NesKl 3HA4YEeHHS

napaMeTrpa He € JONYCTUMHMH B JKOJHOMY 3 BHIIQJIKIB, TO Y BIAMOBIII Tpebda

. . 5 )
Bionosiow: axio a € (—00 D= Z)’ TO pO3B’s3KIB HEMAE,

5
SIKIIO a € [_Z; —1], TO X1, =

Ko a € (—1; ), o x =

3amavi 1u1st caMoCTIitHOI podoTH.

2

3+vV4a+5

3+v4a+5

14. JIns BCiX 3HaYEHb apaMeTpa a po3B’s13aTU PIBHSHHS

141.V2x—a=3—x
142.4/5 —x = 3x — 2a
143.3x+2a =2x+3
144.Vx —4a =2x—1
145.N7 = 2x = 2a — 3x
14.6.Vx + 6a = 4x + 5
14.7./6 — 5x = 5x — 4a
148.V/x+9a=x+4
14.9.v/3x + 8a = 2x — 4
14.10.V/x —8 = 3a — 5x
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14.11.V4a —3x = 2x + 6
1412.V7x + 1 =x + 2a
1413.V5x —a=2x—6
14.14.v/x + 8a = 10 — 3x
14.15.V12 = 5x =3x +a
14.16.V4x + 5a = 3x + 5
1417.Vx+3=x—2a
14.18.V9x — 7a = 4x + 3
14.19./6 — 8x = 6a + 4x
1420.Vx +2a=x—-7

3—v4a+5




11. IppanionanbHi HepiBHOCTI

Bynemo posrisigati HepiBHOCTI BULY

VF(x) = g(x) abo /f(x) < g(x)

a00 /10 BIAMOBIIHUX CTPOTUX HEPIBHOCTEH.
KosxHa 3 ux HepiBHOCTEH Mo)ke OyTH 3BeZieHa 710 eKBIBaJICHTHOT CCTEMH ab0

CYKYMIHOCTI IBOX CHCTeM. Tak, Jisl HEPiBHOCTI

Vi) = g(x)

€KBIBaJICHTHOIO Oy/ie HACTYIIHA CYKYITHICTh

q gx)=0
| Uf (%) = g*(x)
g(x) <0
{f(x) >0

SIKimo K BUXigHA HEpiBHICTH Oyia ctporoto 4/ f(x) > g(x), To y BiamoBiaHii
CyKyIHOCTi CTPOrOI0 CTaHE TiIbKM HepiBHiCTh [ (x) > g%(x), iHmi ymoBu
3aJIMIIATHCS HE3MIHHUMU.

VY BUmaaky HEpiBHOCTI

Vi) < g(x)

eKBiBaJ'IﬁHTHa CUCTEMA MATUMCE BUTJIA
gx)=0
flx)=0
f(x) < g*(x)

SIkio HepiBHICTH € cTporow / f(x) < g(x), To B cucreMi Tpeba 3MIHHTH
OCTaHHIO HepiBHiCTh Ha f(x) < g2(x).
IMpukaaa 15. J{ns Bcix 3HaUeHb MapaMeTpa @ PO3B’sI3aTH HEPIBHICTH

Vx+1=>x—a

Pos3é’sa3annsa. TlepeiiiemMo 10 €KBIBaAJIGHTHOI CYKyTHOCTI

x—a=0
{x+12(x—a)2
{x—a<0
x+1=>0
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PosrisitHeMo crovarky nepiry CUCTeMY, sika MICHs CIPOIIEHHS ePETBOPUTHCS

Ha

{ xX=a
x?—Qa+1Dx+a*-1<0

Po3B’sxemMo Ipyry HepiBHICTh cUCTeMU. JIMCKpUMIHAHT KBAPATHOTO TPUUJIEHA
micas crpoments Mae Burisin D(a) = 4a + 5. Konu D(a) < 0 apyra HEpiBHICTb, a

OTXe 1 cama CUcTemMa, po3B’sI3KiB HE MalOTh. TOMY pO3IJITHEMO /IBa BUIIAIKU.

. 5 . .
1) D(a) = 0, 3Bigku a = — " B niboMy Bunaaxy apyra HEpiBHICTH A€ €TMHUIN

1 . 3
pPO3B’S30K X = a + > a00, SIKIIO MACTaBUTH 3HAYCHHS MapaMeTpa, TO X = — " Sxmio
OTpMMaHl 3HAYEHHsS MapaMeTpa 1 3MIHHOI MIJCTaBUTH B MEpPIIy HEPIBHICTh, TO
.. 3 5 . ,
OTPHMAEMO NPABUIIBHY YHCIOBY HEPIBHICTh —— = — =, OTHKE OTPUMAHUH PO3B’A30K €
PO3B’SI3KOM CHUCTEMU.
: 5 .
2) D(a) >0, 3Bigku a > — - B LbOMY BHIAIKy Ipyra HEPIBHICTb Hae

, . 2a+1—4a+5 2a+1+V4a+5
MHOKHMHY PO3B’SI3KIB X € [Xq; X, ], A€ X1 = ——maxn ="

Jlnst Toro, 1mo6 3HAUTH MHOXHHY PO3B’SI3KIB CUCTEMH, Tpeba BHU3HAYUTH, SK
PO3MICTUTH HA YUCIIOBIM MPSAMIA BUpa3u a Ta Xq 1 X,. O4eBUIHO, 1110 X, > a TpH Oy/b-
SKOMY 3HAU€HHI MapamMeTpa, OCKUIbKM BUpPa3 B YMCEIbHUKY OUIBIIMIA 32 2a, a micis
JJICHHS Ha 2 api0 BUSBISIETHCS OLIBIITNM 32 A.

3anuImIoOCh MOPIBHATH BUPaA3u a Ta X;. Po3riisiHeMO JABa BUMAKHU.

2a+1—V4a+5
2

a) Hexait x; < a, To6TO < a. Ilicns cnpouieHHsT OCTaHHS

HEPIBHICTh TEPETBOPIOEThCST Ha V4a +5 > 1, 3Bigku a > —1. Bci oTpumani
5
3HAYEHHs 3aJ10BOJILHAIOTH MOTIEPE/IHIO YMOBY Ha Mapamerp a > —-, a OTKe TpH

a > —1 maeMo HacTynHe 300paXKeHHS MHOXHH, II0 € pO3’BSI3KaMH HEpIBHOCTEU

CUCTCMHU
l ]
N o ° >
X1 a Xy X
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OTxe, MHOXKMHA PO3B’S3KiB MIEPIIOi CUCTEMH MPHU a > —1 Mae BUI X € [a; x,].

o 2a+1—-V4a+5 o . .
0) Hexaii x; = a, To0TO — > a. llei Bumagok mist OLIBIION

HAOYHOCTI MOkKHa Oyji0 6 po30WMTH Ha JBa BUMAJKH X; > a Ta X; = a. Ane, mo0
3MEHIIATH KUIBKICTh BUMAIKIB, I[LOTO MOXKHAa HE POOWUTH, OCKIIPKA MHOKHHA
PO3B’SI3KIB Yy BHIIAJKy X; = a MOXe OyTH OTpMMaHa 3 MHOXHUHHU DPO3B’SI3KiB

3arajbHOTO BUIAJKY X1 = Q.

2a+1—V4a+5
MHOXWHA 3HAUECHb napamMeTpa, 1o 3aa10BOJIBHAC YMOBY f = a Mae€

5 : : .
BUIIIAAI 4 € (— " —1], a 300pa)KeHHSI MHOKMHHU PO3B’A3KIB HEPIBHOCTEN CUCTEMH Ha

YUCJIOBIN MPsAMii Ma€ HACTYITHUM BUTIISI

I
. . . >
a X1 X2 X
. . 5
OTxe, MHOXKHMHa PO3B’S3KIB MEPIIOI CUCTEMHU TNPU a € (_Z;_l] Ma€ BHU]

X € [x1; x4].
Po3riissHeMo Ipyry cucTemy, sika IMicjs CIPOINEHHS EPETBOPUTHCS Ha

{xx2<—a 1

3HOBY, JIJIsl TOTO, 11100 3HAWTH MHOKHUHY PO3B’S3KIB CUCTEMHU, TpeOa PO3TIIIHYTH
JIBA BUTIA]IKH.

1) a < —1, Toai 300pakeHHsT MHOXMHHU PO3B’sI3KiB HEPIBHOCTEH Ma€ BHIJIST

l >

o
O @

a -1 X

Ha pucynky BUIHO, 1110 MHOXXHUHHU PO3B’S3KIB HEPIBHOCTEH HE MAIOTh CILIBHOT
JaCTHUHH, TOMY CHUCTEMa B I[bOMY BHITQJIKy PO3B’s3KiB HEMAE.

—1, Toni HHSI MHOKUHU B’A3KIB HEPIBHOCTEN Ma€ BUTIIS
2) a > —1, Toni 300paxe 0XK 03B’SI3KIB HEPIBHOCTEH Mae

*—

@
v
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OTtxe, mpu a > —1 apyra cuctema Mae po3B’si30K x € [—1; a). 3ayBaxkumo, 110
Opy TUX CaMUX 3HAYECHHSIX MapaMmeTpa Mepiia CUcTeMa TeX Maja PO3B’s3KH, a
OCKUIBKM MU PO3TJISIIAEMO CYKYIHICTh, TO Y BIANOBiAI Tpeba 00’e€qHaTH OTpUMaHi

MHOJXHHH.

. . 5 )
Bionoesiow: sxmo a € (—00 ;= —), TO PO3B’s3KIB HEMAE,
4

5 3
SKIO @ = ——, TOX = — -,

X € [2a+1—\/4a+5 . 2a+1+\/4a+5]
2 )

5
SIKIIO a € (—Z,—l],TO ; 5

2a+1+vV4a+5
akmo a € (—1; ), To x € [—1;%}.

3axauvi 1uist caMoCTIiTHOI podoTH.

15. JIns1 BCiX 3HAaYEHb apaMeTpa a po3B’si3aTU HEPIBHICTh

151.Vx—2a>3—x
15.2.4/7 —x > 4x + 5a
15.3.V/5x + 8a > x + 3
154.Vx +5a > 2x —a
15.5. V4x + 11 > 5x + 2a
15.6.v9a — 2x > 6 — 7x
15.7.V5x —11>3x + 1
158.4/3x —a > x — 4
159.V6x —2 > 4x +3
15.10.vV/a —8x > 7x — 5
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15.11.V2x + 7a > 2x — 1
15.12.V3x +18 > x + 5
15.13.v4a —3x > 3x + 1
15.14.V12x +a > 5 — 2x
15.15.V7x — 9a > 3x + 4
15.16.V5x — 2 > 3a — x
15.17.v/13x + 5a > 4x — 2
15.18.v/3x + 4 > 3x + 2a
15.19.4/9x — 7a = x — 2
15.20. V14x + 11 > a — 2x



12. TpuroHomeTpu4Hi piBHAHHSA

B nanomy po3mini OymemMo po3risgaTd  HAWMPOCTIIIT TPUTOHOMETPHUYHI
PIBHSIHHS BUY
sinx = f(a) tacosx = f(a)
Ta PIBHSHHS, IO 3BOASTHCS J0 HUX.
['onoBHUM (hakTOM, Ha KU CITiT 3BEpPHYTH yBary B PiBHSHHSX TaKOTO BUIY, €
0OMEKEeHHS
-1<f(a)<1
JUISL TOTO, 1100 BIAMOBIIHI PIBHSHHS Majdu po3B’s30K. JIJIs TUX 3HAYCHB Mapamerpa,
JUTSL SIKKAX BIJMOBIJHA CUCTEMA YMOB HE BUKOHYETHCS, BKa3aH1 PIBHAHHS HE MAaTUMYTh
PO3B’SI3KY.
Jns mpukiaagy po3rNISTHEMO TPUTOHOMETPUYHE PIBHAHHS, IO 3BOAUTHCS
3aMIHOIO 10 KBaJPAaTHOTO PIBHSHHS.
Ipukaan 16. J{ns Bcix 3HaYeHb apaMeTpa a po3B’s3aTU PIBHAHHS
sinx + 2asinx+a+2=0
Po3zé’azanns. 3pobumo 3aminy sinx =t, 3a ymoBu, nmo —1<t<1, i
OTPUMAEMO KBaJIpaTHE PIBHSHHS
t?+2at+a+2=0.

Po3B’s13KaM1 OTPUMAHOTO PiBHSHHS pH @ € (—o0; —1] U [2; ) €

t,=—a++a?—a—2
t_=—a—+a*—a—2
Jl1st 1HITUX 3HaYeHb MapaMeTpa KBapaTHe PIBHAHHS HA Ma€ PO3B’sI3KiB, a OTKeE,
1 TOYATKOBE PIBHSIHHS TEX HE MAa€ PO3B’SA3KIB.
3anuIMIoOCh 3pO3YMITH, Ul SIKMX 3HA4YeHb MapaMerpa KOXKeH 3 PO3B’SI3KiB
OKpeMO 3a/10BOJIbHSIE yMOBY —1 <t < 1.
1) PosrnsHemo 3HadeHHs t,. 3 ypaxyBaHHSM BXE€ OTPUMAHUX OOMEXKECHb Ha
napaMmeTp OTPUMAEMO CHCTEMY, PO3B’SI3KH SIKOi 1 OyJIyTh OCTATOYHOIO MHO>XMHOIO

3HAYEHb MapaMeTpa, P SKUX PIBHAHHS Sin x = t, MaTUMe CEHC.
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a € (—oo; —1] U [2; o) a € (—oo; —1] U [2; )
—a+Va?—a—-2<1 abos Va2—a—-2<1+a
—a+Vat—-—a—-2>-1 vati—a—-2>a-1

Jlpyra HepiBHICTb 3BOJIUTHCA O HACTYITHOT €KBIBAJICHTHOI CUCTEMHU

1+a=0
a’?—a—-22>0
a?—a—2<(1+a)?

PO3B’SI3KOM 5IKOT € MHOKHHA a € {—1} U [2; 00).
Tpets HEPIBHICTH 3BOIUTHCS A0 €KBIBAJIGHTHOI CyKyHOCTI

a—1=>0
{az—a—ZZ(a—l)2
{ a—1<0
a’?—a—-22>0

PO3B’SI3KOM SIKOT € MHOXKHHA @ € (—o0; —1] U [3; 00).
CHiJIbHOF YaCTHHOK OTPUMAHUX MHOXHH € MHOXKHHA a € {—1} U [3; 00), mpu

K1 MAaEMO OCTaTOYHUMN PO3B’SI30K PIBHSHHS Sinx = ¢,
x = (—D)"arcsin(—a +Va? —a—2) + nn,n € L.
Axmo 3amucatu BUMAAOK a = —1 OKpeMo, OTpUMAaeMO DPIBHSHHS Sinx = 1,

. T
PO3B’SI30K SIKOTO 3pYYHO 3alUCATH y BUIISIAL X = St 2nn,n € Z.

2) PosrissHemo 3HaueHHs t_. CucTtemMa yMOB B I[bOMY BHUIIAJKY MAaTHME BUTJIS
a € (—o0; —1] U [2; ) a € (—o0; —1] U [2; o)
—a—vVa?—-a—-2<1 abo{va2—-a—-2=>-a-1

—a—Vat—a—-22=>-1 Va?—a—-2<-a+1

Po3B’s13aHHA Ipyroi Ta TPeThOi HEPIBHOCTI, SIK 1 B MOMNEPEIHbOMY BHUIAIKY,
3BOJIUTHCS JI0 €KBIBAJIGHTHO1 CYKYITHOCTI Ta cucTeMu. PO3B’s13kOM ApyTOi HEPIBHOCTI
Oyme MHOXHMHA a € (—oo0;—1]U [2;00), a TpeThoi — MHOXHHA a € (—oo; —1].
OcCTaTOYHUM pO3B’SI3KOM cHcTeMH Oyae MHOxuHA a € (—oo;—1]. Tlpu mwmx
3HaYEHHSX MapaMeTpa po3B’ 30K BUXIAHOTO PIBHSHHS MaTUME BUTJISL

x=(-1)" arcsin(—a —Va?—a— 2) + n,n € Z.

VY Bumangky a = —1 3HOBY OTpUMAaeMO PIBHSIHHS Sinx = 1, po3B’A30K SIKOTO

B)KE€ BPAXOBAHHM B MEPILIOMY BUIAIKY.

[Toeanytouun pe3yabTaTi 000X BUMAAKIB, OTPUMAEMO OCTATOYHY BIAMOBIIb.
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Bionogiow: sxmo a € (—1; 3), To po3B’sA3KiB HEMAE,
gKmo a = —1, To x =§+ 2nmn,n € Z,

AKmo a € (—oo; —1), T0
x = (-1 arcsin(—a — Va2 —a —2) + nn,n € Z,
AKIIO a € [3; ), To
x = (D" arcsin(—a + M) + nn,n € Z.

3ajadi s caMOCTiHHOI poOoTH.
16. ly11 BCiX 3HAUEHDb MapaMeTpa a po3B’sA3aTH PIBHAHHS
16.1. (a + 2) sin?x + (6a+ 2)sinx —a+3 =0
16.2. cos*x — (7a + 5)sin?x+a+2=0
16.3. cos?x + (1 —a)sinx —4a—6=0
16.4. sinx + sin 3x = 2(a? + 2a) cos x
16.5. sin 2x + V3 cos 2x = 7 — a?
16.6. cos?2x — (3a + 5)cos2x +2a+3 =0
16.7. cos 5x + cos 3x = (2 — a?) cos x
16.8. (a + 3)sin?x+ (a—7)cosx +2a—8=0
16.9. sin? 3x — %sin 3x — ﬁ =0
16.10. cos2x — (5a+9)cosx—a+2=0
16.11. cos 7x — cos 3x = (—a? + 3a + 6) sin 2x
16.12. sin*x + (3a— 1) cos?’x +2a+ 6 =0
16.13. (a — 3) cos? 2x — (5a — 11) sin2x — 5a + 15 =0
16.14. (a + 5) cos?5x + (3a — 9) cos5x —4a+5=0
16.15. 2cos2x + 2(a—1)cosx —5a—8 =10
16.16.sin 6x — sin 2x = (a® + 2a + 6) sin 2x
16.17. (a + 7) cos* 2x — (4a — 8) cos?2x —3a+3 =0
16.18. (6 — 3a) sin?3x — 2(2a— 1)sin3x +3a+4 =10
16.19. cos2x + (3a+7)cosx+4a+7=0

16.20. sin 2x + sin 4x = 2"~ sin 3x
2a+3
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13. Iloka3HUKOBI piBHSIHHA

Byaemo po3risinatv piBHSIHHS BHIY
a*=b,a>0a+*1
Ta PiBHSIHHS, 110 IO HHOTO 3BOJIATHCA.
Y Bunanky b < 0 Take piBHSHHS HE Ma€ pO3B’s3KiB, a mpu b > 0 maemo
po3B’s30k x = log, b.
B sKkocTi mpuKIamy poO3TIASHEMO TOKAa3HWKOBE PIBHSHHS, IO 3BOJUTHCS
3aMiHOIO 3MIHHOI 0 KBaJIpaTHOTO PIBHSIHHSL.
Mpuxnan 17. J{ng BCiX 3HaUEHb TapaMeTpa @ po3B’sA3aTH PIBHIHHS
4*+2(a—1)2*4+a+5=0
Poss’sazannsn. 3podumo 3aminy 2* =t, 3a ymoBu, mo t > 0, i oTpuMaemMo
KBaJIpaTHE PiBHSHHS
t?+2(a—1Dt+a+5=0.
JIMCKpUMIHAHT OTPUMAHOTO PIBHSHHS MICIIS TIepeTBOpeHHs Mae Burisin D (a) =
4(a? —3a—4), Tomy 3a ymoBu 4(a?—3a—4) =0, 3Bigzku a € (—o;—1] U

[4; 0), MaEMO pO3B’SI3KU PiBHSIHHS

t,=1—-a++vVa2—3a—4rtat_=1—a—+Va?—3a—4.
3aIMIIMIOCh BU3HAYUTH, NPU SIKMX 3HAYEHHSX NapaMmeTpa KOXKEH PO3B’sA30K
OKPEMO 33JI0BOJIbHSAE YMOBY t > 0.

1) Jns 3Hauenns t, ymona t > 0 Mae BUIIsAQ

l—-a++Va?—-3a—-4>0a60Vva®?—-3a—4>a-1.

OcTaHHs HEPIBHICTh 3BOJIUTHCS 10 CYKYIHOCTI

{ a—12>20 {aZl

a?—3a—4 > (a—1)> 5 a< -5
a—1<0 ao{ a<1
{a2—3a—420 a € (—o0; —1] U [4; )

[lepmra cuctema HEpiBHOCTEH HE Mae pO3B’A3KIB, JApyra Ja€ MHOXUHY
po3B’si3kiB a € (—oo0; —1], MmO i YTBOPIOIOTH PO3B’S30K CYKYMHOCTI. JJIg Takux

3HAY€Hb MapaMeTpa pIBHSIHHS

2x=1—a+\/a2—3a—4
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Mae po3B’a30k x = log,(1 — a + Va? — 3a — 4).

2) Jlnsa sHauennsa t_ = 1 — a — Va? — 3a — 4 ymoBa t > 0 epeTBOPUTHCS HA

l1-a—+Va?2—-3a—-4>0a60Va2—3a—4<1-a.
P03B’s13y104M OCTaHHIO HEPIBHICTH IEPEUIEMO 10 CHCTEMHU

1—a=0
a’—3a—-4>0
a’—-3a—-4<(1-a)?

sika Ma€ po3B’si3koM MHOxuUHY a € (—5;1]. Omke, s TakuX 3HAYEHBb MapaMeTpa

piBHAHHS Mae po3B 130K x = log,(1 —a — Va2 — 3a — 4).

Bionogiow: sxmo a € (—1; 00 ), To po3B’sI3KIB HEMAE,

akio a € (—oo; —5], 10 x = log,(1 — a + Va2 — 3a — 4),

aximo a € (—5; —1], 7o x = log,(1 — a + Va? — 3a — 4)

Tax = log,(1 —a— Va2 —3a — 4).
3amauvi 1u1st caMoCTIiTHOI podoTH.
17. JIns BCiX 3HaYEHb apaMeTpa a po3B’sI3aTU PIBHSHHS

171.(a+3)9"+4-3*+a+3=0 171152 +2-(5a—3)5*+5a—1=0

17.2.36* + 2a-6*+2a+3 =0 17.12.49* + (a—1)7*+1—-2a =0
173.5% —(3a+1)5 +a+2=0  17.13.4*—3-2*+50—4 =0
17.4.4* +4a-2*+a+5=0 17.14. (a — 2)4* — (4 — 2a)2* +3 =0
175.9* +2(a—1)3* —a+3 =0 17.15.9* = (5—a)3* + 6 —2a = 0
176.7* + (a—3)7*+a+2=0 17.16.a-7** —(a—=7)7*+9 =10
17.7.4*—-8-2*—-8a+8=0 17.17.4* — (2a—2)2*+a+5=0
17.8.25* +2a-5*+a+2=0 17.18. 25 —2a-5* —3a? + 4a = 0
179.36* —2a-6*—63 =0 17.19.36*+a-6*+a*—-1=0
17.10.7%* +3a-7*—4 =0 17.20.9* — (7a+1)3* —-7a+2=0
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14. Tloka3HUKOBI HepiBHOCTI

PosrnssHeMo HaWMpOCTINIT MOKAa3HUKOBI HEPIBHOCTI, IS KOXHOI 3 SKHUX
a>0,a#1
a* < b abo a* = b.
[Ipu po3B’si3aHHI TaKKX HEPIBHOCTEH BUHUKAIOTH JBA BUTIAIKH:
1) sxkmo b > 0, TO PO3B’S30K HAMMPOCTIIIMX HEPIBHOCTEH 3aJICKHUTH BiJ
3HAYEHHS A
a. Akmo a > 1, to HepiBHicTE a* < b mae po3B’s30k x < log, b, a
HEpiBHICTh a* = b mae po3B’s130k x = log, b;
0. sxmo 0 < a < 1, To HepiBHICTL a* < b Mae po3B’s130k x = log, b, a
HEpiBHICTh a* = b mae po3B’s130k x < log, b.
2) sxmo b < 0, To HepiBHICTH a* < b He Mae PO3B’S3KIB, & MHOXHHOIO
PO3B’sIKiB HEpiBHOCTI a* > b € BCi IilicHI ynca.
3aysancenns. Slkmo B HepiBHOCTAX a* < b Ta a* = b 3aMiHUTH 3HAK
HEPIBHOCTI HA CTPOTHIA, TOOTO PO3TIISIHYTH BiIIOBITHO HepiBHOCTI a* < b ta a* > b,
TO y BIJIMOBIJL, /¢ MPUCYTHS HEPIBHICTh, T€XK Tpeda 3aMIHUTH BIJIMOBITHUN 3HAK
HEPIBHOCTI Ha CTPOTHA.
Ipuxnan 18. J[11g BCix 3HaueHb MapaMeTpa a Po3B’sI3aTH HEPIBHICTh
9% —2a3*+2a+32=0
Posé’sizanns. 3podbumo 3aminy 3* =t 3a ymoBu t > 0, TOOTO OTPHMAEMO

CUCTEMY HEpPIBHOCTEH

{ t>0
t?2—2at+2a+3>0

3HaiiieMo croyaTKy KopeHi piBHsHHA t2 — 2at + 2a + 3 = 0. J{uckpuMiHaHT
uporo pisHsAHHA popisHIoe D(a) = 4(a? — 2a — 3). 3a ymosu 4(a’? —2a—3) =0

a60 a € (—oo0; —1] U [3; o), piBHSHHS Ma€ KOPEHi

t,=a+Va2—2a—3tat_. =a—+Va2—2a-3.
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3ayBakuMO, 110 B JAHOMY MPHKJIAIl MpU Oyab SKOMY 3HAuCHHI Mapamerpa
t, = t_, aje sKIIO BHpa3 JJIsl KOPEHIB MICTUTh 3HAYCHHS MapamMeTpa B 3HAMCHHUKY,
TO Tpeba po3risaaTv ABa BUNaaAku t, > t_Tat, < t_.

OTpuMaBIIU KOpEHi, TOBEPHEMOCH JI0 PO3B’sI3aHHS CHCTEMHU HEPIBHOCTEH.

1) V Bunanky, komu a € (—oo; —1) U (3; o), 1o HepiBHOCTI t? — 2at + 2a +

3 = 0 3acTocyeMO METO/]T IHTEpBaIIB
+ +

»
»

t_ t, x

To6To MHOXHHA PO3B’SA3KiB HEPIBHOCTI Mae BUIIIL t € (—oo;t_| U [t,; ).

Jliist Toro, mo0 3HalTH PO3B’ 30K CUCTEMH Tpeda pO3TIISIHYTH TPU BUIIAIKH.

a. t_>0 abo a—Va?—2a—3>0, 3Binku Va2 —2a — 3 < a, 1o

IMPpU3BOOUTH OO HaCTYHHOI CUCTCMHU YMOB IIOA0 ITapaMCTpa

a>0 a>0

a € (—oo; —1) U (3;0) a6o { ¢ € (=% —1) U (3; )
3
a’—2a—3 < a? a>-—-

2
PO3B’SI3KOM SIKOi € MHOXHHA a € (3; ). B oMy BHUIMagKy MHOXKXHUHA
PO3B’SI3KIB CUCTEMU

{ t>0
t?—2at+2a+3=>0

OyJie CIbHOIO YaCTUHOIO MHOXHH Ha HACTYITHOMY PUCYHKY

: >

t, X

S 9

OTxe, po3B’SI3KOM CUCTEMH BIJHOCHO 3MIHHOI t OyJe MHOXHHA t €
(0;t_] U [t,; ), Ky MOXKHA 3alKMCaTH y BUTJSI CYKYITHOCTI JBOX

YMOB

0O<t<t_
t>t,

[ToBepTarouuch 10 3MIHHOI X OTPUMAEMO CYKYITHICTh

0<3*<a-—+a?—-2a-3
3*>a++a2—2a—3
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KoxHa 3 oTpuMaHUX HEPIBHOCTEH € HAWIPOCTIIIOW, TOMY s ii
pO3B’sI3aHHSI MOKHA CKOPUCTAaTHUCS MPAaBWIAMH, HAaBEACHUMHU Ha
noyaTky po3aury. Toai mpu a € (3; ) ocTaTOYHUM POB’sI3KOM Oyjie

MHO>XHHa

X € (—00; logs(a —Va? — 2a — 3)] U [log3(a +

va? — 2a — 3); ).

. t_ <0< t,, 1o NpUBOAUTH IO CUCTEMU HepiBHOCTeﬁ

{a—\/aZ—Za—SSO
a+\/a2—2a—3>0
MHoXrHa po3B’s3KiB MEPIIOT HEPIBHOCTI cucTteMu a € (—oo; —1), a
MHOXMHa PO3B’A3KIB JIpyroi HepiBHOCTI a € (—oo; —1,5) U (3; ),
OT)KE€ MHOXMHA PO3B’A3KiB CUCTEMH MaTUMe BUTIsiA a € (—oo; —1,5).

B npoMy Bumajgky MHOKHHA PO3B’A3KIB CUCTEMHU

{ t>0
t?2—2at+2a+3>0

OyJie CIbHOIO YaCTUHOIO MHOXKHH Ha HACTYITHOMY PUCYHKY

—l —
t

»
\ 4 »

s

0 t, X
OTxe, pO3B’S3KOM CHCTEMH BIJHOCHO 3MIHHOiI t OyJae MHOXHUHA
t € (ty;©), AKy MOXKHA 3amucaTH y BUIJIAAl YMOBH t = t,.

[ToBepTarouuch A0 3MIHHOI X, OTPUMAEMO HEPIBHICTh

3*>a++a2—2a—3
3 SKOT OCTaTOYHAa MHOXXHHa PO3’Bs3KiB mpu a € (—oo; —1,5) mae

BUTJIS

x € [logs(a + Va? — 2a — 3); ).

t, <0, 3BigKu BWIUIMBAaE HeipBHiCTE a + Va2 —2a—3 <0, mo
BUKOHYEThCS JUIA BCix a € [—1,5; —1). B 1ipboMy BUTIaAKy MHOXHHA

PO3B’SI3KIB CUCTEMU

{ t>0

t?—2at+2a+3>0
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OyJe CiIbHOI0 YaCTUHOIO MHOKHH Ha HACTYITHOMY PUCYHKY

I »

»

t t, 0 X

OTxe, pO3B’S3KOM CHUCTEMH BIHOCHO 3MiHHOI t OyJae MHOXHHA
t € (0; ) abo t > 0, ane Bupa3 3* 3aa0BobHIE YMOBY 3* > 0 npu
Oyab-sikoMy 3HaueHH1 3MiHHOI. ToOTo npu a € [—1,5; —1) x — Oyab-

SIKE YUCIIO.
2) V Bunanky, komm a € [—1;3], Oynp-sike 3HaYeHHS t € pPO3B’SI3KOM
HepiBHOCTI t? — 2at + 2a + 3 = 0, ockineku D(a) < 0 Ta rinku napabomnu

HaIpsMJIEH] Bropy. A 0T>Ke, MHOXXHHA PO3B’SI3KIB CUCTEMU

{ t>0
t2—2at+2a+3=>0

3aJI0BOJIbHSE TIIBKK yMOBY t > 0 a6o 3* > 0, mo BipHO IS OyAb-IKOTO

3HaueHHs 3MiHHOT X. ToOTo mpu a € [—1; 3] x — Oynb-saKe 9nco.

Bionogiow: sixmo a € (—oo; —1,5), T0 x € [log3(a ++Va?2 —2a - 3); )
akmo a € [—1,5; 3], To x — Oynb-saKe 9nco,

AKmo a € (3; 0),To

x € (—oo;logz(a — Va? — 2a — 3)| U [logz(a + Va2 — 2a — 3); «).

3amauvi 1u1st caMoCTiitHOI podoTH.

18. JIns1 BCix 3HAYEHBb TapaMeTpa a po3B’si3aTH HEPIBHICTh
18.1.4*+2(2a+1)2*+a+2=>0

18.2. 3a+4)9* —2a-3*+8a+9<0

18.3.25* —4a-5*+a+5<0

18.4.(0,01)* = (a+8)(0,1)*+a+16=>0
185.8:-49* —8a-7*+a+3<0

18.6.2a - (0,04)* + B3a—1)(0,2)* +2a =0

18.7.2* +2a(v2) +a+22>0
18.8.9*"1 — (2a+8)3* +a+2>0
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18.9.(0,5a + 1)36* + 3a +5)6* —a+1 = 0
X X
18.10. 3a (g) —6 (g) +5a+2<0

18.11. (a+3)9* —4-3*4+a+3=0
18.12. 100* — (7a + 1)10* = 5a+4 =0
18.13. (0,49)* + 2a(0,7)*+1 >0
18.14.3:9* —6a-3*—4a—-1=>0
18.15.5%* —8:5* —8a +8 < 0
18.16.9* — (2a—2)3*+a+5>0
18.17. a-9* +4a3* +5a+1<0

18.18. 25% + (a — 4)5% + % <0

18.19. (4a — 5) (g)x +12 @x —a-520

18.20. 6% + (a —3)6* +a + 2 < 0.
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15. JlorapudmivHni piBHAHHS

Haiinpocrime jorapudmiube piBHSIHHS Ma€ BUTIISI
log,x =b,a>0,a # 1.
[Ipu Oynb-siIkOMy 3Ha4€HH1 b PO3B’SI3KOM ITLOTO PIBHSIHHS € 3HAUCHHS
x = al.
PosrnssnemMo norapudMiyHe piBHSIHHS, IO 3BOAMTHCA 3aMIHOIO 3MIHHOI /10
KBaJIPATHOTO PIBHSHHS.

Mpuxnag 19. /{ns Bcix 3HaUeHb NapaMeTpa a po3B’sA3aTy PIBHIHHS

alogix + 2alog,x+2=0

Po36’sa3anns. 3pobumo 3aminy 3MiHHOT log, x = t Ta OTpUMaeMo pPiBHSHHS
at?+ 2at +2 = 0.

VY Bunaaky a = 0 1e piBHSHHA HE € KBaJpaTHUM, TOMY pPO3IVIIHEMO Lel
BUIAJOK oOKpeMo. IliacTaBuBIIM BiANOBIAHE 3HAYEHHS B PIBHSAHHS, OTPUMAEMO
YHUCJIOBY PiBHICTH 2 = (), 10 HE € MPAaBUIIBHOIO, OTXKE B IIbOMY BHUIAJIKy PIBHSIHHS HE
Mae po3B’S3KIB.

Sxmo a # 0, To pIBHAHHSA € KBaAPAaTHUM 1 HOTO JTUCKPUMIHAHT Ma€ BHTJIS
D(a) = 4a® — 8a = 4a(a — 2).

KBagpatHe piBHSIHHSA Mae po3B’si3kM y Bunaaky, koiu D(a) > 0 a6o
D(a) = 0.

Sxmo D(a) > 0, To oTpuMaeMo HEPiBHICTh BIAHOCHO MapameTpa

4a(a—2) >0,
MHOXMHA PO3B’SI3KIB SIKOi 3a METOJOM I1HTepBaliB a € (—o0;0) U (2;00). s

OTPMMAHUX 3HAaY€Hb MapaMeTpa KOPEHi KBaAPATHOTO PIBHAHHS MAOTh BUTJIS

. —a ++Va? - 2a
B a

t_—a—\/aZ—Za
a

OCKUTbKM MM HE MajM >KOJHMX OOMEXeHb IIOJAO0 3HAa4eHb MapaMerpa, TO

MOBEPTAIOYKCH 10 3MIHHOI X, OTPUMAEMO CYKYITHICTb
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—a+va?-2a _a+JaZ—2a

log, x = " . =2 -
, 3BIIKHU
__ —a-Va?-2a —a—Ja?-2a
logz X =—— X = 2 a

a

Sxmio D(a) = 0 i npu oMy a # 0, TO OTpUMAEMO 3HAYCHHS IMapaMeTpa a =
2, sIKe MOYHa T1JICTABUTH B BUX1AHE PIBHSAHHSA. TO/1 KBaJApaTHE PIBHIHHS Ma€ € TUHUN

KOpiHb t = —1, 3BiAKH OTpMaeMo Jjorapudmiune piBHsAHHA log, x = —1, mo mae

41
po3B 30k x = 271 = =

Bionosion: akmo a € [0; 2), To po3B’s3KiB HEMaAE,
—a+va2-2a -a—Va2-2a

ko a € (—oo; 0) U (2;00),T0 x = 2 a Tax =2 a ,

1
HKIHOQ=2,TOX=E.

3ajaui 1y caMOCTiHHOL poOOTH.

19. l511 Bcix 3HAYEHD MapaMeTpa a po3B’sI3aTH PIBHIHHS
19.1.log,(x + a) + log,(x —5a) =3 19.11. 2alogZx + 9alogex —5 =10
19.2. 5alog§,; x —8alogy,x —85=0 19.12. alogl; x +alogy; x —12 =10

19.3.3alg” x +8alg x—3=0 19.13.1g(x —a) —lg(x + 2a) =0
19.4. alogi x — 2alog, x — 63 =0 19.14. alogi x + 3alog,x —4 =0
19.5. logs x + logs(x —a) = 1 19.16.9alogZz x — 28alog sx +3 =0

19.6. 3alogs x — 2alogzx —3 =0 19.16. 3alog3 x —alog,x —2 =0
19.7. logZ x —logg x = 0 19.17. 2alogé x + 9aloggx — 5 =0
19.8. alogi x — 361108%95 —40=0 19.18. alog x + 5alogsx —6 =0
) 19.19. logZ x — 8log, x +7 =0

19.9. alogix —alogix*—21=0
’ 19.20. log,(x + 5a) + log,(x —4a) =5

19.10. log,(x + 14) + log,(x +a) = 6
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16. Jlorapudmiuni HepiBHOCTI

Posrnmsaemo HampocTini JjiorapudMidHi HEPIBHOCTI, I KOXHOI 3 SKUX
a>0,a+1:
log,x < btalog,x = b.
[Ipu po3B’si3aHHI TaKKX HEPIBHOCTEH BUHUKAIOTH JBA BUTIAIKH:
1) sxmo a > 1, o
a. HepiBHicTb log, x < b 3BomuThes 10 0 < x < a?;
6. HepiBHicTB log, x > b 3BomUTHCA 10 X = ab.
2) axmo 0 < a < 1, 1o
a. HepiBHicTb log, x < b 3BoaMTHCA 10 X = a’;
6. HepiBHicTb log, x = b 3BoauThCs 10 0 < x < a?.
3ayeancenns. Sxio B HepiBHOCTIX log, x < b abo log, x = b 3aMiHUTH 3HAK
HEPIBHOCTI HAa CTPOTUH, TOOTO PO3TISHYTH BIAMOBIIHO HepiBHOCTI log, x < b Ta
log,x > b, TO y HEpIBHOCTAX, SKI 3 HHMX BHIUIMBAIOTh TEX Tpeda 3aMIHUTU
BIINOBITHUIM 3HAK HEPIBHOCTI HA CTPOTHUM.
IMpukaaa 20. J{ns Bcix 3HaY€Hb MapaMeTpa a Po3B’s13aTH HEPIBHICTD
2logZx +3log,x—2<0
Po3z6’azanns. 3ayBaxkumo, mo npu a < 0 ta a = 1 Bupas log, x He BU3HAUCHMUIA,
a OT)K€ B IbOMY BUNIAJKy HEPIBHICTh HE MA€E PO3B’SI3KiB.
Y Bumnanky a > 0,a # 1 3pobumo 3aminy log, x = t, i oTpuMaeMo KBaJpaTHY
HEPIBHICTH
2t +3t—-2<0.

: : : 1
KopeHsAMH BiJIOBiIHOrO KBagpaTHOIO piBHAHHA 2t2 +3t—2=0¢ct = 5 Ta

t = —2, ToMy, KOPUCTYIOUHUCh METOJIOM IHTEpBaJiB, 3a JOMOMOTOI HACTYITHOTO

pUCYHKA

v
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. . . : : 1
3HAMIEMO MHOXXHHY PO3B’S3KIB KBaJpaTHOI HEPIBHOCTI t € [_Z;E]’ AKy MOXHa

3alucaTtn 'y BI/IFJ'IHI[i CUCTCMHU YMOB

t <

N =

t=>-2
[ToBepratounuch 10 3MIHHOI X, OTPUMAaEMO CHCTEMY HaWIPOCTIIINX

JorapupMIYHUX HEPIBHOCTEH

- 1
log, x < 3
log,x = -2
[Ipn po3B’s3aHHI OTPUMAHOI CHUCTEMH Tpeba pO3TJISHYTH JBa BHUIIAIKH,
OCKLUJIbKH OCHOBA JIorapr(MiB 3aJI€KUTh BiJl 3HAUCHHS IMapaMeTpa.
1) a > 1, Toni orpumana jorapupMidyHa CHUCTEMa 3BOJUTHCS IO HACTYITHOI

CHUCTCMH

1
0<x£aza60

x =a? X2

. 1
PO3B’A3KOM SIKOT € MHOYKHHA X € [;; \/E]

2) 0 < a < 1, Toni orprMana jjorapupMigyHa CHCTEMA 3BOJIUTHLCS 10 HACTYITHOT

CHUCTEMU
1
E x =+a
X 24z ,60 !
0<x<a? X=—

. 1
PO3B’A3KOM SIKOT € MHOYKHHA X € [\/E; ;].

Bionoegiow: siximo a € (—o0; 0] U {1}, T0 po3B’s3KiB HEMAE,
sxmo a € (0;1), Tox € [\/E; é],

axmo a € (1; ), To x € [%,\/E]

3amauvi 1u1st caMocCTiitHOI podoTH.
20. JIns BCix 3HaUEHD MapameTpa a po3B’si3aTH HEPIBHICTH
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20.1.2logZx + 5log,x +2 =0
20.2.log2x + 6log,x +5<0
20.3. logZ x — 4log,x+3 =0
20.4.log2x — 2log,x <0
20.5.logZz x + 2log,x —3 =0
20.6.log2 x —log,x —3 <0
20.7.9log2 x — 10log,x + 1> 0
20.8.logi(x — 1) > 4

20.9.logZ x —3log,x —4 <0
20.10. logZ x — 2log,x —8 < 0

20.11.
20.12.
20.13.
20.14.
20.15.
20.16.
20.17.
20.18.
20.109.
20.20.
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2logZx +3logy,x—2=0
7log2 x —8log,x+1 <0
3logZx —10log,x +3 >0
log2 x + log, x < 2

logZ2(2x — 1) > 9

log2x —log,x —6<0

2logZzx —log,x—3=0
logZz(x — 1)+ 6 > 5log,(x — 1)
log2(2—x)=>1
2logZx+9log,x—5<0



17. I'padiunnii MmeTo

Cepen 3amau 3 mapameTpamMy MOKHA BHJAUIMTA Oarato BHMAJKIB, B SIKUX
TOJIOBHUM KPOKOM PO3B’si3aHHS € moOymoBa rpadikiB (GyHKIIH, M0 YTBOPIOIOTHCS 3
BUpPAa3iB, Kl BXOAATH J0 33JIaHOTO PIBHSHHS, HEPIBHOCTI a00 CHCTEMHU.

Ax mpukiaan po3rITHEMO PIBHAHHS. Bynb-ske piBHSHHS MOXKHA TOJATH Y
BUTJISAIL

fx) =g(x) 9)

Tonai moxkHa po3risiHyTH AB1 GyHKIIT Yy = f(x) Ta y = g(x), 1 po3B’sA3aHHA
PIBHSIHHS B 1IbOMY BHITQJIKy MOYXHA 3BECTH JO MOIIYKY CIUIBHMX TOYOK TpadikiB
PO3TIISTHYTHUX (PYHKIIIH, aOCIMCH KX 1 OyAyTh po3B’ss3kaMu piBHIHHS (1).

3ayBakMMoO, IO B 3ajJadax 3 mapamerpamu QyHkiii y = f(x) ta y = g(x)
MOXYTb MICTUTH B CBOEMY BHpa3i MapaMeTp, ajie mapaMeTp He BBAKAETHCS 3MIHHOIO,
B1JI SIKO1 3aJIe’KUTh 3HAUeHHA (PyHKIii. HatomicTs OyiemMo BBaxaTH, 10 MOBa i€ PO
ciMelicTBO (yHKIIM, $KE TMpU KOXHOMY KOHKPETHOMY 3HA4Y€HHI MapaMmerpa
MEPETBOPIOETHCS HA (YHKIIO Bif 3MIHHOT Xx. 3Ba)kaloud Ha Iie, Mpu MoOYyHOBI
300paxkeHHsI (PIKCYEThCA ACKUIbKA KITIOUOBUX 3HAYEHB MapaMeTpa 1 Il KOXKHOTO 3 HUX
OynyroThCs rpadiku BIAMOBIAHUX (QYHKIIIH.

MoxHa BUIITUTH JABI YMOBHU, BUKOHAHHS SIKMX € MIJACTaBOIO ISl HANOUIBII
e(eKTUBHOTO 3aCTOCYBaHHS TpadiuHOTO METOMY:

1) MoxauBicTh MoOym0BH TpadikiB GyHKIIIH, 110 BXOAATH 10 piBHSHHS (1)
3a JOTIOMOTOI0 TEpPeTBOpPeHb rpadikiB eJeMeHTapHuX (QYHKIIH a0o NIUIIXoM
PO3KPUTTS MOIYJIIB.

2) TlutanHs 3agadi  CTOCYEThCS 3HAuUCHb [apamerpa, TMpH  SKHX
BCTAHOBJIIOETHCSI TEBHA KIJIBKICTh PO3B’S3KIB 0€3 HEOOXIAHOCTI HABOJUTH CaMi
PO3B’S3KH, 5K 3HAUTH 32 JOTIOMOTOI0 rpadikiB, B OUIBIIOCTI BUMTAIKIB, HEMOKITUBO.

BpaxoByroun Apyry yMOBY, CTa€ 3pO3yMUIMM, IO KJIIOYOBI 3HAYCHHS
napaMmeTpa, AJs SKMX Ma€ CEHC BHUKOHYBaTH NoOynoBy rpadikiB, 3a0e3MedyroTh
MOTPiOHY 32 YMOBOIO KUIBKICTH PO3B’S3KIB, a00 TeEpexiJ BiJl CUTyaIlli 3 OJHIEIO

KUTBKICTIO PO3B’SI3KiB JI0 1HIIIO.
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Ipuxnax 17.1. 3’scyBaTu, CKUIBKA KOPEHIB Ma€ PIBHSHHS B 3aJI€KHOCTI B1J

3Ha4YeHb MapameTpa a
||x + 1| — 2| =a

Po36’si3anns. PosrnsHemo GyHKIT y = ||x + 1| — 2| Ta y = a. Po3B’s13aHHs
3a/1a41 3BOJIUTHCS 710 10Oy 10BH Tpadika nepinoi ¢yHKIT Ta oro komoOiHaIli 3 yciMa
MOKJIMBUMH (B 3aJICKHOCTI BiJl 3HAYCHB TTapamMeTpa a) MOJIoKEHHAMH rpadika y = a
3 METOIO0 BCTAHOBJICHHSI KIJIBKOCTI CIIJIBHUX TOYOK.

[ToGynoBa rpadika QyHKIi y = ||x + 1| — 2| IPYHTYETHCS HAa TIEPETBOPCHHI
rpadika eremMeHTapHOi (YHKINI (JOKIAAHO MPO MEPETBOPEHHS TrpadikiB (yHKIIN
JMBUCH B JIOJATKY) Ta CKIAJAETHCS 3 HACTYITHUX €TalTiB.

1) ITo6ynoBa rpadika y = |x|.

2) Tob6ymoBa rpadika y = |[x + 1| 3a 10MOMOror 3CyBy Ha OJHHHUIIO BJIIBO

B310BX oci Ox.

77



3) IToOynoBa rpadika y = |x + 1| — 2 3a 10mMOMOror0 3cyBy Ha JBi OJMHHUII
BHM3 B3710BX oci 0.

AY

N1t
_\1}/1 ”

4) TIloGymoBa rpadika y = ||x + 1| - 2| IUISIXOM ~ CUMETPUYHOTO

B1J100paKE€HHA BITHOCHO 0C1 0X TUX TOYOK MOMEPETHBOT0 rpadika, sikl MaiH BiJl'EMHY

OpIUHATY.

['padikom ¢yHKIIi y = a € npsMa, napaiensHa oci Ox, 10 MepeTuHae BiCh

Oy B Toutti (0; a). 300pa3suMo KITFOYOBI MOJ0XKEHHS IbOTO Tpadika BiTHOCHO Tpadika

a=2 2
\/\-1 /
a=0 VA >
3 -10] 1 X
L2

byHKIIT y = ||x + 1| -2 |, 3a SIKUX BIJOYBA€ThCS 3MIHA B KUIBKOCTI CHUIBHUX TOYOK.

AHaJI3yI041 BC1 MOKJIMBI TTOJIOKEHHS TIPSAMOT Y = @, OTPUMAEMO BiJIITOBIIb.

Bionosios: sikio a < 0 To HeMae KOpEHiB,
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sk a = 0 Taa > 2,, To MaEMO JIBa KOpEHi,
akio 0 < a < 2, TO MaEMO YOTHUPH KOPEHI,
SKIIO @ = 2, TO MAEMO TPH KOPEHI.
Ipukaaa 17.2. BkazaTu 3HaueHHS MapaMerpa a, NMpU SKUX PIBHSHHS Mae
€MHUN PO3B’SI30K
ST = -x=a
Po3zs’si3annsa. s Toro, mo0 po30UTH JTIIBY Ta MPaBy YaCTUHY PIBHSIHHS Ha JBI

GbyHKIIT, TpadiKu AKX 3pYYHO OYIyBaTH, MEPEMHUIIIEMO PIBHSIHHS Y BUTIISII

S - =x+a
Tenep posrnsiHeMo GyHKIIT Y = 4/ 2|x| —x? Tay = x + a.
Jns mobynoBu rpadika mnepmioi ¢QyHKIIlT mepeigeMo A0 €KBIBaJIECHTHOT
CUCTEMU

{ y=0 { y=0
y? x?2=2lx|+y?=0

y=0
50 | - 7 47 = 1
I[J'Iﬂ HO6YI[OBI/I MHOXHHH TOYOK, IO BHU3HAYACTHCA OTPHUMAHOIO CHCTCMOIO,
MOYHEMO 3 TI0OYI0BH KOJIa, 1[0 33a€ThCS PIBHSIHHAM
(x—1)2+y*=1

ta Mae 1ieHTp B Tout (1; 0) i pagiyc 1.

Jns Toro, mo0 MepeTBOPUTH MOOYAOBaHY MHOKHHY TOYOK Ha Taky, IO
3a/10BOJIbHSIE PIBHSHHS

(x| —D*+y* =1,
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3aCTOCYEMO MEPETBOPEHHSI MOJYJIb IO 3MIHHOI X, 1110 KPIM OTPUMAHUX TOYOK JACTh

TOYKH CUMETPHUYHI BITHOCHO oci OX (HOKJIaaHO PO MO0y A0BY Ipadika 3 BIAMOBITHUM

\Y
N1 2

XV

MEPETBOPEHHSAM JIUBUCH Y JOJIATKY).

OcraTouHo, micis BpaxyBaHHsS ymMoBH Yy = 0, oTpumaemo rpadik MHepiioi

AY

3100 1 2 X

GyHKITI.

['padixom ¢yHKLii Yy = X + a € npsaMa 3 PiKCOBaHUM KYTOBUM KOE(ILIEHTOM
k = 1, sxa neperunae Bicb Oy B TouIli 3 koopauHatamu (0; a).

300pa3uMo KJIFOUOBI TMOJIOKEHHS LI€i MPsAMOI, 32 SIKUX BIJOYBAa€TbCsS 3MIHA

KUTBKOCTI CIUIBHUX TOYOK TpadiKiB.

&EeS &

Jnst TAX mpsAMEX, SKI TPOXOIATh dYepe3 To4dky oci Ox 3 BIAOMHMH
KOOpAWHATAaMHM, JIETKO BU3HAYWTU 3HAYEHHS IMapaMeTpiB, 110 iM BiAMoBigaloTh. Lle
MOXHa 3pOOMTH a0 IMMiJICTaBUBIIM KOOPJAMHATH TOYKH B PIBHSHHS TpsMOi abo

BPaxOBYIOUH 3CYB MPSAMOi Y = X Ha —a OJUHUIIH B3I0BXK OcCi OX.
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Tak, nanpuknan, depe3 Touky (2;0) mpoxoauTh mpsMa, SKid BiAMOBITaE
3HaUEHHA a = —2, gKe MOHa oTpuMaTtu 3 yMoBu 0 = 2 + a abo BpaxoBYyIOYH, IO
moTpiOeH 3CyB MpsIMOi Y = X Ha JBI OJWHMUIN BIpaBo B3MOBXK oci Ox. s permtu
OpsAMUX, IO MPOXOJATh 4Yepe3 BiJOMI TOYKM, BIAMOBIJHI 3HAYCHHS IMapameTpa
3HAXOJIATHCS AHAJIOTIYHO 1 BKa3aH1 Ha PUCYHKY.

3aMIIUIOCh 3’ACYBAaTH 3HAUEHHS TMapaMeTpiB, 110 Ha PUCYHKY IMO3HAYeH1
yepe3 aq Ta d,, B SAKUX BIJOYBA€ThbCS AOTUK MpsSIMOi Yy = X + a 110 MOOYyJOBaHUX
niBku1. [Ipy mpoMy MOXHa 3acTOCyBaTH JIBa MITXOAM: Yepe3 KyTOBHM Koe]ilieHT
JOTUYHOI (3arajJbHUN METOJ, IO MIAXOAUTH Mg OYyIb-aKoi (YHKIII, 10 gKOi
JTOTUKAETHCS TIPsIMA, PIBHSHHS SIKOI MU IIYKaeMo) a0o0 MiAXiJA 3 BUKOPUCTAHHSIM
r€OMETPUYHUX MIPKYBaHb, 30KpEMa, BIACTUBOCTI Pajilyca KoJia, MPOBEJEHOTO B TOUKY
JOTHKY.

JInst 3HaXOKEHHS @4 3acTocyemo nepinuit miaxia. [lo-nepiie, 3ayBaxkumo, 110
Ta yacTuHa rpadika ¢yHKIi, B sAKiil Bi1OyBaeThCA JOTUK 3 MPSMOI0 Y = X + A, Mae
TITBKYM JIOJIaTHI 3HAYEHHS aOCIMC, TOMY JJII HUX 3aMiHUMO |X| Ha X 1 OTpUMAEMO
byHK1I1IO

y =V2x —x2 (10)

Tenep Hama MeTa 3HAUTH KOOPJAWHATU TOUYKHU JOTHKY II€T (PYHKIIIT 3 TPSIMOIO
y = x + a4, 10 Ma€ KyToBu# koediiieHt k = 1, Tomy 1715t TOUkH T0THKY (Xq; V(X0))

CIIPABIKYETHCS PIBHICTD

y'(xy) = 1 abo X1
/Zxo—xg

Po3B’spkeMO OCcTaHHE PIBHSHHSA (JIOKJIQHO PO PO3B’SI3aHHS 1ppariiOHATBHIX
piBHSIHBb TUBHUCH o3l 10). CkoprcTaEMOCh MPOMOPIIIEI0, BPAaXOBYIOUH, 110 B TOYIII
TOTUKY Xo # 0 Ta Xy # 2 (BUIHO 3 PUCYHKA).

V2x9—x¢=1—-x,
[Tepexoaumo 10 €KBIBAJICHTHOI CHCTEMH.
{ 1-x,=0 { X < 1 xo =1
2xg — x5 =1 —2xg + x5 (2x§ —4x+1 =0 |x, = ==
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P03B’s130K cuCTEMH X = # mu mijgcraBumMo B f(x) = g(x) (9)(10)

HJI1 OTPUMAHHA OPpANHATH TOYKU JOTUKY

B

1
y(xp) = Z—ﬁ—Z(Z ) =

) . (2=V2 2
To6TO0 1OTHK B11I0YBAETHCS B TOUIII T - ) , TOMy npsiMa y = X + a4 4epes
. . . V2 242
HEl MPOXOJIUTH, OTXKE, MAa€E MICLE PIBHICTh - =5 + a;, 3BIIKH 1 3HAXOIUTHCS

HEeoOXi/IHe 3HaUYeHHs mapameTpa a; = V2 — 1.

Jns 3HAXOKEHHS TMapaMeTpa d, MOXHA CKOPUCTAaTUCh THUMHU XK

MIpKyBaHHSMH, aje 3aCTOCOBaHHUMH 10 OGyHKIT Yy = V—2x —x2. Yurauesi
MIPOTIOHYETHCS 3pOOUTH 11€ CAMOCTIMHO y BUIJISIAI BIpaBU. MU % BUKOPUCTAEMO IS
[[OT'O TEOMETPUYHUI MIAX1], KU MOKHA 3aCTOCOBYBATH B CUTYallli, KOJU Tpadikom
¢GyHKLIi, 10 AKOi BIAOYBAa€ThCcsl AOTUK, € YaCTUHA KoJia. BiATBOpUMO TIIBKH Ty

YaCTHUHY IIOIICPCAHBOTO PUCYHKA, IIPO JAKY ,uani 6}’,[[6 MOBa.

&

[TozHauumo uepe3 A 1EHTp MiBKOIa, 4epe3 B — TOUYKy mepeTuHy MnpsaMoi
y = x + a, 3 Biccto Ox, yepe3 TouKy C — TOUKY JIOTHKY.

3a BHIACTHBICTIO pajiyca, IO MPOBEACHUNH B TOUKY NOTUKY ZACB = 90°.
Ockinbku nipsiMa y = x + a, Mae KytoBuid koediient k = 1, o tg £LABC = 1, oTxe,

£ABC = 45°. Takox AC = 1 sk paaiyc niBkoia. Tomy, 3 TpukytHuka ABC maemo

. AC .
sinZABC = 5 JBUIKHA AB = \/E, 10 J1a€ 3MOTY BCTAHOBUTH KOOPAWHATH TOYKH

B(V/2 + 1;0), a pa3om 3 i i 3HaueHHS MapaMeTpa d, = V2 + 1, OCKinbKK 3HAUCHHS

A, BCTaHOBIIIOE BEJIMUMHY 3CYBY BJIIBO MPSIMOi Y = X.
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[ToeqHaBImM BCi OTPUMaHI KJIFOUOBI 3HAYCHHSI MMapaMeTpa, MOKHA o0OpaTH Ty
MHOKHUHY 3Ha4€Hb, KOJIM PIBHSIHHS Ma€ €IMHUN PO3B’SI30K.

Bionosion: a € [—2;0) U (\/7 —-1; 2) U {\/7 + 1}.

3ayeaccenns. OcoOJMMBICTb 3aCTOCYBaHHsS rpadiyHOrO METONy MpHU
PO3B’sI3aHHS CUCTEM PIBHSAHD 3 MTapaMEeTPaMU MOJISTa€e B TOMY, 1110 JiHi1, CIIIbHI TOUYKH
AKX Tpeba MIyKaTH JJIi OTPUMAaHHS PO3B’SI3KIiB CHUCTEMH, BHU3HAYAIOTHCS OKPEMO
KOKHUM PIBHSHHSAM, IPUYOMY II€ MOXYTh OyTH sK rpadikud (QyHKIINA Tak 1 1HII
MHOXMHHU TOYOK Ha TUTONTUHI (HAPUKIIaI, KOJO).

Ipukaaa 17.3. Bkazaru 3HaueHHs napaMmeTpa a, MpH SIKUX CUCTEMa PiBHSHb

Ma€ €IMHUNA PO3B’A30K

{(x—2)2+(y—1)2=4
y=a-—|x—2|

Po3é’sa3anns. JInsa nanoi 3aga4ui MO>kKHA 3aCTOCYBATH JiBa CIIOCOOU PO3B’ sI3aHHS:
3a J0MOMOror rpadiyHoro Ta aHAIITUYHOTO MeToiB. I'padiunuit Metron Oynae
PO3MIAHYTO Jlaji, a aHaJITUYHUI BapiaHT pO3B’A3aHHS i€l 3aJayl HABEACHO B
pUKIaAl 10 po3aury 18.

[ToOynyemMO MHOXXHMHY TOYOK, LIO 3a/1a€ThCA MEpIIUM piBHAHHAM. Lle koo,

IEHTP SIKOTO 3HAXOJUTHCS B TOUIIl 3 KoopauHatamu (2; 1), a paniyc JOpiBHIOE 2.
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Jns noOynoBW JiiHII, [0 BU3HAYAETHCA APYTUM PIBHAHHSAM, HOTPIOHO

BUKOHATH TlepeTBOpeHHs rpadika QyHKIi y = |x|, sskuit Mae HaCTyTHUN BUTJIA/I.

AY

b 4

Hns otpumanHs rpadika QyHKmi y = |x — 2| moTpiOHO BHUKOHATH 3CYB

rpadika ¢pyHkiii y = |x| B370BxkK oci Ox Ha 2 OJUHMIII BITPABO.

N

AY

[lepeTBOpeHHS, TMOB’s3aHE 3 CUMETPIEI BITHOCHO oci Ox, mpusBene A0

noOymoBu rpadika GyHkmii y = —|x — 2|.
AY
T1
IR
2
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OcTtaHHe iepeTBOpeHHs Oye 3a0e3neuyBaTu 3CyB OTPUMAHOTO rpadika Bropy
a6o BHHU3 B370BXK oci Oy. BpaxoByrouu, mo oOHWJIBI OTpUMaHi JIiHIT MalmTh BICh
CUMETpIi X = 2, 7Sl TOTO, 100 BOHU MaJli €JUHY CIHUIbHY TOUKY, BOHA MAa€ MICTHUTHUCH
caMe Ha oci cumeTpii. ToOTo Ha rpadiky ocTaHHBOI (PYHKIIIT TOYKA 3 KOOpPAMHATAMU
(2; 0) 3a paxyHOK 3CyBYy Bropy a00 BHHU3 Ha |a| OJUHHIIL Ma€ MOTPANUTH HA KOJIO.

OnHa 3 TakuX CUTyaIliil mpu3Bene A0 MOSBH TPHOX CIHIJIBHUX TOYOK JUIS JIHIM, IO

300paKyIOTh PIBHSHHSA CUCTEMHU, TOMY BOHA HaM HE MOTpiOHA. 3aIMIIAETHCS €IMHUAN
BUITQJIOK B3aEMHOTO PO3TalllyBaHHs JIiHIHM, KOJIM BOHU MAaTUMYTh OJHY CIIJIbHY TOYKY,

AKWAW ocsATaeTbes npu a = —1.

Bionosion: a = —1.

3amauvi 1u1st caMoCTiitHOI podoTH.

17. BukopucToByIOuU rpadiuHuil METO pO3B’S3aTH 3a1a4y

Cki7pKH KOPEHIB Ma€ PIBHAHHS B 3aJIC)KHOCTI B1Jl 3HAUYEHb MapameTpa a

171 H2GErax-12) o o 17.4.sinx —sin?x —a? =1
x+6
172. x5 —5x*+5x3 +1=a 17.5. |\/|x|+ ‘2|=“

17.3. |x2 —4|x|+ 3| =a

CK1UIbKM KOPEHIB Ma€ CUCTEMa PIBHAHD B 3aJIEKHOCTI BiJl 3HAUEHb MapameTpa a

N2 L2 — _42) — 2
176 {(x Za) -|2_y 1 178 {loga(az xz) loga(a y)
x“+y =4 x“+yc=2x+4y
(x—4)>>+(y—-3)?*=9 {(a+5)x—2y=3—a
17.9.
17-7-{ X2 +y? = a2 d x+(2+a)y=3
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17.10.{|x_8|+|y| =1
(x+a)>+y?2=4
BxazaTu 3Ha4YeHHs MapaMeTpa a, IpH SIKUX PIBHSIHHS Ma€ €IMHUM PO3B’ 30K
17.11. /1 =3|x| = x +a 1713, |x+ 3| =ax—1
1710, Fo2xra® _ o 17.14.1 — x = Va? — x2

x+a

17.15. |§ - 1| = ax + 3

Bka3aTu 3HaYEHHS apaMeTpa d, IPH SKUX CUCTEMA PIBHAHb Ma€ €MHHI PO3B’I30K
(xl=4)?+ (@ -3)?=9
(x—a)’+y?=1
x+3)+@y—-4)*=a
x2+y2=1
x+y=a
x?+ |yl =4

17.16. {
17.17.

17.18. {

x2+(y—a) =9

17.19.{ 2+ 3y = 5

x?+vy2+6y=-8

17.20.
x2+y2—-2x—6y=0a*-10
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18. Bukopucranus cumMeTpii npu po3B’si3aHHi 327124 3 MapaMeTpaMu

B nanomy po3miiai MoBa Iijie Mpo 3ajadi, yMOBa SKMX 3aJI0BOJIbHSE JBOM
HACTYITHUM BHMOTaM.
1) TlurtaHHs 33a7a4i CTOCYEThCS 3HAXOKECHHS 3HAYCHD HapaMeTpa, MPH SKUX
3aJjaHe PIBHAHHA a00 CUCTEMA MAIOTh €JUHHI PO3’BI3OK.
2) ®yHKIil, sIKi YTBOPIOIOTH 3aJ]aHe PIBHSAHHS a00 CHUCTEMY, MAlOTh TICBHY
BJIACTUBICTH CUMETPIi.
[lepeniunMo AeKiIbKa OCHOBHUX BHIAJKIB, B SIKUX 3 SIBISETHCA CUMETPIs
(hyHKITI.
J{ns piBHSHHS
fx)=0
I1J] CHMETPIEI0 MAETHCS HA yBa3l MapHICcTh GyHKIIT y = f(x) , TOOTO AJist Oy1b-IKOTO

3HAQ4YEHHS 3MIHHOI X 3 00JI1aCT1 BUBHAYCHHSI BUKOHYETHCS YMOBA

f(=x) = f(x)
Jlns cuctemu
fl (X, .V) =0
Facen = o O

B SIKOCTI CUMETp1i 3HOBY MOKHA PO3TJIAIaTH MMaPHICTh 3a OJIHI€I0 400 000Ma 3MIHHUMH.
ToOto nnst Oyap-SKUX 3HAUYCHb 3MIHHUX X Ta Y 3 00JacTl BU3SHAYCHHS NIl QyHKIIIN
y = fi(x,y) Tay = f,(x,y) BUKOHY€ETbCS OJHMH 3 HACTYITHUX HAOOPIB YMOB:

1) fi(=xy) = fi(x,y) 1a fr(=x,¥) = f2(x,¥)

2) ilx,=y) = fi(x,y) 1a fo(x, =y) = fa(x, ¥)

3) fil=x,—y) = fi(x,¥) 1a fo,(—x,—y) = fo(x,y)

Ane nns cuctemu (91), KpiM BKa3aHUX YMOB, CUMETPIsi MOKE YTBOPIOBATHCS
TaKOX 3a JIOTIOMOTOI0 HabOpy YMOB

filoy) = iy, x) ta f,(x,y) = f2(y, %)

Bci nepeniveni BUIlle yMOBH, TTOB’13aH1 3 CHMETPI€I0, OEIHYE OJIUH CIIUTbHUMI

(akT: QyHKII1, 110 YTBOPIOIOTH 3a/1aHe PIBHSIHHS a00 cucTeMy, Ha0yBalOTh OJTHAKOBHX

3HaUYE€Hb HA pI3HUX (CMMETPUYHMX) HAOOpax apryMeHTiB. SIKIIO TNOe€nHATH Len
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BHCHOBOK 3 BUMOI'OI0 MaTd €IMHHUM PO3B’SI30K, CTAE 3pO3YMLIUM, IO BiAMOBIIHUN
pPO3B’s30K Mae OyTH CUMETPUUYHUI caMm 110 ceOe, 1HaKIIe 3a7a4a MaTUMe MpUHAKMHI
7Ba (CUMETPHUYH1) pO3B’A3KH.
Jlani HaBeZieMO anropUTM PO3B’sI3aHHS 3aa4 3 BAKOPUCTAHHSIM CUMETPIi:
1) 3po3ymiTH, B YoMy TOJISITa€ CUMETPist (QYHKIH, MO 3a/1al0Th KOHKPETHY
3a/1ady, Ta 3HAUTH €JIEMEHT, KU € CHMETPUYHUM caMm JI0 cele.
2) IlincTaBuTH 3HaAW[ACHHWI B MyHKTI 1) €JIEMEHT B YMOBY 3aJadi Ta 3HAWTH
3HA4YCHHSI MapaMeTpa, 3a SIKUX BiH € PO3B’SI3KOM 3ajaui.
3) IlizcraBuTH MO Yep3i 3HAMHICHI B MYHKTI 2) 3HAYCHHS IMapaMeTpa B YMOBY
Ta TEPEeBIPUTH, YU CHPaBll B LIbOMY BHUMNAJAKYy 3ajJadya MaTUME €JIUHHMA
PO3B’SA30K.
3ayBaXUMO, 110 OCTAaHHIM IYHKT HE MOXHAa OMHHYTH, OCKUIbKH pPa3oM 3
CUMETPUYHHUM JI0 ceOe pO3B’S3KOM 3a/1aya JT0JAaTKOBO MOKE MaTH Ie JACKUIbKa map
CUMETPUYHHX PO3B’S3KiB, TOMY BiJIMOBIHE 3HAUYCHHS MTapaMeTpa He 3a10BOJIbHATHME
YMOBY Ha €JUHHI pO3B’SA30K 3a]1a4i.
Ipukaaa 18.1. 3HaiiTh 3HaYeHHS TapamMeTpa a, 3a IKUX PIBHIHHS
x*+(a+1)x*+a*+4a—-5=0
MAa€ €IUHUN PO3B’A30K.
Po36’azanns. Posrngnemo (yHKIIIIO, 1110 BU3HAYAE JIIBY YaCTUHY PIBHSHHS
fx)=x*+(a+1)x*+a*+4a—->5
[ dyHKIIisA € MapHOIO, TOMY, SKIIO ICHYE Take 3HaYCHHS X, 0 f(xy) = 0,
TO OJIHOYACHO BUKOHYETHCS 1 PiBHICTD f(—X() = 0, T00TO (—X) TAKOXK € pO3B’I3KOM
piBHsHHS. {151 TOrO, 11100 PIBHAHHS MaJl0 €JUHUN PO3B’SI30K, HEOOX1JHO BUKOHAHHS
YMOBH Xy = —Xg, TOOTO Xy = 0. TakuM YMHOM 3HaNICHO 3HAYCHHSI apTyMEHTY, SIKE €
CUMETPUYHUM camo JI0 ceOe. [limcTaBumMo Moro y BUXiJHE PIBHSHHS 1 OTPUMAEMO
HACTyITHY YMOBY Ha MapameTp
a’*+4a—-5=0
3Bigku a = 1 abo a = —5.
3amumuIoCh TEPEeBIpUTH, YW HACMIpaBAl MPH OTPUMAHMX 3HAUYCHHSX

napaMmeTpa po3B’si30k x = 0 Oyje eTuHUM.
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[Ipu a = 1 piBHAHHSA NEPETBOPUTHCS HA
x*+2x2=0
x?(x*+2)=0

Ockinbkn x2 + 2 # 0 Ipu *KOIHOMY JAifiCHOMY 3HAYEHHI 3MiHHOT, TO €IHHUM
pO3B’s13k0M Hacrtpai Oyae x = 0.

[Ipu a = —5 piBHAHHS EPETBOPUTHCS HA
x*—4x2=0
x*(x*—4)=0

Maemo Tpu po3B’si3ku x = 0, x = 2, x = —2, 0TXe, 3HAYeHHI a = —5 He

3a/I0BOJIbHSIE YMOBI 3aj1aul.

Bionosios: a = 1.

Hactynuuit mpukiaa Bxe OyJio po3B’si3aHO B po3auii 17 3a J0MOMOroro

rpadiunoro Mmeroxy. HaBenemo 1e ouH croci® Horo po3B’si3aHHs, BUKOPUCTOBYIOUH
BJIACTUBICTH CUMETPIi.

IMpukaan 18.2. 3HaiiTh 3HaUYECHHA NTapaMeTpa a, 3a AKUX CUCTEMa PIBHAHb MA€
€MHUI PO3B’ 30K

{(95—2)2+(y—1)2 =4
y=a-—|x—2|
Po3zg’sizanna.  CxopuctaeMochb METOJOM MiACTAaHOBKH, 3BUIBHUBIIUCH B

MIEepIIOMY PiBHSIHHI BiJl 3MiHHOT Y. OTpUMaEMO PiBHSHHS
(x=2)+(a—|x—-2|-1)?=4
[Ticnst 3amMiHM 3MIHHUX X — 2 = t OCTaHHE PIBHSIHHS NIEPETBOPUTHCS HA
t?4+(a—1—-|tP*—-4=0
(110)

®yukuis f(t) = t? + (a — 1 — |t])? — 4 € napHOIO, OTKE, CAUHUI PO3B’A30K
PIBHSHHS MaTHUM€ B TOMY BHUNAAKy, kKonu t = 0. SIKmio migcTaBUTH BiAMOBIIHE

3HavyeHHs t = 0 B piBHsHHA (110), TO BOHO NEPETBOPUTHCS HA HACTYIIHE PiBHSIHHS
BIJTHOCHO 3MIHHOI @

(a—1)* =4,
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3BIAKK a = 3 aboa = —1.
st KOXKHOTO 3 OTpUMAaHMX 3HadyeHb mnapamerpa t = (0 Oyae po3B’sI3KOM
piBasHHA (110). 3anummiock nepeBipyuTH, 91 Oye TaKHA PO3B’ 130K €THHUM.
[Tpu a = 3 piBusauns (110) nepeTBopuThes Ha
t2+ 2 —[th* =4
[t]? + 4 — 4|t] + [t]* = 4
21¢1(1¢1 = 2) = 0
t=0 [x—2=0 [x=2
[t=2 [x—2:2 [x:4
t=—-2Ilx—-2=-2Ilx=0
OTpumanu Tpu 3HAYCHHS 3MIHHOI X, OTXKE, 1 TPU PO3B’SA3KU CHCTEMH, IO
BIJINOBIJIalOTh 3HAYEHHIO @ = 3, TOMY BOHO HE 33JI0BOJIbHSIE YMOBY 3ajayi.
[Tpu a = —1 piBHsanHs (110) nepeTBOpUTHCS HA
t2+(-2—|t])* =4
t2+4+4|t| +t>=4
2|t|(Jt] +2) =0
Ockinbku |t| # —2, To t = 0 Oyne equauM po3B’siskoMm piBHsHHEs (110), a
OT)KE€ 1 3aJjaHa CUCTeMa MaTHUME €JIMHUNA pPO3B’s30K. Tomy 3HaueHHS a = —1
3a/I0BOJIbHSIE YMOBY 3aj1ayl.
Bionogiob: a = —1.
IMpukaan 18.3. 3xaiiTi 3HaYEHHS TapaMeTpa a, MPHU IKUX CUCTEMa PI1BHSHD

Ma€ €IUHUNA PO3B’A30K

{x3+y3=4a2
xX+y=2a
(111)

Posé’sizanns. Posrnsnemo ¢ynkuii fi(x,y) = x3+v3 1a fL,(x,y) = x +y.

Toni 3amana cuctema nmepeTBOPUTHCS Ha

{fl(x'y) = 4(12
fZ(x'y) = 2a

3ayBaXkMMO, IO JUIsl yTBOPEHUX (PYHKI[IH MalOTh MiCIle HACTYITHI BIACTUBOCTI

90



fay) = iy, x) 1a fo(x,y) = (v, %)

Tomy, sxio HaOip (Xg, Vo) € pO3B’I3KOM CUCTEMHU, TO 1 HaOip (Vy, Xo) TAKOXK €
pO3B’sI3KOM 11i€i cuctemu. Jist Toro, mob po3s’s30k OyB €MHUM, BiH TOBUHEH MaTU
BUTIA (X, X(), TOOTO MOBUHHA BUKOHYBATHCh YMOBa X = .

KopucTyrounch 0CTaHHBOO PIBHICTIO, 3aMiHUMO y cuctemi (111) 3miHHY Y Ha
3MIHHY X 1 pO3B’SKEMO OTPUMaHy CUCTEMY BIJIHOCHO Q.

{Zx3 = 4q? {a3 = 2a? {az(a -2)=0
2x = 2a xX=a xX=a

Otxe, a =0 abo a = 2 3a/J0BOJBHAIOTh CUCTEMI y Bumanky x = y. [lpu
IHIIMX 3HAYCHHSX MapaMeTpa CUCTEMa HE MOXKE€ MaTH €IMHOTO PO3B’S3KY.

3anuImmIoch MEPEeBIPUTH, CKIIBKM PO3B’S3KIB  MaTHUME CHUCTeMa IS

OTPpUMAaHHUX 3HAYCHDb IIapaMcTpa.

[Tpu a = 0 cuctema (111) mepeTBOPUTHCS Ha

{x3+y3=0{—y3+y3=0
x+y=0 X ==y

[lepuie piBHSIHHS CHUCTEMH € TOTOXHICTIO, OTXE, CHCTeMa Mae Oe3miy
po3B’si3kiB. Tomy a = 0 He 3a710BOJIbHSIE YMOBI 3a1a4i.
[Tpu a = 2 cuctema (111) mepeTBOPUTHCS Ha

{x3+y3=16
x+y=4

Jlns cipoleHHs TEpIIoro PiBHSAHHS CHCTEMH CKOPHUCTAEMOCH (POpMyIIoro
CyMH KyOiB

{(x+y)(x2—xy+x2) = 16{4(x2—xy+y2) =16
x+y=4 y=4—x

[TincTaBUMO BUpa3 3aMICTh 3MIHHOI y B MEpILE PIBHSIHHS 1 MICIs CHPOLICHHS
OTPUMAEMO CUCTEMY

{x2—4x+4=0{(x—2)2=0{x=2
y=4-—x y=4—x y=2

OTtxe, (2;2) — equHMUI PO3B’SI30K CUCTEMH, TOMY 3HAYEHHS TTapameTpa a = 2
3a/I0BOJIbHSIE YMOBI.

Bionosion: a = 2.
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3ajadi s caMOCTIiHHOL podoTH.

18. 3naiiTu 3HaUEHHS MapaMeTpa a, 3a AKUX PIBHSAHHS a00 cucTeMa pPiBHSHb
Ma€e €TUHUN PO3B’ 30K
181. x*—2(a—1Dx*+2a+1=0
18.2. (a — 2)x* — 2ax*+2a—-3 =0
183. (a+3)x*—2(Ba—4)x>*+a*—-7a—-18=0
18.4. 3ax* + 2(Ba—2)x*+a®*—10a+9 =0

xt+y2=4

a(x*+2)=|x|+y—2
186.x*+2a(x*+ 1) +a+4=0

x2+y?=12—a
y=lx|+a

18.5. {

18.7. {

18.8. 2x% + asinx*—a? =0

2 1=
18.9.{ax +2a 12 y — |x|
x“+y =1
2 = v — 3l
18.10. {3" taa=y-—3
x“+y =9

18.11. 2x* — (3a+3)cosx+a+1=0
18.12. (a—4)cos?x — (2a+3)x*+a—-4=0

18.13. ax* + 1 = a?\/1 — |x]|

x%y + xy? = 2a®

18.14. { ,
Xy =a

18.15. a?x* + |x| +x2 =a—1

x| + |yl =a

18.16. {xz ) =1
— 3

18.17. {x+y_ 2

Xy =a

2.3 _ _ 2.2
18.18. {x{ = da

x°y* = 3a
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18.19. {

18.20. {

x+1|+y=a
(x+1)2+(y—2)?%=4
x* + 4y* = 542
x2—xy+y*=7a
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19. Cuctemu JiHIHUX PiBHAHB 3 MapaMeTPaMHu

Cucrema NiHIHHUX PIBHSHD 3 TApaMeTpaMu Ma€ BUTIISL

{alx +by=0¢
a,x + b,y =c,

e aq,0,, by, by, cq, o — KOSDIIEHTH CHUCTEMHU, SKI € 3aJaHUMH YHCIaMH abo
BHpa3aMH, IO 3aJIeKaTh Bij mapaMeTpa.

Hac Oyae mikaBUTHM NUTaHHS IIOJO KIUTBKOCTI PO3B’S3KIB TaKOi CHUCTEMH.
BiamoBinp Ha e MUTaHHS OJHO3HAYHO BHU3HAYAETHCS HACTYITHUMH YMOBaMH IIOO

KOE(IIIEHTIB CUCTEMH.

a b o
1) SAxmio a—l F b—l, TO CUCTEMA MA€ €IMHUI PO3B’A30K.
2 2

a b a c .
2) Slkmo — = =, aje — # —, TO CHCTEMA HE Ma€ PO3B A3KiB.
a; b a; ¢

a b c . .
3) Sxmuio a—l = b—l = =, T0 cucTeMa Mae 0e3J1id PO3B’A3KiB.
2 2 C2

B niHiliHMX cucTeMax 3 mapamMeTpoM BIIMOBIIHI YMOBU NEPETBOPIOIOTHCS HA
BUMOTH, SIKHM, TIpH TI€BHMX 3HAUYCHHSAX TIapaMeTpa, TOBUHHI 3aJ0BOJILHITH
Koe(IIieHTH 1711 OTpUMaHHSI HEOOX1/THOI KIIBKOCT1 PO3B’SI3KIB.

Mpukaaxg 19.1. 3HalTH KUIBKICTh PO3B’SI3KIB CUCTEMH B 3aJI€KHOCTI BIJ
3HAYCHb MapameTpa a

3ax + (a® + 14)y = 24
{ 2x+(a+1)y=a
Pozé’azanns. Jlnsg Toro, mobO cucrema Maia €IMHUN PO3B’SI30K, Mae

BUKOHYBAaTHCh HACTYITHA yMOBa
3a a*+ 14
2 * a+1
SKIIO CKOPUCTATUCh MPOTOPIIELO, B SIKIM 3HAK PIBHOCTI 3aMIHUTH Ha 3HAK HE
JTOPIBHIOE 1 CIIPOCTHTH, OTPUMAEMO
a’+3a—28+0

3BIIKK a # —7 Ta a # 4, ToOTO cucTeMa MaTUME €JIWHHUA PO3B’S30K MPH BCIX

3HAYEHHSX NapameTpa, KpiMm a = —7 ta a = 4.
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I[JISI TOro, IHO6 CHUCTEMA HC MaJjia pO3B,H3KiB, MarOTb BUKOHYBATHCH HaCTyrIHi

YMOBH
3a a’+ 14
2 a+1
3a L 24
2 a
[lepia ymoBa BUKOHY€EThCS MpU @ = —7 abo npu a = 4. [lpyra ymoBa micis
CIPOLIEHHs TEPETBOPIOEThCA Ha a’ # 16, ToMy TimbkH a = —7 € PO3B’A3KOM
CUCTEMH.

Hapemri, cucrema O6ye Matu 0e31114 po3B’s3KiB, SIKIIO BUKOHAIOTHCS HACTYITHI

YMOBH
3a_a2+14
2 a+1
3a_24
2 a

JaHa cuctema Mae po3B 30K a = 4.
Bionogiob: ipu a € (—o0; —=7) U (—=7;4) U (4; +o0) cucrema Mae €IWHHAHA
PO3B’S30K;
npu a = —7 cucTeMa He Ma€ PO3B’A3KIB;

npu a = 4 cuctema Mae 0e3i4 po3B’A3KIB.

3amauvi 1u1st caMoCTiitHOI podoTH.
19. 3HaifTh KITBKICTh PO3B’S3KIB CHUCTEMU B 3aJIEKHOCTI BiJ 3HAYCHD
napamerpa a
(a—2)x+6y =15
3x + (2a—4)y =15
2x+(a—4)y =16
(4 —a)x —50y =80
(2a—3)x—ay=3a—2
193'{ 5= 2a+3)y=5

19.1. {

19.2. {

(a—2)x+ 27y =4,5

19 2x+ (a+ 1)y =-1

4
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2 _ =
19'5.{2x+(9a 2)y =3a
x+y=1
(a—3)x+4y=5-3a
19'6'{ 2x+ (2 —-a)y =4
197{ ax+ (a—1)y =3a
Ba+2)x+@Ba—1)y=a+5
3x+y=a
19'8'{2ax—2y=at+5
2 _ _ 3
19.9.{ax+(a 2)y a;l—6
ax—(a—1)y=a
(a+3)x+(4a—-3)y=3
19'10'{3x+(a+1)y=10—a
19.11.{(Za+1)x+(a—2)y=a
2a—-3)x+(@a+1)y=4a
7x+ay =2a—2
19.12. {(a +3)x+ (2a—1)y=3a—-15
19.13.{(a—?>)x+15y=9
ax+(1—-—a)y=—a
19.14.{(a+4)x+(a—3)yg=7a+6
2ax—y =a
(a—Dx+y=2a-3
19.15. { (@a—3)x+ay=—7
2 _ =
19.16.{2x+(2a 122a+8)y 3
3x —2y =3a“+8a+ 12
6x + 2y = 5a
19'17'{(5c1—3)x+ay=2
ax + 2y = a?
19.18.{
2x+(a+1Dy=a*+1
(a—3)x—4y=3a-5
19'19'{ ax+ (a—2)y=3
_ — 942
19.20.{(3a+13)x 14y = 2a“ +5a+ 7
S5x—7y =2
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20. IIpuxnaau 3aaa4 i3 Bapiantis 3HO

3apaua 1 (2007 pik). Po3B’sKiTh HEPIBHICTh
(x? — 2vax+1)(2* +1ga) < 0
Po36’azanns. Bpaxosytoun O/[3 Ha mapamerp, oapasy 3ayBaKUMO, IO MpU
a < 0 HepiBHICTb HE Ma€ po3B’s3KiB. ToMy mami po3rIsIaTUMEMO TIIBKU 3HAYCHHS
a>0.

3agaHa HEPIBHICTh MOXKE OYTH MPABUIIHLHOIO B OJTHOMY 3 JIBOX BHUIIAJIKiB

{xZ—Z\/Ex+1<Oa6 {xz—Z\/Ex+1>0
2*+1ga >0 2 +1ga <0

PosrnsitHemo nepimii BUNIAI0K.

{xZ—Z\/Hx+1<0
2*+1ga >0

[lepmia HepiBHICTP € KBaJApaTHOWO (JIOKJIaJHE pO3B’SA3aHHA KBaJpPAaTHUX
HEPIBHOCTEHN PO3IIISIHYTO B po3auii 6). Jlis 1i po3B’si3aHHS 3HAAEMO JUCKPUMIHAHT
BIJINOBIJIHOTO KBaJAPAaTHOTO PiBHSAHHS: D = 4a — 4.

BpaxoByroun, 1o Koe]illieHT mpu X2 He 3aleKHTh Bij HapameTpa i €
JOJIaTHIM, JUIsl TOTO, 00 Il HEPIBHICTh Maja po3B’sI3KH, Ma€ BUKOHYBATHCh YMOBa
D >0, 3Bigku a > 1. Tomy st 3nHadenp napamerpa 0 < a < 1 mepiia HEPIBHICTh
CUCTEMH, a OTXE 1 camMa CUCTEMa, HE MaTUMYTh PO3B’sA3KiB. ToMy nani B IbOMY
BUIAJKY Oy/leMO po3riisiaaTH TUIbKY 3HaYeHHS napameTpa a > 1.

B npomy BuIaaKy KOpeHi BiJIIIOBITHOTO PIBHSAHHS MaTUMYTh BUTJISIT

2va+2va-—-1
x1,2= v_ 2 ='\/aiva_1

A MHOXHWHA pO3B’SI3KiB NEPILIOT HEPIBHOCTI MATUME BUTJISA]L
(Va—-va-1;vVa+Va—-1)

[lepetinemo 10 po3B’si3aHHS IPYroi HEPIBHOCTI CUCTEMHU.

2* > —lga
BpaxoBytoun otpumMane paHiimie ooMexeHHs a > 1, orpumaemo, mo Iga > 0,
a omke, —lga < 0. Toxi HepiBHICTh 2* > —lga € nmpaBUIBHOIO TpU OYAb-IKOMY

3HAYEHHI1 3MIHHOT X.
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JloknaaHo npo po3B’s3aHHS MOKA3HUKOBUX HEPIBHOCTEM MOKHA MOAUBUTHUCH
B po3aiii 14.

OTxe, OCTATOYHUM PO3B’SI3KOM CHUCTEMH B MEPIIOMY BUIMAIKy npu a > 1 €
mHOXkMHA X € (Wa—+va—1;4V/a++Va—1), npu iHmHEX 3HAUEHHSX Mapamerpa
PO3B’S3KIB HEMAE.

PosrisiHEMO pyruil BUIIAIOK.

{xZ—Z\/Ex+1>O
2*+1ga <0

[Tounemo 3 Apyroi HEPIBHOCTI, TOMY IO MPH ACSIKUX 3HAYCHHSAX TapaMeTpa
BOHA, a OT)KE 1 BCS CHCTEMa, HE MATUMYTh PO3B’SI3KiB.
2 +1ga <0
2* < —lga
OcTaHHs HEPIBHICTP MaTHME PO3B’S30K 3a yMOBH —lga > 0 abo Iga < 0,
3BiJIKM BUHUKa€e yMoBa Ha mapameTp 0 < a < 1, 3a Ik01 HepiBHICTh MaTHUME PO3B’S30K.
CaM po3B’sI30K MAaTUME BUTJIST
x <log,(—lga)

a00, TS 3aCTOCYBaHHS BIIACTUBOCTI Jiorapudma mepeTBOPUTHCS Ha
1
x <log,(lg—
a
oo nepioi HEPIBHOCTI CUCTEMH, TO y MEPLIOMY BUIAAKY OYyJIO 3’ICOBAHO,
o npu 3HaueHHsX napameTpa 0 < a < 1 JUCKpUMIHAHT BiAMOBIAHOTO PIBHSHHS

Oyzlie BiZ’€MHMM, a OCKIIBKM Koe(ilieHT mpu X2 Oilblle HyJsA, TO PO3B SA3KOM

HEpIBHOCTI OyJle MHOYKHMHA BCIX 3HAUYE€Hb 3MIHHOI.
1
OTxe, pO3B’SI3KOM CUCTEMH B APYTrOMY BHUIAJKY Oyae x € (—oo ;log, (lg ;) )

npu 0 < a < 1, a npu 1HIIKUX 3HAYEHHS ITapaMeTpa Po3B’A3KU BIJICYTHI.
y

Bionosiov: npu a < 01 a = 1 po3B’s3KiB HEMAE;
mpuld<a<lxe (—00; log, (lgé) );
mpua > 1x € (Wa—+va—1;+/a++va-1).
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['omoBHOW 1/1€€F0  PO3MNISIHYTOI 3adadi  OyJo TMEepPeTBOPEHHS BUXITHOT
HEPIBHOCTI Ha CYKYITHICTh JBOX CHCTEM. AHAJIOT1YHA 171e BUKOPHUCTOBYETHCS TPU
po3B’s3aHHI 3a1a4i, mo Oyra mpucyTtHs B 2018 porri.

3amaya 2 (2019 pik, goapaTkoBa cecisi). BuzHaute BCl pO3B’SA3KH CHCTEMU

3aJIe)KHO B1J] 3HAUEHb MapaMmeTpa a

3x+6
<0

X
loga(x —a + 2)? = 2loga(a — 1)
2 2

Po36’azannsa. Po3B’SKEMO CIIOYATKy OKPEMO TMeplly HEpIBHICTh CHUCTEMHU,
BUKOPHCTOBYIOUM METOJ] IHTEpBaiiB. JIOKIagHO TIPO BUKOPUCTAHHSI METOLIY
IHTEepBaJIIB MO>KHA JTI3HATHUCH 3 BIATIOBITHOTO JOJATKY.

Hyni uncenbHuka Ta 3HaMeHHUKAa X = —2 Ta X = 0 BiANOBIHO, HAHECEMO iX Ha
YHCJIOBY MPSAMY, MPHU MEPEXO/Il Yepe3 KOKHE TaKe 3HAUCHHS BIOYIEThCS YepryBaHHS
3HaKy JpoOy. 3HaK Ha KpalHbOMY MPABOMY MPOMIKKY Oyje IUIIOC, sIK KOMOIHAIs
3HAKIB KOE(]IIIEHTIB MpHU 3MIHHIA X B YHCEIBbHUKY Ta 3HAMEHHUKY. CxemaTuH4He

300pakeHHsI 3MIHU 3HAKIB BIIOOPaKEHO HA HACTYITHOMY PUCYHKY.

v

U

-2 0

OTxe, pO3B’A30K MEPIIOi HEPIBHOCTI MaTUMe BUTIISIN X € [—2; 0).
st npyroi HEpiBHOCTI Bpaxye€MO CIOYaTKy BCl HasgBHI OOMEXEHHS I0/I0

icHyBaHHs Bupa3siB (3Harigemo O/13).

250
z a>1
>F1 10610 a+ 2
a—1>0 x—a+2+#0
\t—a+2%0

3a BIACTUBICTIO JOrapu(pMiB BKa3aHy HEPIBHICTb MOYKHA IEPETBOPUTHU Ha

loga(x —a + 2)? >=loga(a — 1)?
2 2

Jlami tpeba Oyne po3risaaTv J1Ba BUMAAKH, SKI OJHO3HAYHO BH3HAYAIOTh

MOHOTOHHICTb JIOTapu(MIuHOT QYHKIIIT.
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1) Sxuro %> 1, To6TO0 a > 2, To norapudmiuHa (PyHKIIIS 3pOCTAaE 1 MOKHA

NEPEXOIUTH B JTorapuMI4HOT HEPIBHOCTI 10 HEPIBHOCTI KBAAPATHO.
(x—a+2)?=>(a—1)>
B oTpumaHiii HEpIBHOCTI 3py4YHO 3aCTOCYBaTH PO3KJIAJIaHHS HAa MHOXKHHKH,
BUKOPHUCTOBYIOUH (DOPMYITY PI3HHII KBaIpaTiB
(x—a+2)2—-(a-1%=0
x—-a+2—-a+1)(x—a+2+a—-1)=0
(x—2a+3)x+1)=0
Jami ckopuctaemoch MeTooM iHTepBaiB. Hymsamu no0yTky OyayTh x = —1
Ta x = 2a — 3. BpaxoBywuu, 100 y [JaHOMY BHHOAAKY PO3TIAJIAEMO 3HAYEHHSA
rnmapamerpa a > 2, Uil TAKAX 3Ha4€Hb NapaMeTpa MaeMo 2a — 3 > 1, oTKe MOXKEMO
OJIHO3HAYHO pO3TallyBaTH HYyJl Ha YHUCIOBIM mpsMmiid. B koxHOMY 3 HuX Oyne
B1I0yBaTUCh 3MiHA 3HAKy JI00YTKYy, 3HaK Ha KpailHhOMY IpPaBOMYy MPOMIKKY Oyje

nomatHiM. CxemMaTu4IHe 300pakeHHS HAaBOJAUTHCS JaJi.

-1 2a -3

s Toro mo0 BpaxyBatu O/I3, Tpeba po3ramryBaTH Ha YUCIOBIN MpsMii
3HaueHHs X = a — 2. e 3HOBy MOkHa OJHO3HAYHO 3pOOUTH, BpPaXOBYIOUH YMOBY, 1110
a > 2, OCKUIbKH Toal 2a —3 >a—2 taa—2 > —1. OTxe, 3HaUCHHI X = a — 2
MOTPANUTh HA TPOMIXKOK, /1€ (PYHKIIIS B11’€MHA, TAKUM YMHOM oOMexeHHs B O/13 Oyxe
BUKOHAHO aBTOMATHUYHO.

Otxe, po3B’ 30K Ipyrol HepiBHOCTI Mae BUTIISIA X € (—oo; —1] U [2a — 3; )
npu a > 2.

3anuInIoCh 3HAUTH CHUIbHY YacTHHY JUIS MHOXXHHHM PO3B’S3KIB MEpUIOl Ta
Ipyroi HepiBHOCTI. BpaxoBytoum, 110 npu a > 2 npaBuwibHuM € 2a — 3 > 0, cniibHa
YacTUHA OTPUMAHUX MHOKUH BU3HAYA€THCS OJJHO3HAUHO 1 MAa€ HACTYITHUNA BUTIISI X €

[—2;—1] mpu a > 2.
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2) Hexait tenep 0 < % < 1, toxi, BpaxoByroun OJI3 Ha mapameTp MaeMo

3aranbHe oOMexxeHHd 1 < a < 2. B npboMy BUIIAIKy IPH IEPEX0/Ii B JJorapupMigHOT
HEPIBHOCTI JI0 KBaJPaTHOI MOTPIOHO 3MIHUTHU 3HAK
(x—a+2)?<(a—1)>
BianoBigHo micis mepeTBOpEeHbh MAaTUMEMO
(x—2a+3)x+1)<0

3HOBY HyJIsIMH J0O0yTKy Oyayth x =—1, x =2a—3, Ta 3HOBy IiX
pO3TalllyBaHHS Ha YHCJIOBIM TpsMi € OJHO3HAYHUM, OCKIIBKM 3 yMOBH a > 1
BUIUIMBAE, 10 2a — 3 > —1, oTxKe 1 po3TailyBaHHs Ha HYJIIB HAa YUCJIOBIM MpsMii 1
YyepryBaHHs 3HAKIB 301raloThCsl 3 MOMEPEIHIM BUIAIKOM. AJie, BPaXOBYIOUH 3MIHY
3HAKy HEPIBHOCTI, MHOKHHA PO3B’A3KIB KBaJpPaTHOI HEPIBHOCTI MaTUME HACTYIHUU
BUnn X € [—1;2a — 3].

3ammmmnoch BpaxyBatu OJ13. 3HaueHHss X = a — 2 Tpeba MOPIBHATH 31
3HAYUCHHSIMH X = —1 Tax = 2a — 3. 3ayMoBu, mo a > 1, maemo 2a —3 >a—2Ta
a— 2> —1. Omxe, 3Ha4CHHI X = @ — 2 Tpeba BUKIIOUUTU 3 MHOKHUHHU PO3B’SI3KIB
KBaJpaTHOI HEPIBHOCTI, 100 OTPUMATH MHOXXHHY PO3B’SI3KIB JPYroi HEPIBHOCTI
cuctemu. OTxe, po3B’s30K pyroi HepiBHOCTI npu 1 < a < 2 Ma€ HACTyITHUMN BUTIISI
x€[-1,a—2)VU (a—2;2a—3].

JInst momryKy CHUIbHOT YaCTMHU JJIE MHOXKHMH PO3B’S3KIB MEpLIOi Ta APYroi
cucremu [—2;0) ta [—1;a —2) U (a — 2;2a — 3] mpu 1 < a < 2 3ayBaKuUMO, IO 3
yMoBH 1 < a < 2 BurumBae, mo —1 < a — 2 < 0, ane ans nopiBHsiHHS 2a — 3 3 0

JOBCACTHCA PO3ITLAAATH IIC ABA BUIIAAKH.

1<a<?
2a—3=>20

Matume BUTISIA X € [—1;a — 2) U (a — 2; 0).

1<a<?2
2a—3<(0O

Matume BUTIsA x € [—1;a — 2) U (a — 2;2a — 3].

Sxo 100TO0 1,5 < a < 2, TO MHOXHWHA PO3B’SI3KIB CHUCTEMHU
) 9 p

ko { 10010 1 < a < 1,5, TO MHOXHWHA PO3B’S3KIB CHCTEMHU

Bionogiov: pu a < 1 po3B’s13KiB HEMAE;
nmpul <a<1l5x€[-1,a—2)VU (a—2;2a-3];
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npu 1,5<a<2x€[-1;a—2)U (a—2;0);
npua > 2 x € [—2;—-1].

3agauya 3 (2012 pik, 2 cecist). [Ipu sxomy HaliMEHIIIOMY 3HAUEHHS A PIBHSIHHS

\/x—Z+2\/x—3+(14—2a)4\/x—3+32=6a

Mae xo4da 0 OJIMH KOPiHb?

Po3z6’a3anns. BUKOHaeEMO HacTyIIHE TEPETBOPEHHS

\/x—2+2\/x— =\/(x—3)+2\/x—3+1:\/(\/x—3+1)2=|\/x—3+1|

BpaxoByrouu, 110 B OTpUMAHOMY BHpa3l MOAYJIb 3HAXOAUTHCS BiJ JTOAATHOI

BEJIMYUHH, HOTO MOYKHA BUITYCTUTH, TOJI1, 3 YpaxyBaHHSIM 3p00OJICHOTO IMEPETBOPECHHS,
3aJlaHe PIBHSHHS MIEPETBOPUTHCS Ha
Vx—34+1+(14—-2a)Vx—3+32=6a

BukoHnaemo 3aMiHy 3MIHHHUX Vx =3 = t, ne t =0, Tomi Vx—=3=t%i

PIBHSIHHS BiTHOCHO 3MIHHO1 ¢ MaTUME BUTJISA]T
t?+ (14 —-2a)t+33—-6a=0

SIk1110 OcTaHHE KBaJpaTHE PIBHSHHS Ma€ Xo4a 0 OJTMH HEBiJ’ €eMHUH PO3B’ 30K,
TO BHUXIJIHE PIBHSHHS TaKOX MaTUMeE X04a O OJUH KOPiHb.

JIMCKpUMIHAHT OTPUMAHOTO PIBHSIHHS Ma€ BUTJIISA

D= (14— 2a)? —4(33 — 6a) = 4a®> —32a + 64 = 4(a — 4)*
Ockinbku i OyAb-sIKOTO 3HaueHHs mapamerpa D = 0, To KOpeH1 piBHSIHHS

3aBXKU ICHYIOTh 1 MalOTh BUTJIS

—(14—2a) + 2(a— 4
t1=( )2 @=1 11

—(14 — 2a) — 2(a — 4)
t, = > =

Jns Toro, mo0 piBHSHHSA MaJIo HEBJ'€MHI KOpeHi, moTpiOdHO, 1mob t; = 0,

-3

T00TO 20 — 11 > 0, 3Bigkm a = 5,5, ToMy HailiMEHIIIE MOXJIMBE 3HAYCHHS a = 5,5.

Bionosiob: a = 5,5.

3anaua 4 (2016 pik). Po3B’soxiTh piBHSIHHS
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Jx2 + (4a — 4)x + 4a? — 2\2a
5.52x _ catx _Ga-1 4 ox
3aJIE)KHO Bijl 3HAYEHb MapaMerTpa d.

Po36’a3anns. 3agane piBHSIHHS PIBHOCWIBHO CUCTEMI

Jx2 + (da—Dx +4a? —2V2a =0
5_52x_5a+x_5a—1_|_5x:/:0
Po3rissHeMO OKpeMoO KOKHY 3 yMOB cucTteMu. llepiie piBHSHHS onpa3y Oae
OoOMeXEeHHsI Ha 3HAUEHHS MapameTpa, OCKUIbkU mpu a < 0 piBHSIHHS HE Ma€ CEHCY.
OTtxe, nani OyaeMo po3risiiaTi TUIbKY 3HaYeHHs napametpa a = 0.
[Iepenumemo nepuie piBHAHHS B 3pyYHOMY BHUIJIS1 T BAKOHAEMO IT1THECEHHS
000X YacCTUH PIBHSHHA 10 KBaApaTy, 110 MOKHA 3pOOUTH 0€3 0OMEXEHb Yy BUIAJKY

HEB1J1’€MHOCT1 000X YaCTUH PiBHSHHS.

VX2 + (4a — 4x + 4a? = 2V/2a
x? + (4a — 4)x + 4a® = 8a
3ayBaXHMO, 10 OCKIIBKM PO3rsiAaroThess a = 0, TO 32 yMOBH BHKOHAHHS

ocTaHHboi piBHOCTI 1 x% + (4a — 4)x + 4a? = 0, ToMy OOMEKEHHS Ha iCHyBaHHS

Bupasy /x2 + (4a + 4)x + 4a? BUKOHYETHCS aBTOMATHYHO.
OTrpuMaiy KBajJpaTHe PiBHAHHS
x>+ (4a—4)x+4a*—-8a=0
IS SKOTO JIMCKPUMIHAHT Ma€ BUTJIST
D = (4a — 4)? — 4(4a* — 8a) = 16

KOpEH1 PIBHSHHS MalOTh BUTJIS]L

—4a+4+4
X = =4 —2a
2
—4a+4—-4
X = > = —2a

[lepetimemo 10 po3B’sI3aHHS JPYTrOi YMOBH CUCTEMH, SIKY OyJ1IeMO pO3B’sI3yBaTH
SK PIBHSIHHSA, 1 B PE3yJIbTAT] 3HAWJIEMO BUPA3, IKOMY HE MOXE JOPIBHIOBATH 3MIHHA.
BukoHaeMO JTaHITIOT IEPETBOPEHB, METOIO SKOTO € PO3KJIaIaHHSI JTiBOT YaCTHHHU

Ha MHO>KHHUKH.
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5x+1 . 5x _ 5x+1 . 5a—1 + Sx _ 5a—1 =0
5x+1(5x _ Sa—l) + 5x _ 5a—1 =+ 0
(5* =551+ 1)+ 0
Ockinbku 571 + 1 > 0 npu 6yap-iKoMy 3HaUEHHI 3MIHHOI X, TO Bi/JIIOBiHMIA
MHOKHUK HE MO’K€ BIUTMHYTH Ha PiBHICTh HYJIIO, TOMY 3QJIMIIIIOCH BUMArartu, 1moo
5% —5471 %0
5x =+ 5a—1
x#+a—1
3anuImMIoCh TO€JHATH OTpUMaHi pe3yipTaTH. [l KOXHOro 3 JIBOX
OTPUMAHHUX PO3B’SI3KIB PO3IJISHEMO CHCTEMY, SIKa MICTUTh CaM pPO3B’S30K 1 BCI
3HaiIeH] OOMEXKEHHS.

I[JBI I[IepImoro pO3B’5[3Ky BiIIHOBiI[Ha CHUCTCMAa MaTHUMC BUI'JIAL

x=4—2a( x=4—-2a x=4-2a

a=0

a=>0 a=>0 5

x¥a—1U4Y—-2a#+a-1 a¢§

Jlist ipyroro po3B’si3Ky aHANOTivyHA CUCTEMA MAaTUME BUTJIST

X =-2a X =-2a X =—2a
a=0
aZO aZO 1
x#+a—1\-2a#a-1 a¢§

KoMOiHyr0un yMOBU Ha ICHYBaHHSI KOKHOTO PO3B’ 3Ky, OTPUMAEMO OCTATOUHY
BI/IMIOBIIb.

Bionogiov: ipu a € (—o0; 0) po3B’sI3KiB HEMAE;

npna=§ x=4—2a=3§;
npna=§ x=—2a=—3§;
npu a € [0;§)UG;§) (S;OO)x=4—2aTax=—2a.

3agaua 5 (2017 pik). Po3B’sokiTh cucTeMy piBHSHB
{ lx =yl =Ix—a
lg(y — a) =1g(4a? + x — x?)
3aJIe’KHO BiJ] 3HAUEHb MapaMeTpa a.
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Po36’s3anns. BUKOHaEMO NEpETBOPEHHS KOXKHOTO 3 PiBHSHb CHUCTEMH, IO
IIPHU3BEJIC J0 MOSBH JIBOX IMPOCTIIIINX CHCTEM.

B mnepmomy piBHSHHI 3aMiCThb PIBHOCTI MOJYJIB MOXHa PO3IJIIHYTH J1Ba
BUIAQ/IKW: KOJU BUPA3H, IO CTOATH IiJI 3HAKOM MOJYJIS MalOTh OJIHAKOBI a00 pi3Hi
3HAKH. [HITUMU CIIOBaMH, TIEPIII€ PIBHSIHHS PIBHOCHUIHLHO CYKYITHOCTI TBOX HACTYITHUX

PiBHSIHB
X—y=x—a
[x—y=—(x—a)

B npyromy piBHAHHI pIBHICTh JIOTapu(MiB pPIBHOCHIIBHA PIBHOCTI iX
apryMeHTIB 32 YMOBH BpaxyBaHHs 0OMeXeHb Ha icHyBaHHs Jiorapudmis. ToO6To npyre
PIBHSIHHS pIBHOCHJIBHO CUCTEMI

{y—a=4a2+x—x2
y—a>0

3ayBaXMMoO, 110 JJIS TUX 3HAYEHb 3MIHHUX, JJIs SIKUX BUKOHYETHCS OCTAHHS
cucrema, ymoBa 4a? + x — x? > 0 Gyze BUKOHYBAaTUCh aBTOMATHYHO.

OTxe, BUX1/IHA CUCTEMA MTEPETBOPUTHCS HA CYKYITHICTh IBOX CHCTEM

X—y=x-—a x—y=-(x-a)
y—a=4a’+x—x*1aly —a = 4a® + x — x?
y—a>0 y—a>0

[lepiia 3 OTpUMaHUX CUCTEM HE MAaTHME PO3B’A3KIB, OCKUIBKH IEpIIa yMOBA
MICIISl COPOLIEHHS IEPETBOPUTHCS HA Y = @, IO CYNEPEeUUTh TPETil yMOBL Y > a.

Tomy opapa3y mnepenieMO 10 pO3B’SI3aHHS JIPYyTrOi CUCTEMH. 3 TEPIIOTO
PIBHSIHHSI BUPA3UMO 3MIHHY Y Ta MiJCTABUMO BIJAMOBIIHUM BUpPa3 B JPYTy Ta TPETIO

YMOBHU CUCTCMU.

y=2x—a y=2x—a
2x—2a=4a’+x—x*{x?+x—(4a*+2a)=0
2x —2a >0 x>a

(124)

Po3B’spkeMo KBaJpaTHE PiIBHSIHHS
x?+x—(4a*+2a) =0
Horo AMCKpUMIHAHT Ma€ BUTIIS]L
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D =1+ 4(4a?+ 2a) = (4a + 1)?

Kopeni MmatoTh BUTIIS

—1+4+4a+1
X = = 2a
2
—1—4a-1
X = > =—-1-—2a

[TincTaBuMo 3HalaeHI KopeHi B cuctemy (124).

I[J'ISI IIepImoro KOpCH:A Ma€eMo

y=2-2a—a(y=3a
x = 2a {x=2a
2a>a a>0

JIns qpyroro KOpeHs Maemo

o4 B y=-2->5a
y=2(-1—-2a)—a = —1—2a
x=-1-—2a 1
—1—2a>a a<—§

KoMOinyroun oTpuMani pe3ysibTaTy BIAIHOCHO 3HAY€Hb MTapaMeTpa, OTPUMAEMO

OCTaTOYHY BIATOBIIb.

Bionogiov: ipu a € (—OO; —%) x=—-1-—2a,y=-2->5aq,

1 :
pu a € [— 3 0] PO3B’SI3K1B HEMAE;

npu a € (0;0) x = 2a,y = 3a.
3agauya 6 (2021 pik). 3amaHo cucteMy piBHSHb

{ax2+3ax+41+‘/§=8
x+2-47 =1

Jie X, Y — 3MiHHI, a — I0BUJIbHA cTaJIa. BU3HauTe BC1 pO3B’SI3KHU 3a]]JaHOT CUCTEMU
3aJIEKHO Bl 3HAYEHD d.
Pos36’szanns. BrukoHaeMo micTanoBKy Bupasy 2 - 4YY 3 apyroro piBHSHHS B
nepiie, MonepeIHbO BUKOHABIIIM HEOOXITHI TIEPETBOPEHHS.
{ax2 +3ax+4-4\/7:8{ax2+3ax+2(1—x) =8
2:4Y =1—x 2:4VY =1—x
[lepiie piBHSIHHSI CHCTEMH € KBaIPATHUM 1 TICIISL CIIPOIICHHS MaTUME BUTJIST

ax?+ Ba—-2)x—6=0 (15)
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Horo JTUCKPUMIHAHT MA€ BHTJIST
D= Ba—-2)?+24a = (3a+2)?
Kopeni MatoTh BUTIIS

2—3a+3a+2 2
x:

2a =E
_2-3a-QBa+2)
= - =

3aUIIUIIOCH I KOKHOTO 3HAYEHHS 3MIHHOT X 3HAWTH BIAIMOBIIHE 3HAYCHHS

X

-3

3MIHHOI Y, KOPUCTYIOUUCH IPYTUM PIBHSHHAM CHUCTEMH.

J{st mepioro 3Ha4Y€HHS 3MIHHOT X OTPUMAEMO CUCTEMY

2 2
X =- X =-
a a

a 2a

B npyroMmy piBHsHHI JiBa 4YacTUHA € JOJATHOIO MpHU OYyIb-SKOMY 3HAUYEHHI
3MIHHOI Yy, OTKe, II00 PIBHICTH OyJia MOMJIMBOIO, HEOOX1THO BUKOHAHHS HACTYITHOI

a—2
YMOBH —— > 0.

Toni cucteMa nepeTBOPUTHCS Ha

e 2
X =—
a
a—2
4 =1
‘/; 084 2a
a—2>0
\ 2a

Jlns Toro, mo0 OCTaTOYHO 3HAWTH 3HAYEHHS 3MIHHOI Yy, Tpeba J10JaTKOBO

a-2 :
BUMarat, o6 log, o = 0, Tozi cucTemMa NMepeTBOPUTHCS Ha




Po3risiHeMo okpeMo cucTeMy Il yMOB Ha ITapaMeTp
a—2
2a

>0

>0
2a

[Ipu po3B’s3aHH1 Jorapu@MIdHOI HEPIBHOCTI BOHA TIEPETBOPHUTHCA Ha

log,

. . a—2 . . o
HCPIBHICTDH 2— >1 (I[OKJ'IaI[HO Ipo pOSB’HSaHHH JIOFapI/I(l)MILIHI/IX HCP1IBHOCTCHU MOKHA
a

MOJMBUTHUCH B po3aiii 16). ToOTo, AKIIO0 BUMarati BUKOHAHHSI OCTaHHBO1 HEPIBHOCTI,

TO TIeplIa HEPIBHICTh CHCTEMHU BHUKOHYETHCS aBTOMATUYHO. TOMY OCTaHHS CHCTEMa

. . . a—2 .
PIBHOCHJIbHA HCPIBHOCTI1 E > 1, AKa IICJI IICPCTBOPCHHA Ha6YBa€ HAaCTYIIHOI'O

—2-a
BHTJIY —— > 0.

3aCTOCOBy1-0‘-II/I MCTOJ iHTCpBaHiB MaeMO HACTYIIHC CXCMATHYHC 306pa)KeHHSI

(mokJIaHO MPO 3aCTOCYBAHHS METOJY IHTEPBAJIIB IUBUCH Y BIANOBIIHOMY JI0AATKY)

Omxe, I/ MEPIIOr0 PO3B’sA3Ky KBajaparHoro piBHsHHA (15) ocratounuii

PO3B’SI30K cUCTeMH TIpH a € [—2;0)

2

X =—=

a

~ log? a—2
y =108+
Jliis npyroro po3B’s3ky piBHsSHHS (15) oTpriMaeMo cuctemy

{ x=-3 {x=—3 x=—13
2-4V=1+4322"=2|y=7

OTpuMaHuit po3B’A30K € BIpHUM NPHU OyAb-SIKUX 3HAUECHHSX MapameTpa.
KoMOiHytoun oTpuMaHi poO3B’A3KM TMpPU BCIX 3HAYEHHSAX MapaMmeTpa,

OTpHUMAEMO OCTaTOYHHUM pe3yJbTar.

Bionosiov: ipu a € [—2;0) x = Z, y = logﬁaz—_a2 abox = =3,y = %;

npu a € (—0; —=2) U [0;00) x = =3,y =i.
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3agaua 7 (2023 pik, neMoHcTpaniiinuii MyJIbTHTECT). Bu3HauTe HaliMeHIIe
I1JIe 3HAYCHHS TTapaMeTpa a, 3a sIKOTo OJIUH 13 KOPEHIB PIBHSAHHS
logix —(a—1)log,x—a=0
HanexxuTh npoMixkky (30; 100).
Po3é’sa3anns. 3a nonomororo 3aminu 3MiHHHX t = log, X 3BemeMo 3amaHe

PIiBHSIHHS 10 KBaJIpaTHOTO
t?—(a—-1Dt—a=0
JIMCKpUMIHAHT OTPUMAHOTO PiBHSHHS Ma€ BUTIIS
D=(a—1)>+4a=(a+1)>
KopeHi piBHSIHHSA MalOTh BUTJIA
~a—14+a+1

X = > =a

_a—1—(a+1)_
= > =

[ToBepTatouuck 10 3MIHHOI X, OTPUMAEMO CYKYITHICTh JIBOX PIBHSIHB

— a
log, x =a x—21

| =—1 = _
0g, X x =5

OOuiBa piBHSHHS MalOTh PO3B’S30K MPHU OyIb-IKOMY 3HAY€HHI MapameTpa.

-1

X

. . . : 1 .
OTtxe, BUXIIHE pIBHSAHHS Ma€ nBa kopeHl. KopiHp x = 5 HE HAJIeKUTH MPOMIKKY

(30; 100), Tomy moTpiOHO, 1100 KOpiHb X = 2% 3aJ0BOJILHSB BiJIOBIIHY YMOBY,
TOOTO BUMaraeMo BUKOHAHHS yMOB
30 <29 <100
OckiTbKM Hac I[IKaBUTh HAaWMEHINe IIiJIe¢ 3HA4YeHHs IapaMeTpa a, II0
3aJI0BOJIBHSIE OTPUMAHy YMOBY, TO 3a JOIOMOTOIO Iepedopy JIETKO BIEBHUTHCH, IO
— : 4 _
nmpu a =4 ymoBa HE BUKOHYEThCS, OCKiIbku 2* < 30, a mpu a =5 ymoBa

BUKOHY€ThCS, ockinbku 30 < 2° < 100.

Bionosiob: a = 5.
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21. TopaTok. MeToa iHTepBaJIiB J1JI PAlliOHAJbHUX HEPiBHOCTEMH

['omoBHa 3amaua METOMy IHTEpPBAIIB IOJATAaE B aBTOMATUYHIM KOMOIHAIil
3HAKIB JCKIJILKOX BHPA3iB 3 METOI0 BCTAHOBJICHHS 3HAKY iX JOOYTKY a00 9acTKH ISl
KOYKHOT'O 3HAYEHHS 3MIHHO1, 1110 BXOJUTh Y BIAMOBIIHI BUPA3H.

Jiis Toro, 100 3po3yMiTH 3arajbHUN MeXaHi3M poOOTH METOly IHTEpBaiB Ta
c(hOpMYITIOBaTH aJITOPUTM HOTO i1, HABEAEMO JCKUTbKA TOMOMIKHIX MipKYBaHb.

Posrnsinemo miHiiHy ¢ysHKuiio y = kx + b, k # 0. bygemo nopiBHIOBaTH
3HAYCHHS M€l (QYHKIT 3 HyJeM, IJIs 90r0 BHUKOHAEMO CXEMaTHYHE 300paKeHHS
rpadika giHiHHOT dyHKIIi. [To3HaunMo depes x, Hyab QYyHKINT, TOOTO aOCIHUCY TOUKH
nepeTuHy rpadika 3 Biccro Ox.

Onpa3y 3ayBaXMMO BaXJIMBY JJIsl MOJAJBIIOTO aJITOPUTMY OCOOJIUBICTH: B
3aJIeKHOCTI BiJl 3HAKY k (KoedilieHTa mpy 3MIHHIHN X ) MA€EMO JIBa PI3HUX CXEMAaTUYHUX
300pakeHHs rpadika JIHIMHOI (PyHKIIII.

1) Tlpu k > 0 dyHKIist 3pocTae

XV

0L/xo

2) Ipu k < 0 dyHkis criagae

o
o
XV

Kopucryrourcs rpadikamu, 3p00MMO HACTYTIHI BUCHOBKHU.
1) I'padiku nepeTHHAOTH Bich OX B €IUHIN TOUII X, sIKa pO30UBa€ 3HAUCHHSI
3MIHHOI X Ha JIBa MPOMIXKKHU (—0; X) Ta (Xq; +00).
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[Tpomixok (Xy; +00), B MO3HAUEHHI SKOTO MPUCYTHIM CHMBOJI +00 maii
OyJIeMO Ha3UBATH KPAUHIM NPABUM NPOMINCKOM CEPEJl TUX, Ha K1 pOo30uTa
YHICIIOBA MPAMA JCSIKUMU TOYKAMHU.
2) 3Hak (yHKIT U1 3HAYCHb 3MIHHOI X € (Xo; +00) BUSIBJIAETHCS OLIbINE
Hys (y > 0) mpu k > 0 ta mermum Hyst (y < 0) mpu k < 0.
OTxe, MOXKHA CKa3aTH, 10 3HaK (GYHKUII JUIsl TUX 3HAYEHb 3MIHHOI, IO
OepeThCsl 3 KpalHBOTO TMPABOTO IPOMIKKY 30ITa€ThCS 31 3HAKOM
KoedilieHTa Npu 3MIHHIHT X.
3) 3Hak (yHKINI IS 3HA4YeHb 3MIHHOT X € (—00;X;) B 000X BHIIAJKax
BIZIPI3HSAETHCS B TOTO, AKUI Masia GYHKIIIS 7S 3HAYeHb X € (X(; +00).
OTxe, MOKHA CKa3aTH, 10 3A1MCHIOIYH PyX YHUCIOBOIO MPSMOIO (BICCIO
Ox) cupaBa HaJiBO, B MOMEHT IIEPEXO/LY YEPE3 TOUKY Xy MU MIEPEXOIUMO 3
OJIHOTO YHCIIOBOTO MPOMIXKKY B IHILUMN, 1 IPU LIbOMY (PYHKIIIS 3MIHIOE 3HAK.
Jns waouHoi (ikcamii OTpUMaHUX 3HaKIB OyJIeMO BHKOPHUCTOBYBATH
CXeMaTHU4HE 300pa)K€HHs, 1[0 MICTUTh MPOMIXKKH, Ha iK1 po30uTa Bich OXx Ta BKa3aHMii
3HaK (YHKIli, SIKHA BOHA Ma€ Ha KOXXHOMY TaKOMYy MPOMDKKY. TakoxX 3pydHO
BUKOPUCTOBYBAaTH XBUJISICTY JIHIIO, SIKA € HEMEpPEpPBHOIO, MPOXOAWTH 4Yepe3 HyI
(GyHKINT Ta 3HAXOJUTHCS BUINE YMCIOBOI MpsiMOi (oci Ox) Ha TOMY MPOMIKKY, €
¢dyHKI1is Ha0yBae A0JaTHIX 3HAYEHb a00 HIDKYE YHCIIOBOT MPSIMOi Ha TOMY TIPOMIXKKY,
1ie 3Ha4YeHHS (DYHKIIIT € B1JI’ €EMHUM.
Hanpuknaa, HacTynmHUN PHCYHOK CXEMaTHYHO 300paxkye, M0 (PyHKIsS Ha

MPOMIXKY (X(; +00) Mae J0/IaTHI 3HAYCHHS, a Ha MPOMIKKY (—00; X;) Ma€ BiJ’ €MHI

- x

Posrnsmemo Tenep Bupas (k;x + by) - (kpx + b,) 1 mocraBuMO 3amady

v

3HAa4YCHHAI.

MOPIBHATHU Liel BUpa3 3 HysieM. OueBUIHO, 10 HA 3HAK JT0OYTKY BIUIMBAE KOMOIHAIs
3HaKiB 000X MHOXXHHUKIB. KOXeH 3 MHOXKHUKIB € JiHIHHOW QyHKIEw Vv = kX + by

Tay = ky,x + b,, TOMy Ha HUX MOIIUPIOIOTHCS BCl OTPUMaHI paHiIlie BUCHOBKH.
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OTxe, KO TMTO3HAYUTH HYJI WX (PYHKIN BIAMOBIIHO Y€pe3 X; Ta X,, TO Ha
KO)KHOMY 3 TIPOMIXKKIB (—00; X;) Ta (X1; +00) MOXHa OJTHO3HAYHO BCTAHOBHUTHU 3HAK
Bupasy (kix + b;), a Ha KOXXKHOMY 3 TMPOMIXKKIB (—00;X,) Ta (X,;+00) MOXHa
OJIHO3HAYHO BCTAHOBUTH 3HaK BUpa3y (k,x + b,). AJe HAC IIKaBUTh KOMOIHAITIS ITUX
3HAKIB, KA 1 IO3BOJUTH BUZHAUNTH 3HAK J00YTKY. [ly1st 1boro TpebGa po30nTH YHCIOBY
OpssMy Ha Taki MPOMIKKH, Ha SKHUX OJHO3HAYHO BH3HAUYATUMYTHCS 3HAKH 000X
MHO>KHHKIB.

PosrisHeMo, crioyaTtKy cuTyarito, KO X; # X, (HeXal I 3py9HOCTI X; <

X,). Hanecemo 111 3Ha4€HHS Ha YUCJIOBY MPSMY.

O O »
A A »

X1 X9 x

Busznauumo 3nak 100ytky (kix + by) - (kyx + by) nna x € (x,; +0), TO6TO
JUIA 3HAYEeHb 3 KpaWHBOTO mpaBoro mpomikky. [ms Bupasy (k,x + b,) meit 3Hak
30iraeThcs 3B 3HAKOM k, 3a HaBEJIEHWMHU paHillle MIpKYBaHHSIMH, aje 1 I BHpa3y
(k1x + b;) Ha ILOMY NPOMIKKY 3HAK TAKOK 301ra€ThCs 31 3HAKOM CBOTO KoeillieHTa
k,, oCKUTBKY BiAMOBITHUHN 3HAK Oyje MaTH MicCIle JIJIs BCiX 3HaY€Hb 3MIHHOI X > X;, B
TOMY YHMCJI 1 A7l 3HAYEHb X > X,.

Orxe, 3Hak A00yTKy (kiXx + b;)-(k,x + b,) Ha KpalilHBOMY TIPaBOMY
MPOMIXKKY (X,; +00) Oyae komOiHaIli€0 3HAKIB KoeilieHTiB k4 Ta k.

[TouneMo Temep pyxaTHCh CIIpaBa HAiBO Y3IOBX YHCIOBOi mpsimoi. [lpu
nepexo/li Yepe3 TOUYKY X, MH MOTPAIUIIEMO Y MPOMDKOK (Xq; X;) TPH IOMY 3HaK
MHOXHUKA (k,x + b,) 3MIHIOETBhCS, a 3HAK MHOXHHKA (kiX + b;) 3anuIIaeThCs
HE3MIHHUM, OCKUIbKM MU I1I€ HE MEPETHUHAIM TOUKY X;. ToMy OOYyTOK Ha IbOMY
MPOMIXKKY 3MIHUTH 3HAK.

AHanoriyHa curtyanis BiJOyBa€ThCsl MPHU MOAATBIIOMY PYCl BIIBO, MEPETUHI
TOYKH X, 1 IEPEX0/i 10 MPOMIXKKY (—o0; x4 ). [Ipu mepexoi 4yepe3 TOUKy X; MHOKHHK
(k1x + by) 3MiHIOE 3HaK, a 3HaK MHOXXKHUKA (k,x + b,) 3anmuiaeTscsi 0e3 3MIHU IS
BCIX X < X,, B TOMY YHUCIHI 1 Ha MPOMDKKY (—00; X;). ToMy 100yTOK 3HOBY 3MIiHIOE

3HaK.
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SIkmo MHOXHMKIB crae Ounbine (kyx + by) - (kyx +by) - ..t (kpx + by) i
BOHU JIOPIBHIOIOTH HYJIIO B PI3HUX TOUKaX X < Xy < -+ < X, TO, 32 AaHAJIIOTTYHUMHU
MIpKYBaHHSIMH, Ha KpalHROMY MIPaBOMY MPOMDKKY 3HAK TOOYTKY BHU3HAYAETHCS
KoMOiHaIli€ro 3HaKiB KoedimieHTiB kq, k5, ..., k,,, a 1ai npu pyci cpaa HaIIBO MpH
MePEXO/Ii Yepe3 TOUKHU Xy, Xpy—1, -+, X3, X1 KOKHOTO paszy BiIOyBa€ThCS 3MiHA 3HAKY.

PosrisitHemo tenep cutyaiito, KOJu cepell 3Ha4eHb Xq, Xy, ..., X, € OJHAKOBI.
BiamiHHICTB Bij MOINEPEIHBOIO BUITQJKY IOJSATaE B TOMY, IO MPH MEPEXOl uepes
TaKy TOYKY OJHOYACHO JCKUJIbKAa MHOXHUKIB 3MIHIOIOTH 3HaK. | SKIIO Takux
MHOXHHUKIB OyJle MapHa KUJIbKICTh, TO iX JTOOYTOK He OyJ]ie 3MIHIOBATH 3HAaK, TOOTO
YyepryBaHHs 3HAaKIB B TaKWX TOuYKax He BiaOyBaeTbca. s 3pydyHOCTI Ha
CXEeMaTUYHOMY 300paKEeHHI Taki TOYKHM MOXHA BHUAUIMNTU JESIKUM CHUMBOJIOM,

HaIIpHUKJaJd, 3HAKOM OKJIHKY. HpI/IKJIaI[ IIOKAa3aHO Ha PUCYHKY.

O o=

O »
A »

X1 X2 X

Toni, SKII0 YepryBaHHs 3HAKIB JIJIS1 IOTO MPUKJIA Ty TOUYHETHCS 31 3HAKY ILTIOC,

TO OTPUMAEMO HACTYIIHI 3HAKU HA KOKHOMY MPOMIXKKY.
+

»
»

X1 X2 X

Skmo X B JEAKIM TOYIl 3MIHIOE 3HAK OJHOYACHO HEIMapHa KIJIbKICTh
MHOKHHUKIB, TO JOOYTOK Oy/le 3MIHIOBaTH 3HaK, OTKE, YepryBaHHs 3HAKIB BiJI0Y1€ThCs
4K 1 B 3BUYAMHIN CUTYyallli, TOMY BUAUIATA TaKy TOYKY >KOJHUM YHHOM HE MOTPIOHO.

3ayBa)xuMo, 110 HasBHICT, MHOKHHKA (kx + b)™ piBHOCHIIbHA IOSIBI N pa3iB
MHOxHUKA (kx + b), TOOTO Hy/Ih TAKOTO MHOXHHUKA Oy/1e OpaTH y4acTh B 3MiHI 3HAKY
N pasiB, a OTKe, IPU NAPHOMY N UYepryBaHHS 3HAKY HE BiAOyBaTUMeThCs. J[o TOro x
Ha 3HAK KPaHBOTO NMPABOr0 MPOMIKKY KOe(DillieHT k TaKOX BIUIMBATUME N pa3iB.

[TpumycTumo Temnep, 1o cepes MHOKHHUKIB, 10 BIUTMBAIOTH Ha 3araJIbHUHN 3HAK,
3’sBUTbCA BHpa3 Buay (ax?+ bx +c¢). B mpoMy Bumaaky Tpeba 3rafaT, IO
rpadikoM Qynkmii y = ax? + bx + ¢ € napabona. Po3risHEMO Tpu BUmanku i

pO3TalllyBaHHS I10JI0 IEPETUHY 3 Biccio OX.
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1) SIkmo auMcKpuMiHAHT piBHAHHSA ax? + bx + ¢ = 0 Gimpme nymsa. Tomi
(yHKIiS Mae 1Ba HyJIi, B KOKHOMY 3 IKMX MHOKHUK (ax? + bx + ¢) Oyne 3MiHIOBaTH
3HAK, a 3HaK Ha KPallHbOMY MPaBOMY MPOMIXKKY JJIsl TAKOTO MHO>KHHUKA BU3HAYAETHCS
HAIIPSIMOM TilIOK apaboiu, TOOTO 30iracThes 3i 3HAKOM Koe(illieHTa a IIpu X 2.

[le#t Bumagok Moke OyTH 3BEJCHHUH 10 MOINEPEAHBOTO, SKIIO 3aCTOCYBaTH
dbopMyIty po3KIIafaHHs KBaAPATHOTO TPUUICHA HA MHOKHUKH

ax? +bx +c=a(x—x)(x — x;)
7€ X1, X, — KopeHi piBHsHHA ax? + bx + ¢ = 0.

3 gopMynu BUIHO, 1110 YepryBaHHS 3HAKIB B1I0yBAaTUMETHCS B TOUKAX X; Ta
X,, @ 3HaK KpaHbOT'O MPABOTO MPOMIKKY — 11€ 3HAK IOOYTKY Uuciia a Ta KOeQIlieHTIB
P 3MIHHIA X B AY’KKaX, K1 3aBKIU TOPIBHIOIOTH 1.

2) SIKmo OMCKpUMIHAHT piBHsAHHA ax? + bx + ¢ = 0 gopisHioe Hymo. Toxi
napabona JOoTHKaeThcs ocl Ox, omke (QyHKUIS HE Oyne 3MIHIOBATH 3HAK, SKHUMA
30iraeThcs 31 3HAKOM Koe(illieHTa a, aje ICHy€e €IMHa TOYKa, B SIK1i BIMIOBITHUHN BUpa3
JIOPIBHIOE HYJIIO.

[le#t BUnajoK TaKOK MOYHA 3BECTH JI0 MTOMEPEIHBOT0. SKII0 nmoaaTu PyHKILit0
y Burisigi y = a(x — xy)?, e X, — KopiHb piBHAHHA ax® + bx + ¢ = 0 y Bumaixy,
komu D = 0.

3) SIKIIO JMCKpHMMIHAHT piBHAHHS ax? + bx + ¢ = 0 menme Hyns. B mpomy
BUITAJIKY Mapaboiia He Ma€e CIUJIBHUX TOYOK 3 Biccto Ox, oTke Oyae MaT (iKCOBaHHIMA
3HaK, KU 301raeThCs 31 3HAKOM KoedillieHTa a.

SIKo cepell MHOXKHUKIB, Kl BIUIMBAIOTh Ha 3HAaK BHPA3y € MHOTOWICHU
CTeneHsl OUTBIIIOTO HIXK APYTHW, TO 1X 3aBXKIM MOXHA PO3KIACTH Ha JEKUIbKa
MHOHUKIB BuAy (kx + b) Ta (a60) Bumy (ax? + bx + ¢) 11 BU3HAYEHHS OKPEMOTO
BITUBY KOYKHOTO 3 HUX Ha 3HaK 3arajibHOTO BUPa3y, 110 JOCIHIKY€ETHCS.

HaocTaHok 3aJIMIIMiIOCh 3BEpHYTH yBary, U0 Ipu po30UTTI YUCIOBOI MPSAMOI
Ha MPOMIDKKH caMi TOYKH, [0 YTBOPUIU PO3OUTTA, OyAyTh BKIIOYATUCH B MHOXKHHY
PO3B’S3KIB, AKIIO HEPIBHICTh € HECTPOrow (PIBHICTh HYJIO JI03BOJIAETHCS) Ta HE

TyTh BKJIFOYATUCH B MHOKWH B’SI3KIB, SIKIIIO HEPIBHICTH CTPOTA.
§] FOYaTUC 0 03B’SI3KIB, 0 HEPIBHICTH CTpOra
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ko nepen HaMU CTOITh 3a/a4ya MOPIBHSHHS 3 HYJIEM BHUpPa3y, B SIKOMY

NPUCYTHI SIK JOOYTOK TaK 1 YaCTKa pO3TJSHYTUX BUPa3iB, TO BIUIMB Ha 3arajibHUI 3HAK

IpU IIJICHHI 3IMIIUTHCS TAKUM CaMHM, SIK 1 IPU MHOKEHH1. €AMHOIO0 BiIMIHHICTIO

Oyne mosiBa oOMekeHb Ha oOnacTh Bu3HaueHHs (yHkiii (O/3), mo npusene 1o

BUKIIIOUEHHSI TOYOK, SIKI € HyJSIMH 3HAMEHHHMKA 3 MHOXHHH PO3B’SI3KiB MpU Oyab-

SKOMY CTpOTroMy ab0 HECTPOTOMY 3HAKY HEPIBHOCTI.

Ha ocHoBi HaBeaeHuX (GakTiB cHOPMYITIOEMO aITOPUTM, KU, BIacHE, 1 Mae

Ha3By METOJy IHTEpPBAJIiB.

Anzopumm 3acmocyeanns memooy iHmepeaie 0na pauioHaIbHux Qyukuii

1)
2)

3HalTH HyJIl YMCEIbHUKA Ta 3HAMEHHHUKA (32 1OT0 HAsIBHOCTI).

300pa3nuTy HyJl 4YMCEIbHUKA Ta 3HAMEHHUKA HA 4YUCIOBIM mpsmii. [lpu
bOMY BpAaxOBY€EMO, IO HyJII 3HAMEHHHUKA 3aBXIU 300pakylOThCs
BUKIIIOUEHUMH TOYKaMH, a HyJl YHCENbHHUKA BKIIOYAIOTHCS y BHIIAJKY

HECTPOroi HEPIBHOCTI Ta BUKJIFOYAKOTHCA MPU CTPOT'iil HEPIBHOCTI.

3) Skmo gesike uucio Oyne HyJIeM 4YHCEIbHMKA Ta 3HAMEHHHKA MapHY

4)

5)

6)

KUIBKICTB pas3iB, TO HOro TpeOda BIAMITUTH JIEIKOI0 MO3HAYKOO (HAIIPUKJIIAL,
3HAKOM OKJIMKY), BKa3aBIIIM TAKUM YHHOM, 1110 Y BIAMOBIAHIN ToUIll HE Oye
B1JI0yBaTUCh 3MIHA 3HAKY.

Bu3HaunTy 3HaKH KOKHOTO MHOXXHUKA HA KPAitHLOMY MPAaBOMY MPOMIKKY
3 THX, 1110 YTBOPUJIUCH HA YUCIIOBIM mpsmiid. Takuii 3Hak Oyje 30iraTuch 31
3HAKOM KOe(IlliEHTa MpPU CTAPUIOMY CTEMEHI 3MIHHOI y BIJIIIOBITHOMY
MHOKHUKY.

CxkoMmOiHyBaBIIM 3HAaKU BCIX MHOXHHUKIB, OTPHUMAaTH 3arajJlbHUM 3HaK
BUpa3y Ha KpallHbOMY MPaBOMY MIPOMIXKKY.

Pyxaroumnchr cmpaBa HajgiBO, PO3CTAaBUTH 3HAKKM HA IHIIUX MPOMIKKAX,
3MIHIOIOYHU MOMNEPEAHIN 3HAK MPHU MEPEX0Il Yepe3 KOKEH HyJb, 10 HE Ma€
CHeliajdbHOI MO3HAYKH (3HAKYy OKJIMKY) a00 3aJIMIIaloYu MonepeaHiil 3HaK

IIPY IIEPEXo/ii Yepe3 BIAMIUEHUH (3HAKOM OKJIUKY) HYJIb.

CdopmyBaTu BiINOBIAbL Y BUTJISAI MHOKUHH, 1110 00’ €IHY€E BC1 TPOMIKKH, 3HAK

BHpa3y Ha SKHUX BIJANOBI/a€ 3aJaHOMY 3HAKy HEPIBHOCTI.
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22. Topatok. IIpo noOynoBy rpadikiB (pyHKIii 32 JONMOMOI0K0 reOMeTPUIHUX

nepeTBOpeHb

[lepmi HDK HaBECTH QJITrOPUTM, SIKHUM BUKOPUCTOBYETHCA M MOOYIOBU
rpadikiB QyHKIIH 3a JOMOMOTOI0 TEOMETPHUYHUX TMEPETBOPEHBb, HABEAEMO JESIKI
JOTIOMDKHI (PaKTH.

31 WIKIJILHOTO KypCy MaTeMaTUKH BiJIOM1 eleMeHTapH1 GYyHKI Ta iX rpadiku.
Jam s 3pyyHocTi OyaemMo KaszaT, IO NMpu MoOyaoBi rpadikiB 3a JOMOMOTOIO
T€OMETPUYHUX TMEPETBOPEHb Takl @yHkyii € 6Oazosumu abo peani3yloTb 0a308y
onepayito, 10 yTBOproe GyHKIi0. HaBegemo gaii TUIbKY Ti eJeMeHTapH1 QyHKIII1, 1110
BHUBYAIOTHCS B KYpPCl MATEMATHKU CEPEAHBOI IIIKOJIA, OCKUIbKY, CAaM€ BOHHM Hal4yacTille
3yCTpIYaIOThCA B 3a/1a4ax 3 apaMeTpaMu, siKi OTPIOHO PO3B’sI3yBaTH 3a JIOIIOMOIOIO
rpa@iuHOro METOAY.

Ilepenik 6azoeux gyukuyii ma ix cpagixu

1) ®yukuis y = x2.

[Ipu noOynoBi rpadika QyHKIIi BAKOPUCTOBYIOTHCS HACTYIHI KIIFOUOBI TOUKH
X 0 1 -1 2 -2
y 0 1 1 4 4

I'padix dhyHKLIT Mae BUTIsL

2) OyHKIA Y = Vx.
[Tpu noOynoBi rpadika PyHKIIi BAKOPUCTOBYIOTHCS HACTYITHI KJIFOUOBI TOUKHU
X 0 1 4
y 0 1 2
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['padik ¢pyHKIIIT Mae BUTTIST

3) OyHkIisA y = S, k # 0 —3agane uunco.

Bulip xi1r040BUX TOUOK Ui 1i€1 QYHKINT 3a1€KUTh BiJ 3HAYCHHA yucia k. 3a
MOKJIUBOCTI B SKOCTi aOCIIMC KIJIFOUOBUX TOUYOK OOMpParOTh NUILHUKHM yucia k. [lpu
IOMY Ba)KJIUBO, III00 Pa3oM 3 KOXKHOIO KITFOUOBOIO TOUKOIO (Xg; Vo) Oynn moOyaoBaHi

TakoX 1 Touku (Vo; Xo), (—Xo; —¥o) Ta (—yo; —X). Takuit BUOIp TOUOK 3a0€3MCUNTh
npuTamanHi rpadiky QyHKOl y = ~ CHMETpIi BiHOCHO NOYATKy KOOPJMHAT Ta

BiHOCHO TipsiMoi Yy = x (ipu k > 0) abo BimHOCHO mpsiMoi y = —x (tipu k < 0).
['padix ¢pyHKLIT MaTHME OJUH 3 JBOX BUIJISIB
a)llpu k > 0 0)llpuk <0

Ay Ay

4)

Oynkisg y = |x|.
[Ipn moOynoBi rpadika wiei (yHKIID MOTPIOHO CKOPUCTATUCH O3HAUYECHHSIM

MOAYJISl Ta 3aucaTy (PYHKIIIO y BUTIIAIL

{ X, aK1o x = 0
—x,gakmo x < 0

Take npencrabieHHs (QYHKLID Ja€ MOXJIIMBICTH 3pO3YMITH, 10 ii Tpadik
CKJIAIa€ThCS 3 IBOX MPOMEHIB, OTPUMAHUX 3 IPSIMUX Y = X Tay = —X, HOOyI0BaHUX
y BIAMOBIAHUX MiBIUIONIMHAX. JIJ1s1 300pakeHHsI TaKUX MPOMEHIB IOCTaTHHO OOpaTH

KJIFOUOBI TOUYKH
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X 0 1 -1
y 0 1 1

['padik pynkuii Mae BUTIISA

[lepeitnemo Temnep A0 Mepeniky AOJATKOBHX ONEpaliil, skl MOXYTb OyTH
MNpPUCYTHI B (PYyHKIII KpiM 0a30BOi, Ta MOKaXXe€MO, K BOHM BIUIMBAIOTh HA 3MIHY
noJioxkeHHs1 a60 popmu rpadika 6a30B01 PyHKIIII.

o Takux onepariiii BiIHOCSITHCS:

1) nomaBaHHS 3aJJaHOTO JTOJJATHOTO YHCIIA;

2) BigHIMaHHS 3aJaHOrO JOJATHOIO YKCIIA;

3) MHOEHHs a00 IiJICHHS Ha 3aJaHe JOJaTHE YHCIIO;

4) muoxeHHs Ha (—1), 10 BUKOHYEThCS 32 OTPEOH 3MIHH 3HAKY;

5) 3HAXOJKSHHS MOYJIS.

Koxna 3 mepenmiyeHHX omepailiii 3a MEBHUM NPABWIOM 3MIHIOE OAHY 3
KOOpJIMHAT BCIX KIIOYOBUX TOUYOK Tpadika 06a3zoBoi ¢yukmii. [ns Toro, mob
3pO3yMITH, sKa KOOpAMHATa NIUIsirae 3MiHI, Tpeba CKOPUCTATUCh HACTYITHUM
MpaBUJIOM: SKIIO TOJUBUTHCh HAa (QYHKIIO SK Ha GopMyly, sKa Jae 3MOTY,
M1JICTABUBIIN 3HAYEHHSI 3MIHHOT X OOUYMCIWUTU 3HAYEHHSI 3MIHHOI Y, TO MPU TaKOMY
00YHCIIeHH] onepallii B YMCIOBOMY BUpa3i Oy/IyTh BUKOHYBATUCh B IEBHOMY MOPSIIIKY.
Bci oneparii, siki TakuM YMHOM OyAyTh BUKOHYBATHCh paHilie 6a30B0i oneparlii, npu
reOMETPUYHOMY TNEPETBOPEHHI Ipadika OyIyTh BIUIMBATH HAa 3MIHY KOOPAMHATH X
KJIFOUOBUX TOYOK (OyZIeMO X HAa3UBATH nepemeopeHHIMU NO 3MIHHIN X ). A T1 oniepartii,
Kl BUKOHYIOTBhCSI TICIs 0a30BO1 omepallii, NpU3BOASTH 10 3MIHU KOOpPJIMHATU Y

KJIIOYOBUX TOYOK (OyZeMO 1X Ha3UBATH NEPEmEOPEeHHAMU NO 3MIHHIL V).
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3aJIUIIUIOCh 3pO3yMITH, SKUM YAHOM KO>KHA 3 BKa3aHUX OIepalliil BIUIMBA€E Ha
3MIHY BIJIIOBIIHOT KoopauHaTH. {15 1iboro 3HOBY Tpeba Oyjie 3rajaTy mpo MOpsIOK
BUKOHaHHs omepanii. CrnpaBa B TOMy, IO fKIIO Oa3oBa ormeparlisi MOBHHHA
BUKOHYBAaTHUCh HE MEPIIO (OTKe MOTPIOH1 JIesIKi MepeTBOPEHHS 10 3MIHHIN X), TO
Oymyroun rpadik 6a30BOi omeparlii 1 BUKOHYIOYH, TAaKUM YHUHOM, 0a30BYy OMEpAIIiio
MIEePIIIO0, MU HACIIPAB/Ii BCTAHOBIIOEMO 3aJICKHICTh 3MIHHOI Y HE BiJI 3MIHHOT X, a Bi
JIeKO1 1HINOI 3MIHHOI, Ky JUIsl 3py4YHOCTI mo3HauyuMo uepe3 t. Homa 3MiHHa t €
pe3ysbTaTOM BHKOHAHHSA 31 3MIHHOIO X BCiX OMepallii, 1Mo mnepeayBaiu 0a30Biif
onepanii. Hama mera moinsrae B 3HaXO/DKEHHI BHpa3zy, IO JOMOMAara€ OTpUMATU
3HA4YCHHSA 3MIHHOI X 31 3HAQUYEHHS 3MIHHOI t, SK€ HaM BIJIOMO B SKOCT1 aOcCIHC
KJIFOYOBUX TOUOK 0a30BO1 (DYHKITI].

PosrisitHemo, sIK 1€ Tpaifoe Ha MPUKIaAl OJHIET 3 TOAATKOBUX Omeparliii 3i
3MmiHHOIO X. Hexait Tpeba moOyayBatu rpadik dyakmii y = f(x +a), nea > 0Ta f
o3HaYae oJIHy 3 6a30BuX omnepailiii. Bukonapmu no6ynoBy rpadika 6a3oBoi GyHKIIIT,
MU OTPUMAEMO 3aliekHICT, Y = f(t), me t = x + a. [[ng Toro, moO BiTHOBUTH
3JIEKHICTD B1J] 3MIHHOT X, OCTAHHIO PIBHICTh TpeOa CpUiiMaTH SIK PIBHAHHS BIJIHOCHO
3MIHHOI X, PO3B’A3aBIIH SIKE, OTPUMAEMO X = t — a. Tomy alGCIuCH BCIX KIIOYOBUX
TOYOK (1110 Hapa3i MarTh 3HAUYCHHS 3MIHHOI t) Tpeba 3MEHIIUTH Ha a, 110 MPU3BEJIEC
710 3CcyBY 0a30B0i (PYHKIIII HA @ OJUHUIIH BIIIBO.

3ayBa)kMMO, 10 TPU PO3B’sI3aHHI PIBHSHHS BIIHOCHO X, 31 3MiHHOIO t Oyne
BUKOHYBAaTHCh 00€pHEHA OTeparlisi 10 Ti€l, ika BUKOHYBaJIach 31 3SMIHHOIO X Yy BUX1IHIH
¢byukiii. [le 3ayBakeHHS MOXHa c)OpPMYIIOBAaTH Yy BUTISIIL «Hpasuia obOepHeHOol
onepayii»: 3aMICTh BCIX OMNEpallii, 1110 TPUBOJATH 10 IEPETBOPEHHS rpadika QPyHKIIi
10 3MIHHIA X, MPH 3MiHI a0CIIUC KIIFOYOBUX TOYOK 0a30BOro rpadika 1o ix 3HaYCHb
3aCTOCOBYIOThCA OOEpHEHI oneparii.

Oxpemoi 10AaTKOBOi yBaru noTpeOyroTh omepanii MHOXkeHHsS Ha (—1) Ta
3HAXOJIKEHHSI MOAYJIS O 3MIHHIN X.

[Tpu nHeobOximHOCTI TOOymyBatu Tpadik QyHkmii y = f(—x) momaTkoBa

oreparlisi BCTaHOBJIIOE 3B’S130K t = —X, 3BiAku x = —t. OTxke, 1 npsiMa 1 oOepHEeHa
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omepartisg nojisirae B MHOkeHHI Ha (—1). Ile enuHe mepeTBOpeHHs MO 3MiHHIA X, B
SKOMY MOYKHA HE Ka3aTH PO BUKOHAHHS 00EpPHEHOI ormeparii.

[Tpu anamizi moAaTkoBOi omepaiii 3HAXOMKEHHS MOAYJS MO 3MIHHIA X
HaBIaK{, HE OYCBHUIHO, B YOMY TIOJIsITae 0OepHEHA 710 3HAXOKEHHS MOTYJISl OTIepallis.
Tomy, po3rasiHeMoO 1Ieii BUTIAOK JOKIIATHIIIIE.

Tpebda mobOymyBatu rpadik ¢yHkiii y = f(|x|). Ilicns moOGynoBu 6a3oBoi
¢byHKIiT oTpuMaemo Tpadik y = f(t), ne t = |x|. 3anUmUIOCh PO3B’A3aTH OCTAHHE
PIBHSIHHS BITHOCHO 3MIHHOT X.

Onpa3y cTae 3po3yMiIuM, 110 U1 3HaueHb t < 0 BIATOBIHE PIBHSIHHS HE Ma€
pO3B’sI3KiB, OTXKE, Ti TOUkU rpadika y = f(t), mo mMaroTh Big emHi abciucu, Tpeba
BIIKUHYTH.

SAxmo t > 0, To oTpuMaeMo JBa 3HaueHHI X =t abo x = —t. Ilepmomy
BUIAJIKy BiAMOBIAAIOTH Bke MOOymoBaHI TOUkH rpadika y = f(t) 3 HEBIL €eMHUMH
abcuucaMu, ApyroMy — TOUKH, B SIKMX a0CIIMCH MAalOTh IPOTHJIEKH] 3HaYEHHS, TOOTO
TOYKM CUMETPHUYHI TOUYKaM 3 MEPIIOro BUMAAKY BIAHOCHO oci OYy.

3anuIInIOCh HABECTH OCTAaHHE 3ayBa)KEHHSI, 10 CTOCY€EThCS MEPETBOPEHD 10
3MIHHIN X, UTIOCTpAIlil0 SKOTO HaBEAEeMO Ha HacTymHoMmy mnpukiani. Hexait Tpeba
noOymyBatu rpadik ¢yukmii y = f(ax +b), ne a > 1,b > 0, a f — neska 6a3oBa
(hyHKITIS.

Sk 3aBx M, MOYMHAEMO MTOOYI0BY 3 Tpadika GpyHKii y = f(t), ne

t=ax+b (15)

Po3B’skeMo piBHAHHS BIAHOCHO 3MIHHOI X

x=({t—-b)a (16)

[TopiBHSIEMO TOPSIIOK OIEpaliiid B ABOX OCTaHHIX BUpasax. B (15) cmouatky
BUKOHYETBCS OIEpalliss MHOXKEHHSI, MOTIM — ormepailis noaaBadas. B (16) crmouatky
BUKOHYEThLCS Omeparllis BifHIMaHHs (oOepHEHA 10 JM0JaBaHHs), a MOTIM — omeparlis
nineHHs (ooepHeHa 10 MHOXKeHHs). OTKe, TPH BUKOHAHHI TIEPETBOPEHD 31 3MIHHOIO X
KOKHa orepalis (IK MU 3’CyBajiil paHillle) 3aMIHIOEThCS HA OOEpHEHY 1 KpiM TOrO,

oOepHeH1 onepallii BAKOHYIOTbCS B 3BOPOTHOMY MOPSIAKY.
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[Ipn BUKOHAHHI TIEpeTBOpPEHb TIpadika, MO IMOB’s3aHI 3 OlepalisIMHu, SKi
BUKOHYIOThCS Micis 0a30Boi omeparllli (mepeTBOPEHHs IO 3MiHHIM Y) BiIOyBa€ThCS
3MiHA OPJMHAT KJIIOYOBHUX TOYOK IIJIIXOM BUKOHAHHS 3 HUMU came Ti€l onepailii, Ky
BiJIoOpaXka€e BIJIIOBIIHE MIEPETBOPCHHS.

B mincymxy HaBenemo 3MiHM rpadika, sKi TOTPIOHO BUKOHYBATH JUIS
BpaxyBaHHS KO>KHOT MOKJIMBOI JTOJIATKOBOI Oreparii.

Ilepemeopenns no 3minHI X

1) JdomaBaHHSI 3a1aHOTO JOAATHOTO YKCIIA.

y=f(x+a)a>0

Koxna kimouoBa Touka (Xg; o) MEPEXoanuTh B TOUKY (Xo — @; Vo).

['padik 6az0Boi QpyHKii y = f(x) 3cyBaeThCs HA @ OJUHUIIH BIIIBO.

2) BigHiMaHHS 3aJaHOTO JOJATHOTO YHUCIIA.

y=f(x—-—a)a>0

Koxna kimrouoBa Touka (Xg; o) IEPEeXoauTh B TOUKY (Xo + a; V).

['padik 6a30B0i PpyHKIii y = f(x) 3cyBaeThCs HA @ OJUHUIIH BIPABO.

3) MHOXEHHS Ha 33JjaHe J0JaTHE YHCIIO.

y = f(ax),a >0

X
Koxna ximrouoBa Touka (Xg; o) MEPEXOAUTH B TOUKY (:0 ; yo).

I'padik 6a3oBoi pynkuii y = f(x) ctuckaerbest 10 oci Oy B a pasiB, AKIIO

: : 1.
a > 1 abo po3rsaryerbes Big oci Oy B ~ PasiB, AKIIO 0<a<l.

4) MuoxenHns (—1)abo 3MiHa 3HAKY.
y =f(=x)
KoskHa ki1rouoBa Touka (Xg; Yo ) MEPEXOAUTh B TOUKY (—X; Vo )-
['padik 6a30Boi pyHKIIIT Yy = f(x) cuMeTpuyHO BioOpakaeThCs BiAHOCHO OCi
Oy.
5) 3Haxo0KESHHS MOTYJIS.

y = f(x])
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Ti Touku rpadika (x;; y1), st akux x; < 0 Bigkumarotrbes. Ti Touku (X5 Vo),
U SIKUX X, = 0 3aiumaroTeest Ha Tpadiky Ta JOJATKOBO J0 KOXKHOI 3 TAKUX TOYOK
3’SIBJISIETHCS TOYKA 3 KOOpAUHATAMHU (—X5; V,).

3 rpadiky 6a30Boi ¢yHKIT ¥ = f(Xx) npubUparoThCs BCi TOYKH, IO MAIOTh
Bix’eMHi abcmucu. Bei Touku Ha rpadiky y = f(x), 1m0 MalOTh HEB1I €MHI aOCIUCH
sagumarTbess Ha rpadiky y = f(|x|) 1 BOHM [JOJATKOBO CHMETPHYHO
BiJ1I0OpakyI0ThCs BITHOCHO oci Oy.

Ilepemeopennsn no 3minnii 'y

1) JlomaBaHHs 3aJaHOTO AOAATHOTO YKCJIA.

y=fx)+aa>0

Koxna kimrouoBa Touka (Xg; Yo) MEPEXOUTh B TOUKY (Xq; Yo + a). I'padik
6a30B01 QyHKIIIT ¥ = f(x) 3CyBa€eThCs HA @ OAWHUITH BBEPX.

2) BigHimMaHHS 3a1aHOTO JOJATHOTO YKCIIA.

y=f(x)—aa>0

Koxna kmouoBa Touka (Xg; yo) MEPEXOIUTh B TOUKY (Xo; Vo — a). ['padix
6a30B01 GyHKIlIi Y = f(x) 3CyBa€eThCs HA A OAUHUILH BHU3.

3) MHoXeHHs Ha 3a/1aHe J0JaTHE YUCIIO.

y=af(x),a>0
KoxxHa kimodoBa Touka (Xg;Vp) HEpeXxoauTh B TOUKY (Xo;ay,). I'padik

0a30B01 PyHKIT y = f(x) po3raryeTscs Big oci Ox B a pasiB, skmo a > 1 abo
. 1 .
CTHUCKaeThCA 10 ocl Ox B ~ PasiB, AKIIO O0<a<l

4) Muoxenns (—1)abo 3MiHa 3HAKY.
y=—fx)
Koxxna kmrouoBa Touka (Xg;y,) mepexoautb B TOuky (Xqo; —Yo). I'padik
0a30B01 QyHKIIT Y = f(x) cuMETpHUHO BimoOpakaeThcs BiTHOCHO oci Ox.
5) 3HaxOKEHHS MOIYJIS.
y = If@)]
KoskHa kimrouoBa Touka (Xg;Yo) MepexoauTh B TOUKy (Xo;|Yo|). Bei Toukn
rpadika ¢pyskuii y = f(x), mo Maau HeB1J €MHI OpJIMHATH, 3ATUIIAIOTHCS 0€3 3MiH.
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Bci touku rpadika dyskmii y = f(x), mo Manu Bix €MHI OpAWMHATH, CUMETPUIHO
B1JI00PaXXyIOThCS BiTHOCHO oci Ox.
Hapemri HaBememo mopsimok fiii mpu moOynoBi rpadika ¢GyHKIIT 3a
JIOTIOMOT' 010 T€OMETPUYHUX MEPETBOPEHD
Anzopumm nodyooesu 2pagixa pynxuii 3a 00nomozor0 2eomempudHuUx
nepemeopeHs

1) Cepen ycix omnepariii, 1o CKJIaIar0Th 33/1aHy (yHKII0, 00upaeMo 0a30By
omepariro Ta Oymyemo rpadik BiAMOBIAHOI (YHKINI 3a CTAaHZAPTHUMHU KIFOUOBHUMU
TOYKAMHU.

2) BuzHnauaemo, 5Kl 3 pelITH onepauiid € NepeTBOPEHHSMU IO 3MIHHIA X
(BUKOHYIOTBCS paHile 6a30BO1 ornepallii) Ta BAKOHY€EMO BIANOBIIHI iM IEPETBOPEHHS
y 3BOPOTHOMY MOPSJIKY BiTHOCHO BCTAHOBJICHOTO B 3aJIaHii (pyHKIIII.

3) Busnauaemo, ski omnepauii € T[EPETBOPEHHSIMU IO 3MIHHIA Y
(BUKOHYIOTBCS Miciig 0a30BOi OMepallii) Ta BAKOHYEMO BiJIIIOBIIHI iM ITEPETBOPEHHS Y
TOMY CaMOMY TOPSIAKY, III0 BCTAHOBJIEHO B 3a/1aH1i (DYyHKIIII.

3aysaoicenns 1: sxuo y pyHkuii, rpadik sxoi Tpeda moOyayBaTH, IPUCYTHI ABI
abo OiibIIe omeparlii 3HaXOXKEHHsI MOJTYJIS 1 BIACYTHS 1HIIIA 0a30Ba omeparlisi, TO B
SKOCTI 0a30BOi omeparlii 3pydyHo oOupaTy Ty OMNEpalil0 3HAXOJKEHHS MOJIYJIS, 110
BUKOHYETHCS paHillie, o0 3MEHIIUTH KiJIbKICTh IEPETBOPEHB 1O 3MIHHIN X.

3ayeancenns 2: sximo y ¢yHkKii, rpadik skoi Tpeda moOyayBaTH, MPUCYTHI
onpa3y naBi 0a3oBi omepallii (3a BUHATKOM 3HAaXOJKCHHS MOJYJs, IO B TaKOMY
BUITAJIKY O0OB’SI3KOBO CIIPUMMAETHCS SIK TIEPETBOPEHHS ), TO MOOYAyBaTH TaKUM rpadik
3a TOTIOMOTOI0 TEOMETPUYHHX TTEPETBOPEHDb HEMOKITHBO.

3aysaosicenns 3: sxmo y QyHkiii, rpadik saxoi Tpeda moOyayBaTH, JACKUIbKa
pa3iB MPUCYTHS HE3aJIe)KHA 3MIHHA, TO, B pa3l MOXJIHUBOCTI, MEpes] IMOYaTKOM
moOy10BM BUpa3 TpeOa MEepeTBOPUTH Tak, 00 He3alle)KHa 3MiHHA BXOJMJIA B HBOTO
OJWH pa3 (HaWdJacTilie BIAMOBIAHI MEPETBOPECHHS IIOB’S3aHl 3 BUIUICHHSM IILIO1
4acTHUHHU JIpoOy ab0 BUIIJICHHSIM MOBHOTO KBajpaTa B KBaJIpaTHOMY TpUuJieH1). Ko
BI/IMIOBIJTHE TIEPETBOPEHHSI 3pOOMTH HE MOXKHA, TO MOOyIyBaTH Takuil rpadik 3a

JIOIIOMOI'0}0 TE€OMETPHUYHMX NIEPETBOPEHL HEMOXKJIIMBO.
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